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Abstract
In Part I, we extend our analysis in [arXiv:0807.1107], and show that a mathematically
conjectured geometric Langlands duality for complex surfaces in [1], and its generalizations
– which relate some cohomology of the moduli space of certain (“ramified”) G-instantons to
the integrable representations of the Langlands dual of certain affine (sub) G-algebras, where
G is any compact Lie group – can be derived, purely physically, from the principle that the
spacetime BPS spectra of string-dual M-theory compactifications ought to be equivalent.
In Part II, to the setup in Part I, we introduce Omega-deformation via fluxbranes
and add half-BPS boundary defects via M9-branes, and show that the celebrated AGT
correspondence in [2, 3], and its generalizations – which essentially relate, among other
things, some equivariant cohomology of the moduli space of certain (“ramified”)G-instantons
to the integrable representations of the Langlands dual of certain affine W-algebras – can
likewise be derived from the principle that the spacetime BPS spectra of string-dual M-theory
compactifications ought to be equivalent.
In Part III, we consider various limits of our setup in Part II, and connect our story
to chiral fermions and integrable systems. Among other things, we derive the Nekrasov-
Okounkov conjecture in [4] – which relates the topological string limit of the dual Nekrasov
partition function for pure G to the integrable representations of the Langlands dual of an
affine G-algebra – and also demonstrate that the Nekrasov-Shatashvili limit of the “fully-
ramified” Nekrasov instanton partition function for pure G is a simultaneous eigenfunction of
the quantum Toda Hamiltonians associated with the Langlands dual of an affine G-algebra.
Via the case with matter, we also make contact with Hitchin systems and the “ramified”
geometric Langlands correspondence for curves.
ar
X
iv
:1
30
1.
19
77
v4
  [
he
p-
th]
  2
8 J
ul 
20
16
Contents
1. Introduction, Summary and Acknowledgements 4
I A Geometric Langlands Duality for Surfaces 11
2. Dual Compactifications of M-theory with M5-Branes, OM5-Planes and 4d
Worldvolume Defects 11
2.1. Dual Compactifications of M-theory with M5-Branes . . . . . . . . . . . . . . 11
2.2. Dual Compactifications of M-theory with M5-Branes and OM5-Planes . . . . 13
2.3. Dual Compactifications of M-theory with M5-Branes, OM5-Planes and 4d
Worldvolume Defects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3. An M-Theoretic Derivation of a Geometric Langlands Duality for Surfaces 23
3.1. An Equivalence of Spacetime BPS Spectra and a Geometric Langlands Duality
for Surfaces for the A–B Groups . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2. An Equivalence of Spacetime BPS Spectra and a Geometric Langlands Duality
for Surfaces for the C–D–G Groups . . . . . . . . . . . . . . . . . . . . . . . 44
3.3. An Equivalence of Spacetime BPS Spectra and a Geometric Langlands Duality
for Surfaces for the E–F Groups . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.4. A McKay-Type Correspondence of Instantons, a Level-Rank Duality of Chiral
WZW Models, and a 4d-2d Nakajima-Type Duality . . . . . . . . . . . . . . 75
4. Generalizations of the Geometric Langlands Duality for Surfaces 79
4.1. A Non-Singular Generalization of the Geometric Langlands Duality for Surfaces 79
4.2. A Quasi-Singular Generalization of the Geometric Langlands Duality for Surfaces 90
4.3. 4d Worldvolume Defects and a “Ramified” Geometric Langlands Duality for
Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
II The AGT Correspondence 114
5. An M-Theoretic Derivation of the Pure AGT Correspondence 114
5.1. Turning on Omega-Deformation . . . . . . . . . . . . . . . . . . . . . . . . . 114
5.2. An Equivalence of Spacetime BPS Spectra and a Pure AGT Correspondence
for the A–B Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
2
5.3. An Equivalence of Spacetime BPS Spectra and a Pure AGT Correspondence
for the C–D–G Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
6. Generalizations of the Pure AGT Correspondence and the Case with
Matter 143
6.1. A “Ramified” Generalization of the Pure AGT Correspondence . . . . . . . . 143
6.2. An ALE Generalization of the Pure AGT Correspondence . . . . . . . . . . . 160
6.3. The AGT Correspondence with Matter . . . . . . . . . . . . . . . . . . . . . 165
III Integrable Systems 178
7. The AGT Correspondence, Chiral Fermions, Integrable Systems, and the
“Ramified” Geometric Langlands Correspondence for Curves 179
7.1. The AGT Correspondence with Matter and Chiral Fermions . . . . . . . . . 179
7.2. The Nekrasov-Okounkov Conjecture and the Tau-Function of Toda Lattice
Hierarchy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
7.3. The “Fully-Ramified” Nekrasov Instanton Partition Function and Quantum
Affine Toda Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
7.4. The “Fully-Ramified” Nekrasov Instanton Partition Function, Hitchin Sys-
tems, and the “Ramified” Geometric Langlands Correspondence for Curves . 184
IV Appendix 189
A. The Multi-Taub-NUT Space, Sen’s Four-Manifold and String/M-Theory 189
A.1. The Geometry of Multi-Taub-NUT Space . . . . . . . . . . . . . . . . . . . . 189
A.2. The Multi-Taub-NUT Space in a IIA/M-Theory Correspondence . . . . . . . 191
A.3. The Multi-Taub-NUT Space, NS5-Branes and T-Duality . . . . . . . . . . . 192
A.4. The Geometry of Sen’s Four-Manifold . . . . . . . . . . . . . . . . . . . . . . 193
A.5. Sen’s Four-Manifold in a IIA/M-Theory Correspondence . . . . . . . . . . . 194
A.6. Sen’s Four-Manifold, NS5-branes/ON5-planes and T-Duality . . . . . . . . . 195
B. A Gauged WZW Model and Affine W-Algebras from a Quantum Drinfeld-
Sokolov Reduction 196
3
1. Introduction, Summary and Acknowledgements
The correspondence between 4d gauge theories and 2d CFT’s have long been observed
in the physical and mathematical literature. In a mathematical work [5] that dates back as
early as 1994, Nakajima showed that the middle-dimensional cohomology of the moduli space
of U(N)-instantons on a resolved ALE space of Ak−1-type can be related to the integrable
representations of an affine SU(k)-algebra of level N . Physicists then attempted to seek a
physical derivation of this beautiful 4d-2d relation; in particular, Vafa and Witten quickly
realized [6] that one needs string theory to “see” Nakajima’s result, whence in 1995, Vafa
presented evidence [7] that the correct framework to derive Nakajima’s result is in the context
of heterotic-type IIA string duality, following which in 1996, Harvey and Moore argued [8]
that it is the equivalence of the algebra of BPS states in heterotic/IIA dual pairs which is
relevant. That said, a direct physical derivation – in the sense of an equivalence between
generating functions of the middle-dimensional cohomology of the moduli space of U(N)-
instantons on a resolved ALE space of Ak−1-type and the integrable representations of an
affine SU(k)-algebra of level N – was still lacking.
Six years later in 2002, a similar development took place in the physical literature, where
it was conjectured by Nekrasov in [9] that the equivariant cohomology of the moduli space of
SU(N)-instantons on a (resolved) ALE space of ADE-type should be related to ADE WZW
models on the SW curve underlying the associated 4d N = 2 pure SU(N) theory. Shortly
thereafter in 2003, the seminal result in [9] – regarding the exact evaluation of the SW
prepotential via the Nekrasov partition function – was made mathematically rigorously by
Nekrasov and Okounkov in [4], where a more refined and far-reaching 4d-2d conjecture was
also proposed; they asserted that the topological string limit of the dual Nekrasov partition
function of a 4d N = 2 pure G theory should be related to the integrable representations of
the Langlands dual of an affine G-algebra, where G is any Lie group.
Then in 2007, Dijkgraaf, Hollands, Sulkowski and Vafa finally gave a direct physical
derivation in [10] of Nakajima’s result; the aforementioned generating functions were parti-
tion functions of BPS states in two different but dual frames in string/M-theory which could
then be equated to each other. Right at about the same time, in an attempt to generalize the
geometric Langlands duality for Lie groups [11] to affine Kac-Moody groups, mathematicians
Braverman and Finkelberg were also led to formulate a conjecture in [1], which asserts that
the intersection cohomology of the moduli space of G-instantons on R4/Zk should be related
to the integrable representations of the Langlands dual of an affine G-algebra. This conjec-
ture was henceforth known as a geometric Langlands duality for surfaces, since it involves
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G-bundles over a complex surface as opposed to a complex curve (which is the underlying
ingredient in Beilinson and Drinfeld’s formulation in [12] of a geometric Langlands duality
for Lie groups). Witten, in a series of lectures delivered at the IAS in 2008 [13], argued,
somewhat abstractly, that a geometric Langlands duality for surfaces can be understood as
an invariance of the BPS spectrum of the mysterious 6d N = (2, 0) SCFT under differ-
ent compactifications down to 5d.1 Combining the insights from Witten’s lectures and the
work of Dijkgraaf, Hollands, Sulkowski and Vafa, the author was able to give a concrete
M-theoretic derivation in [15] of this geometric Langlands duality for surfaces; he showed
that for the A–D groups, the duality can be derived from the principle that the spacetime
BPS spectra of string-dual M-theory compactifications ought to be equivalent.
Next came a mini revolution in 2009, when Alday, Gaiotto and Tachikawa, motivated by
the insights from Gaiotto’s work in [16], verified in [2] that the Nekrasov instanton partition
function of a 4d N = 2 conformal SU(2) quiver theory is equivalent to a conformal block
of a 2d CFT with W2-algebra symmetry that is Liouville theory. This celebrated 4d-2d
correspondence, better known since as the AGT correspondence, was anticipated to hold
for other gauge theories as well. In particular, it was soon proposed and checked to some
extent in [3], that the correspondence should hold for 4d N = 2 asymptotically-free SU(2)
theories; it was also proposed and checked to some extent in [17], that the correspondence
should hold for a 4d N = 2 conformal SU(N) quiver theory whereby the corresponding
2d CFT is an AN−1 conformal Toda field theory which has WN -algebra symmetry; and
last but not least, the correspondence for a 4d N = 2 pure arbitrary G theory was also
proposed and checked to hold up to the first instanton level in [18]. The basis for the AGT
correspondence for SU(N) – as first pointed out by Alday and Tachikawa in [19] – is a
conjectured relation between the equivariant cohomology of the moduli space of SU(N)-
instantons and the integrable representations of an affine WN -algebra. This conjectured
relation was first proved mathematically for finite WN -algebras in [20], and later proved
mathematically for affineWN -algebras in [21, 22]. An original effort to furnish a fundamental
physical derivation of the AGT correspondence from the viewpoint of 6d N = (2, 0) SCFT
was also undertaken by Yagi in [23, 24], although certain assumptions made in loc.cit. require
further investigation. Also, in the Nekrasov-Shatashvili limit, the AGT correspondence in [2]
has also been derived via a certain bispectral duality between two integrable systems in [25].
“Ramified” generalizations of the AGT correspondence for pure SU(N) to include sur-
face operators were also proposed and checked to some extent in [26, 27], although the
1A written account of these lectures can also be found in [14].
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correspondence for pure arbitrary G with a full surface operator had already been proved
mathematically in 2004 by Braverman in [28] (as made known to physicists in [19]). Nonethe-
less, based on peripheral physical evidence, it was later conjectured by Chacaltana, Distler
and Tachikawa in [29], that the AGT correspondence should hold for pure arbitrary G with
not just a full but with any surface operator, where on the 2d CFT side, one has a most
general affine W-algebra.
The AGT correspondence for SU(N) was further proposed in [30, 31] to hold on R4/Zm,
where on the 2d CFT side, one has an m-th para-WN -algebra; this proposal was checked to
be true for N = m = 2 in [30, 32]. Ideas for this proposal were based on physical evidence
presented in [33], where it was also conjectured that the AGT correspondence on R4/Zm
should hold not just for SU(N) but for any ADE group, where on the 2d CFT side, one
has an m-th para-W-algebra derived from the affine ADE-algebra.
As 2d CFT’s can often be associated with integrable systems, the AGT correspondence
also implies certain relations between the Nekrasov instanton partition function and inte-
grable systems. An example which actually predates the AGT correspondence would be
Nekrasov’s conjecture in [9], which asserts that the Nekrasov instanton partition function
should be related to a tau-function of Toda lattice hierarchy. A more recent example that
arose from the AGT correspondence would be Alday and Tachikawa’s conjecture in [19],
which asserts that the “fully-ramified” Nekrasov instanton partition function should be re-
lated to Hitchin’s integrable system.
Our main aim is to furnish in a pedagogical manner, a fundamental M-theoretic deriva-
tion of all the above 4d-2d relations, and more. Let us now give a brief plan and summary
of the paper.
A Brief Plan and Summary of the Paper
In §2, we will employ a chain of string dualities to physically relate distinct compactifi-
cations of M-theory down to six-dimensions, where around the five compactified directions,
there can be (i) coincident M5-branes; (ii) coincident M5-branes and an orientifold five-
plane; (iii) coincident M5-branes, an orientifold fiveplane, and a worldvolume defect of the
kind studied in [29] which can be realized in M-theory by an orbifold in the transverse di-
rections. The relation under string dualities between multi-Taub-NUT space and D6-branes
and NS5-branes, and the relation under string dualities between Sen’s four-manifold and D6-
branes/O6-planes and NS5-branes/ON5-planes, play a central role in our arguments; they
are described in detail in Appendix A.
In §3, we will show that the Braverman-Finkelberg (BF) conjecture [1] of a geometric
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Langlands duality for surfaces, can, for the A, B, C, D and G groups, be derived, purely
physically, from the principle that the spacetime BPS spectra of the string-dual M-theory
compactifications obtained in §2 ought to be equivalent. As an offshoot, we would be able
to also demonstrate (i) an identity of the dimension of the intersection cohomology of the
moduli space of A-, D- and G-instantons on singular ALE spaces; (ii) a Langlands duality
of the dimension of the intersection cohomology of the moduli space of B- and C-instantons
on singular ALE spaces. Likewise for the E and F groups, we will show that the Langlands
duality can be derived, purely physically, from the principle that the spacetime BPS spectra
of string-dual compactifications of M-theory and type IIB theory on singular K3 manifolds
ought to be equivalent. Furthermore, for the simply-laced A and D groups, we would be
able to also derive (1) a McKay-type correspondence of the intersection cohomologies of the
moduli spaces of instantons, which serves as a generalization of Proudfoot’s conjecture in [34]
to completely blown-down ALE spaces; (2) a level-rank duality of chiral WZW models; (3)
a 4d-2d Nakajima-type duality involving completely blown-down ALE spaces. In particular,
for the A groups, (2), (3), and our main derivation of a geometric Langlands duality for
surfaces, physically realize the commutative diagram in [35, §1]; and for the D groups, (1),
(2), (3), and our main derivation of a geometric Langlands duality for surfaces, physically
realize a D-type ALE space generalization thereof.
In §4, we will derive a non-singular and quasi-singular generalization of the geometric
Langlands duality for surfaces for the A and B groups. In turn, this would allow us to
make contact with and generalize a closely-related field-theoretic result obtained earlier by
Witten [13], and reproduce, purely physically, Nakajima’s celebrated result in [5]. Via the
string-dual M-theory compactifications with worldvolume defects obtained in §2, we will also
derive a “ramified” version of the geometric Langlands duality for surfaces for the A, B, C,
D and G groups.
In §5, to the setup in §3, we will introduce Omega-deformation via the fluxbrane back-
ground studied in [36, 37], add half-BPS boundary defects realized by M9-branes [38], and go
on to show that the pure AGT correspondence for the A, B, C, D and G groups, can likewise
be derived from the principle that the spacetime BPS spectra of string-dual M-theory com-
pactifications ought to be equivalent. Our derivation physically reproduces the mathematical
conjecture by Braverman et al. in [20], that the Nekrasov instanton partition function for
pure G is given by the norm of a coherent state in the Verma module over the Langlands
dual affine W-algebra. Furthermore, the underlying Seiberg-Witten curve – interpreted as
an N - or 2N -fold cover of the two-punctured Gaiotto curve C [16, 3] – also arises naturally
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in our picture. A crucial ingredient in our derivation is the realization by a gauged WZW
model of affine W-algebras obtained from a quantum Drinfeld-Sokolov reduction procedure;
this realization is described in detail in Appendix B.
In §6, we will first add worldvolume defects to our setup in §3, and derive a “rami-
fied” generalization of the pure AGT correspondence for the A, B, C, D and G groups.
Our derivation reproduces the conjecture by Chacaltana-Distler-Tachikawa in [29], that the
“ramified” Nekrasov instanton partition function for pure G is given by the norm of a coher-
ent state in the Verma module over the Langlands dual affine W-algebra associated with an
arbitrary embedding of su(2) in the underlying Lie algebra. In anticipation of a connection to
integrable systems, we then specialize our formulas to the case of a full worldvolume defect.
In so doing, we would be able to reproduce exactly the mathematical result by Braverman
in [28], that relates the “fully-ramified” Nekrasov instanton partition function for pure G
to the norm of a coherent state in the Verma module over the Langlands dual of an affine
G-algebra. Second, based on our setup in §4.1 which underlies our earlier derivation of a
non-singular generalization of the geometric Langlands duality for surfaces, we will derive a
smooth A-type ALE generalization of the pure AGT correspondence for the A, B, C, D and
G groups. Our derivation reproduces and generalizes to nonsimply-laced gauge groups the
conjecture by Nishioka-Tachikawa in [33], that the Nekrasov instanton partition function for
pure simply-laced G on an Am−1-type ALE space is given by the norm of a coherent state
in a Verma module over the sum of a parafermionic coset affine algebra RCFT[Am−1,G]
and the m-th para-W-algebra derived from the affine G-algebra. In particular, our deriva-
tion furnishes us with a concrete definition of RCFT[Am−1, G] even when G 6= A – see
eqns. (6.62)–(6.63) and eqns. (6.72)–(6.73). Last but not least, via building blocks defined
by M-theory compactifications with M9-brane boundaries that are in one-to-one correspon-
dence with the three-punctured sphere and cylinder of Gaiotto’s construction in [16], we will
derive the AGT correspondence with matter. For brevity, we will consider just conformal
linear and necklace quiver theories with n SU(N) gauge groups, although our arguments
can be straightforwardly generalized to other Gaiotto-type theories as well. Once again, the
underlying Seiberg-Witten curve – this time interpreted as an N -fold cover of the generically
multi-punctured Gaiotto curve Ceff that is a sphere and a torus, respectively [16] – arises
naturally in our picture.
And finally in §7, via our results in §5 and §6, we will make contact with chiral fermions,
integrable systems, and the “ramified” geometric Langlands correspondence for curves. First,
by considering the topological string limit in our derivation of the AGT correspondence for
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a conformal necklace quiver with n SU(N) gauge groups, we will reproduce and generalize
a purely field-theoretic result by Nekrasov-Okounkov in [4], that relates the corresponding
Nekrasov instanton partition function of the N = 2∗ SU(N) theory to the theory of N chiral
fermions on a torus. Second, by considering the topological string limit in our derivation of
the pure AGT correspondence for G, we will reproduce the conjecture by Nekrasov-Okounkov
in [4], which implies that the corresponding Nekrasov instanton partition function for pure
G is equal to the norm of a coherent state in the integrable highest weight module over the
Langlands dual of an affine G-algebra of level 1. Moreover, if G = SU(N), we find that
the corresponding Nekrasov instanton partition function for pure SU(N) is a tau-function
of Toda lattice hierarchy; this also coincides with Nekrasov’s conjecture in [9]. Third, by
considering the Nekrasov-Shatashvilli limit in our derivation of the “fully-ramified” pure
AGT correspondence for G, we will show that the corresponding “fully-ramified” Nekrasov
instanton partition function for pure G is a simultaneous eigenfunction of the quantum
Toda Hamiltonians associated with the Langlands dual of an affine G-algebra. And last,
guided by the relation between the elliptic Calogero-Moser system and the “tamely-ramified”
Hitchin system on a single-punctured torus, we will show that in the Nekrasov-Shatashvili
limit, the corresponding “fully-ramified” Nekrasov instanton partition function of a confor-
mal linear and necklace quiver theory of n SU(N) gauge groups is also a D-module in the
“tamely-ramified” geometric Langlands correspondence for SU(N) at genus zero and one,
respectively. In turn, this confirms the conjecture by Alday-Tachikawa in [19], that the
aforementioned Nekrasov instanton partition function is a simultaneous eigenfunction of the
quantum Hitchin Hamiltonians for SU(N).
Shorter Routes Through This Paper
As indicated in the contents page, this paper can actually be broken up into four parts.
Part I, or §2–§4, discusses the geometric Langlands duality for surfaces and its various gen-
eralizations. Part II, or §5–§6, discusses the AGT correspondence and its various generaliza-
tions. Part III, or §7, discusses the relation of the AGT correspondence to chiral fermions,
integrable systems and the “ramified” geometric Langlands correspondence for curves. Part
IV, or the Appendix, contains materials in support of our discussions in §2 and §5.
Readers who are interested in the physical derivation of a geometric Langlands duality
for surfaces, should read §2.1–§2.2 and §3.1–§3.3. Readers who are interested in the physi-
cal derivation of a non-singular or quasi-singular generalization of the geometric Langlands
duality for surfaces, should read §2.1, §3.1, and §4.1 or §4.2, respectively. Readers who
are interested in the physical derivation of the “ramified” geometric Langlands duality for
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surfaces, should read §2.3, §3.1–§3.2, and §4.3. Readers who are interested in the physical
derivation of (i) a McKay-type correspondence of the intersection cohomologies of the mod-
uli spaces of instantons, (ii) a level-rank duality of chiral WZW models, and (iii) a 4d-2d
Nakajima-type duality involving singular ALE spaces, should read §2.1–§2.2, §3.1–§3.2, and
§3.4.
Readers who are interested in the physical derivation of the pure AGT correspondence,
should read §2.1–§2.2, §3.1–§3.2, and §5.1–§5.3. Readers who are interested in the physical
derivation of a “ramified” generalization of the pure AGT correspondence, should read §2.3,
§4.3, §5.1–§5.3, and §6.1. Readers who are interested in the physical derivation of an A-type
ALE generalization of the pure AGT correspondence, should read §2.1–§2.2, §3.1–§3.2, §4.1,
and §6.2. Readers who are interested in the physical derivation of the AGT correspondence
with matter, should read §2.1, §3.1, §5.1–§5.2, and §6.3.
Readers who are interested in the relation of the AGT correspondence to chiral fermions,
should read §2.1, §3.1, §5.1–§5.2, §6.3, and §7.1. Readers who are interested in the relation
of the AGT correspondence to the Nekrasov-Okounkov conjecture in [4] and the tau-function
of Toda lattice hierarchy, should read §2.1–§2.2, §3.1–§3.2, §5.1–§5.3, and §7.2. Readers who
are interested in the relation of the AGT correspondence to quantum affine Toda systems,
should read §2.1–§2.2, §3.1–§3.2, §5.1–§5.3, §6.1, and §7.3. Readers who are interested in the
relation of the AGT correspondence to the “ramified” geometric Langlands correspondence
for curves and the Alday-Tachikawa conjecture in [19], should read §2.1, §3.1, §5.1–§5.2, §6.1,
§6.3, §7.3, and §7.4.
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Part I
A Geometric Langlands Duality for Surfaces
2. Dual Compactifications of M-theory with M5-Branes, OM5-Planes and 4d
Worldvolume Defects
2.1. Dual Compactifications of M-theory with M5-Branes
Consider a six-dimensional compactification of M-theory on the five-manifold S1n ×
R4/Zk. Here, R4/Zk is a singular ALE manifold of type Ak−1; S1n is a circle of radius
Rs; and the subscript ‘n’ means that we perform, in the sense of [39], a “Zn-twist” of the
theory as we go around the circle – that is, we evoke a Zn-outer-automorphism of R4/Zk
(and of the geometrically-trivial six-dimensional spacetime) as we go around the circle and
identify the circle under an order n translation. Wrap on this five-manifold a stack of N
coincident M5-branes, such that its worldvolume, in Euclidean signature,2 will be given by
Rt × S1n × R4/Zk, where Rt is the “time” direction. In other words, let us consider the
following M-theory configuration:
M-theory : R5 × Rt × S1n × R4/Zk︸ ︷︷ ︸
N M5-branes
. (2.1)
Taking the “eleventh circle” to be one of the decompactified directions along the R5 subspace,
we see that (2.1) actually corresponds to the following ten-dimensional type IIA background
with N coincident NS5-branes wrapping Rt×S1n×R4/Zk, where the IIA string coupling gAs
and string length ls are such that g
A
s ls →∞:
IIA : R4 × Rt × S1n × R4/Zk︸ ︷︷ ︸
N NS5-branes
. (2.2)
Let us now T-dualize along the Rt direction of the worldvolume of the stack of NS5-
branes. From §A.3, we learn that T-dualizing along any one of the worldvolume directions
2The six-dimensional (2, 0) theory that lives on the worldvolume of the stack of coincident M5-branes is
a unitary, physically sensible quantum field theory with positive energy. Thus, it is possible to formulate the
“same” theory on a space of Lorentzian or Euclidean signature via analytic continuation. For our purpose,
it will be more useful to adopt a Euclidean signature.
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of an NS5-brane (where the background solution is trivial), will bring us back to an NS5-
brane. This means that we will arrive at the following type IIB configuration with IIB string
coupling gBs ∼ 1 (since gBs = gAs ls/r, and r →∞, where r is the radius of Rt):
IIB : R4 × S1t;r→0 × S1n × R4/Zk︸ ︷︷ ︸
N NS5-branes
. (2.3)
Next, let us T-dualize along a direction that is transverse to the stack of NS5-branes. As
explained in §A.3, since the NS5-branes are coincident, one will end up having a multi-Taub-
NUT manifold TNN with an AN−1 singularity at the origin, with no NS5-branes. Thus, as
one can view one of the R’s in R4 to be a circle of infinite radius, in doing a T-duality along
this circle, we will arrive at the following type IIA background:
IIA : TNR→0N × S1t;r→0 × S1n × R4/Zk, (2.4)
where TNR→0N is a multi-Taub-NUT manifold with an AN−1 singularity at the origin and
asymptotic radius R → 0. (As explained in §A.3, R → 0 because we are T-dualizing
along a trivially-fibered circle of infinite radius.) At this stage, one also finds that gAs → 0.
Consequently, this can be interpreted as the following M-theory background with a very
small “eleventh circle” S111:
M-theory : TNR→0N × S1t;r→0 × S1n × S111;r→0 × R4/Zk. (2.5)
From §A.1, we learn that the singular ALE space R4/Zk is simply TNk with an Ak−1
singularity at the origin whose asymptotic radius R → ∞. Note also from §A.2 that M-
theory on such a space is equivalent upon compactification along its circle fiber to type
IIA string theory with k coincident D6-branes filling out the directions transverse to the
space. In other words, starting from (2.5), one can descend back to the following type IIA
background:3
IIA : TNR→0N × S1t;r→0 × S1n × S111,r→0︸ ︷︷ ︸
k D6-branes
×R3. (2.6)
3In the following background, there is a Zn-automorphism on the D6-branes (that descends from the
Zn-automorphism on the R4/Zk in (2.5) which underlies the D6-branes solution) that permutes them n
times as one goes around the S1n circle. This permutation does not alter their description as a stack of k
coincident D6-branes, and is also consistent with the Zn-automorphism of their worldvolume which arises
due to the Zn-automorphism of R5 × Rt in (2.1).
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Note however, that we now have a type IIA theory that is strongly-coupled, since the effective
type IIA string coupling from a compactification along the circle fiber is proportional to the
asymptotic radius which is large. (See §A.2, again.)
Let us proceed to do a T-duality along S111, which will serve to decompactify the circle,
as well as convert the D6-branes to D5-branes in a type IIB theory. By coupling this step
with a type IIB S-duality that will convert the D5-branes into NS5-branes, we will arrive at
the following type IIB configuration at weak-coupling:
IIB : TNR→0N × S1t;r→0 × S1n︸ ︷︷ ︸
k NS5-branes
×R4. (2.7)
Finally, let us do a T-duality along S1t;r→0, which will bring us back to a type IIA
background with NS5-branes and gAs → ∞.4 Lifting this IIA background back up to M-
theory, we will arrive at the following configuration:
M-theory : TNR→0N × S1n × Rt︸ ︷︷ ︸
k M5-branes
×R5, (2.8)
where there is a nontrivial Zn-outer-automorphism of TNR→0N as we go around the S1n circle.
Hence, from the chain of dualities described above, we conclude that the six-dimensional
M-theory compactifications with N and k coincident M5-branes wrapping the five compact-
ified directions along the manifolds S1n×R4/Zk and S1n×TNR→0N as shown in (2.1) and (2.8),
respectively, ought to be physically dual to each other.
2.2. Dual Compactifications of M-theory with M5-Branes and OM5-Planes
To the stack of coincident M5-branes in (2.1), one can add a fiveplane that is intrinsic
to M-theory known as the OM5-plane [40]. Then, we would have the following M-theory
configuration:
M-theory : R5 × Rt × S1n × R4/Zk︸ ︷︷ ︸
N M5-branes/OM5-plane
, (2.9)
where as before, we evoke a Zn-outer-automorphism of R4/Zk (and of the geometrically-
trivial R5 × Rt spacetime) as we go around the S1n circle and identify the circle under an
order n translation.
4Recall the T-duality relation gAs = g
B
s ls/r. Therefore, because g
B
s ls, though small, is still nonzero,
having r → 0 would mean that gAs →∞.
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Unlike the usual Op-planes, the OM5-plane has no (discrete torsion) variants and is thus
unique. Its presence will serve to identify opposite points in the spatial directions transverse
to its Rt × S1n × R4/Zk worldvolume. Consequently, the gauge symmetries associated with
the stack of M5-branes will be modified, much in the same way how Op-planes modify the
effective worldvolume gauge symmetry on a stack of Dp-branes by identifying open-string
states with exchanged Chan-Paton indices that connect between the Dp-branes. An essential
fact to note at this point is that the OM5-plane can be interpreted as a unique ON5−A-plane in
type IIA string theory under a compactification along an “eleventh circle” that is transverse
to its worldvolume [40]; here, the ‘-’ superscript just indicates that its presence will result
in an orthogonal gauge symmetry in the type IIA theory, while the ‘N’ just denotes that
it can only be associated with NS5-branes. This means that the presence of an OM5-plane
will serve to convert an existing gauge symmetry (in a certain regime) of the worldvolume
theory on the stack of coincident M5-branes to that of an orthogonal (and not symplectic)
type. This fact will be important later.
Let us now take the “eleventh circle” to be one of the decompactified directions along the
R5 subspace. We then see that (2.9) actually corresponds to the following ten-dimensional
type IIA background with N coincident NS5-branes wrapping Rt×S1n×R4/Zk on top of an
ON5−A-plane, where g
A
s ls →∞:
IIA : R4 × Rt × S1n × R4/Zk︸ ︷︷ ︸
N NS5-branes/ON5−A-plane
. (2.10)
Let us next T-dualize along the Rt direction of the NS5-branes/ON5−A-plane configu-
ration. From §A.6, we learn that T-dualizing along any one of the worldvolume directions
of an NS5-brane/ON5−-plane configuration (where the background solution is trivial), will
bring us back to an NS5-brane/ON5−-plane configuration. This means that we will arrive
at the following type IIB configuration where gBs ∼ 1:
IIB : R4 × S1t;r→0 × S1n × R4/Zk︸ ︷︷ ︸
N NS5-branes/ON5−B-plane
. (2.11)
Here, the ON5−B-plane is the T-dual counterpart of the ON5
−
A-plane. It is also the S-dual
counterpart of the usual O5−-plane in type IIB theory [40].
Now, let us T-dualize along a direction that is transverse to the stack of NS5-branes/ON5−B-
plane. As explained in §A.6, one will end up with Sen’s four-manifold SNN with a DN
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singularity at the origin [41] (which one can roughly regard as TNN with a Z2-identification
of its S1 fiber and R3 base), with no NS5-branes and no ON5−B-plane. Thus, as one can view
one of the R’s in R4 to be a circle of infinite radius, in doing a T-duality along this circle,
we will arrive at the following type IIA background:
IIA : SNR→0N × S1t;r→0 × S1n × R4/Zk, (2.12)
where SNR→0N is Sen’s four-manifold with a DN singularity at the origin and asymptotic
radius R → 0. (As explained in §A.6, R → 0 because we are T-dualizing along a trivially-
fibered circle of infinite radius.) This is consistent with the fact that a T-duality along a
direction transverse to the ON5−B-plane gives rise to a solution that can be identified with a
unique OM6-plane in M-theory [40], which, in turn, implies the Z2-symmetry that is inherent
in Sen’s four-manifold [41]. At this stage, one also finds that gAs → 0. In other words, (2.12)
can also be interpreted as the following M-theory background with a very small “eleventh
circle” S111:
M-theory : SNR→0N × S1t;r→0 × S1n × S111;r→0 × R4/Zk. (2.13)
From §A.1, we learn that the singular ALE space R4/Zk is simply TNk with an Ak−1
singularity at the origin whose asymptotic radius R → ∞. Also from §A.2, we learn that
M-theory on such a space is equivalent upon compactification along its circle fiber to type
IIA string theory with k coincident D6-branes filling out the directions transverse to this
space. In other words, starting from (2.13), one can descend back to the following type IIA
background:5
IIA : SNR→0N × S1t;r→0 × S1n × S111,r→0︸ ︷︷ ︸
k D6-branes
×R3. (2.14)
Note however, that we now have a type IIA theory that is strongly-coupled, since the effective
type IIA string coupling from a compactification along the circle fiber is proportional to the
asymptotic radius which is large. (See §A.2, again.)
Let us proceed to do a T-duality along S111, which will serve to decompactify the circle,
as well as convert the D6-branes to D5-branes in a type IIB theory. By coupling this step
with a type IIB S-duality that will convert the D5-branes into NS5-branes, we will arrive at
5In the following background, there is a Zn-automorphism on the D6-branes (that descends from the
Zn-automorphism on the R4/Zk in (2.13) which underlies the D6-branes solution) that permutes them n
times as one goes around the S1n circle. This permutation does not alter their description as a stack of k
coincident D6-branes, and is also consistent with the Zn-automorphism of their worldvolume which arises
due to the Zn-automorphism of R5 × Rt in (2.9).
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the following type IIB configuration at weak-coupling:
IIB : SNR→0N × S1t;r→0 × S1n︸ ︷︷ ︸
k NS5-branes
×R4. (2.15)
Finally, let us do a T-duality along S1t;r→0, which will bring us back to a type IIA
background with NS5-branes and gAs → ∞.6 Lifting this IIA background back up to M-
theory, we will arrive at the following configuration:
M-theory : SNR→0N × S1n × Rt︸ ︷︷ ︸
k M5-branes
×R5, (2.16)
where there is a nontrivial Zn-outer-automorphism of SNR→0N as we go around the S1n circle.
Thus, from the chain of dualities described above, we conclude that the six-dimensional
M-theory compactifications with N and k coincident M5-branes wrapping the five com-
pactified directions along the manifolds S1n ×R4/Zk (in the presence of an OM5-plane) and
S1n × SNR→0N as shown in (2.9) and (2.16), respectively, ought to be physically dual to each
other:
2.3. Dual Compactifications of M-theory with M5-Branes, OM5-Planes and 4d Worldvolume
Defects
To the stack of N coincident M5-branes in (2.1), one can add a 4d worldvolume de-
fect of the kind studied in [29] which can be realized in M-theory by a ZM -orbifold in the
transverse directions (see [27, §2.2]). For definiteness, let us consider the following M-theory
configuration:
0 1 2 3 4 5 6 7 8 9 10
N M5’s − − − − − −
defect − − − − × × × ×
(2.17)
Here, the ‘−’ sign in the column labeled by j means that the particular brane or worldvolume
defect extends along the jth direction with coordinate xj; similarly, the ‘×’ sign in the column
labeled by l means that the ZM -orbifold realizing the worldvolume defect extends along the
lth direction with coordinate xl. We take x0 and x1 to be the coordinates on Rt and S1n,
respectively, so that (x2, x3, x4, x5) would be the coordinates on R4/Zk ' C2/Zk. Then, if
6Recall the T-duality relation gAs = g
B
s ls/r. Therefore, because g
B
s ls, though small, is still nonzero,
having r → 0 would mean that gAs →∞.
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z = x2 + ix3 and w = x4 + ix5, the singular ALE manifold C2/Zk can be viewed as a complex
surface C2 whose coordinates (z, w) are identified under the Zk-action (z, w) → (ζz, ζ−1w),
where ζ = e2pii/k. According to (2.17), the 4d worldvolume defect then wraps Rt × S1n and
the z-plane. Consequently, the presence of the 4d worldvolume defect (i) modifies the theory
living on Rt × S1n; (ii) introduces – when observation scales are much larger than the radius
of S1n – a surface worldvolume defect (which we will describe below) in the 4d N = 4 SYM
theory living on the “constant-time” hypersurface C2/Zk, at w = 0. Such a 4d worldvolume
defect was first considered in [19].
Characterization of the 4d Worldvolume Defect by a Partition of N
This 4d worldvolume defect can be labeled by a partition of N when n = 1, as follows.
First, set k = 1 for ease of illustration. (The same arguments will apply for k > 1, except
that one must further take into account the above-mentioned identification under the Zk-
action.) As usual, freeze the center-of-mass degrees of freedom of the stack of N coincident
M5-branes; then, along the 2345-directions, we have an N = 4, G = SU(N) theory on C2
with a Gukov-Witten surface operator [42] along the z-plane.
Second, note that this surface operator introduces a singularity in the gauge field Aµ:
if (r, θ) are the polar coordinates of the transverse w-plane in C2, i.e., w = reiθ, the gauge
field diverges as
Aµdx
µ ∼ diag(α1, α2, · · · , αN) idθ, (2.18)
near the surface operator. By a gauge transformation, one can assume that 1 > αi ≥ αi+1 ≥
0.
Third, note that the commutant of ~α = i diag(α1, α2, · · · , αN) is a subgroup L ⊂ G
which is called the Levi subgroup; in other words, the gauge group G reduces to L along the
surface defined by the z-plane. The structure of ~α can take the general form
~α = i diag(α(1), . . . , α(1)︸ ︷︷ ︸
n1 times
, α(2), . . . , α(2)︸ ︷︷ ︸
n2 times
, . . . , α(M), . . . , α(M)︸ ︷︷ ︸
nM times
), (2.19)
where ni > ni+1.
7 This means that the Levi subgroup is
L = S[U(n1)× U(n2)× · · · × U(nM)], (2.20)
where N = n1 +n2 + · · ·+nM . It is in this sense that the underlying 4d worldvolume defect
can be characterized by the partition [n1, n2, . . . , nM ] of N , and be called one of type L.
7One can also have ni+1 > ni, but we will not consider such a situation in this paper.
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Reduction of Gauge Group and Parabolic Subgroups
It will be useful for later to also discuss the connection between (i) the reduction, along
the surface, of the gauge group G to its Levi subgroup L, and (ii) parabolic subgroups of
GC (the complexification of G).
To this end, let p be a subalgebra of gC (the Lie algebra of GC) spanned by elements x
satisfying
[~α, x] = iλx, λ ≤ 0. (2.21)
Then, p is called a parabolic subalgebra, and the corresponding subgroup P ⊂ GC is called
a parabolic subgroup.
Note that since L is the commutant of ~α, (2.21) means that there ought to exist a
correspondence between L and P . For example, consider G = SU(4) and L = S[U(2) ×
U(1)2]; according to our above discussion, L is associated to the partition [nI ] = [2, 1, 1]
and ~α = i diag(α(1), α(1), α(2), α(3)); in this case, the corresponding parabolic subgroup is
P = P[2,1,1], and its elements take the form

∗ ∗ 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0
∗ ∗ ∗ ∗
 , (2.22)
where the sign ‘∗’ denotes some complex number such that the determinant of the matrix is
one.
As a second example, consider G = SU(4) and L = U(1)3; according to our above dis-
cussion, L is associated to the partition [nI ] = [1, 1, 1, 1] and ~α = i diag(α(1), α(2), α(3), α(4));
in this case, the corresponding parabolic subgroup is P[1,1,1,1], and its elements can be any
complex semi-lower triangular 4 × 4 matrix of determinant one. In general, when the Levi
subgroup is L = U(1)N−1, the corresponding parabolic subgroup P[1,...,1] is just the Borel
subgroup B.
As a final example, consider G = SU(N) and L = SU(N) = G; according to our above
discussion, L is associated to the partition [nI ] = [N ] and ~α = 0;8 in other words, there is
no defect. In this case, the corresponding parabolic subgroup P[N ] would be spanned by all
complex N ×N matrices of determinant one, i.e., P[N ] = SL(N,C) = GC.
8For the partition [N ], we have ~α = idiag(α(1), α(1), . . . , α(1)). Since G = SU(N) is the group of traceless
unitary N × N matrices of determinant one, we must also have ∑α(1) = 0. Altogether, this means that
~α = 0.
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Note that one can also understand the above correspondence between L and P[nI ] to be
a consequence of the fact that G/L ' GC/P[nI ] as Riemannian manifolds. This isomorphism
also means that we can describe the reduction of the gauge group along the surface in terms
of parabolic subgroups: the SU(N) gauge group is reduced along the surface by an amount
SU(N)/L, and from the preceding observations, this is the same as P[N ]/P[nI ].
Dual Compactifications with M5-Branes and 4d Worldvolume Defects
Now consider the M-theory configuration given in (2.17):
M-theory : R5× Rt × S1n × R4/Zk︸ ︷︷ ︸
N M5-branes with a 4d defect
≡ R3×Cw′/ZM×Rt × S1n × Cz/Zk × Cw/(Zk × ZM)︸ ︷︷ ︸
N M5-branes
,
(2.23)
where the coordinates are (x10, x9, x8;w
′;x0;x1; z;w), with w′ = x6 + ix7. Here, (i) we
evoke a Zn-outer-automorphism of the transverse ten-dimensional space as we go around
the S1n circle and identify the circle under an order n translation; (ii) the 4d worldvolume
defect wraps Rt × S1n and the z-plane in R4/Zk ' Cz/Zk × Cw/Zk; (iii) Cw′/ZM can be
regarded as the w′-plane identified under the ZM -action w′ → γ−1w′, where γ = e2pii/M ;
(iv) Cz/Zk can be regarded as the z-plane identified under the Zk-action z → ζz, where
ζ = e2pii/k; and (v) Cw/(Zk × ZM) can be regarded as the w-plane identified under the
(Zk × ZM)-action w → ζ−1γw. The ZM -action, in addition to acting geometrically, also
acts representation-theoretically: at a low-energy scale much larger than the radius of S1n
with n = 1, the N -dimensional representation of the U(N) gauge group of the 4d theory
living on the “constant-time” hypersurface Cz/Zk × Cw/(Zk × ZM) gets multiplied, under
the ZM -action, by (c.f. [43, 44])
(γ, . . . , γ︸ ︷︷ ︸
n1 times
, γ2, . . . , γ2︸ ︷︷ ︸
n2 times
, . . . , γM , . . . , γM︸ ︷︷ ︸
nM times
). (2.24)
Taking the “eleventh circle” to be the decompactified x10-direction along the R3 sub-
space, we see that (2.23) actually corresponds to the following ten-dimensional type IIA
background with N coincident NS5-branes wrapping Rt × S1n × Cz/Zk × Cw/(Zk × ZM),
where the IIA string coupling gAs and string length ls are such that g
A
s ls →∞:
IIA : R2 × Cw′/ZM × Rt × S1n × Cz/Zk × Cw/(Zk × ZM)︸ ︷︷ ︸
N NS5-branes
. (2.25)
Let us now T-dualize along the Rt direction of the worldvolume of the stack of NS5-
branes. From §A.3, we learn that T-dualizing along any one of the worldvolume directions of
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an NS5-brane (where the background solution is trivial), will bring us back to an NS5-brane.
Therefore, we will arrive at the following type IIB configuration with IIB string coupling
gBs ∼ 1 (since gBs = gAs ls/r, and r →∞, where r is the radius of Rt):
IIB : R2 × Cw′/ZM × S1t;r→0 × S1n × Cz/Zk × Cw/(Zk × ZM)︸ ︷︷ ︸
N NS5-branes
. (2.26)
Next, let us T-dualize along the x9-direction transverse to the stack of NS5-branes. As
explained in §A.3, since the NS5-branes are coincident, one will end up having a multi-Taub-
NUT manifold TNN with an AN−1 singularity at the origin, with no NS5-branes. To this
end, note that one can view R along the x9-direction to be a circle of infinite radius. In
doing a T-duality along this circle, we arrive at the following type IIA background:
IIA : TNR→0N |Cw′/ZM × S1t;r→0 × S1n × Cz/Zk × Cw/(Zk × ZM). (2.27)
Here, TNR→0N |Cw′/ZM is a multi-Taub-NUT manifold with an AN−1 singularity at the origin
whose w′-plane (spanning the x6-x7 directions of its R3 base in the x6-x7-x8 directions that
supports a nontrivial S1-fibration in the x9-direction) is further identified under the ZM -
action w′ → γ−1w′, and whose asymptotic radius R → 0. (As explained in §A.3, R → 0
because we are T-dualizing along a trivially-fibered circle of infinite radius.) At this stage,
one also finds that gAs → 0. Consequently, this can be interpreted as the following M-theory
background with a very small “eleventh circle” S111:
M-theory : TNR→0N |Cw′/ZM × S1t;r→0 × S1n × S111;r→0 × TNR→∞k |Cw/ZM . (2.28)
To arrive at this configuration, we have noted that from §A.1, the singular ALE space
Cz/Zk×Cw/Zk is simply TNk with an Ak−1 singularity at the origin whose asymptotic radius
R→∞. Here, TNR→∞k |Cw/ZM is a multi-Taub-NUT manifold with an Ak−1 singularity at the
origin whose w-plane (spanning the x4-x5 directions of its R3 base in the x3-x4-x5 directions
which supports a nontrivial S1-fibration in the x2-direction) is further identified under the
ZM -action w → γw, and whose asymptotic radius R→∞.
From §A.2, we learn that M-theory on the space TNR→∞k is equivalent upon compacti-
fication along its circle fiber to type IIA string theory with k coincident D6-branes filling out
the directions transverse to the space. In other words, starting from (2.28), one can descend
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back to the following type IIA background:9
IIA : TNR→0N |Cw′/ZM × S1t;r→0 × S1n × S111;r→0︸ ︷︷ ︸
k D6-branes
×R× Cw/ZM . (2.29)
Note however, that we now have a type IIA theory that is strongly-coupled, since the effective
type IIA string coupling from a compactification along the circle fiber is proportional to the
asymptotic radius which is large. (See §A.2, again.)
Let us proceed to do a T-duality along S111, which will serve to decompactify the circle,
as well as convert the D6-branes to D5-branes in a type IIB theory. By coupling this step
with a type IIB S-duality that will convert the D5-branes into NS5-branes, we will arrive at
the following type IIB configuration at weak-coupling:
IIB : TNR→0N |Cw′/ZM × S1t;r→0 × S1n︸ ︷︷ ︸
k NS5-branes
×R2 × Cw/ZM . (2.30)
Finally, let us do a T-duality along S1t;r→0, which will bring us back to a type IIA
background with NS5-branes and gAs → ∞.10 Lifting this IIA background back up to M-
theory, we will arrive at the following configuration:
M-theory : TNR→0N |Cw′/ZM × S1n × Rt︸ ︷︷ ︸
k M5-branes
×Cw/ZM × R3 ≡ TNR→0N × S1n × Rt︸ ︷︷ ︸
k M5-branes with a 4d defect
×R5,
(2.31)
where the 4d worldvolume defect wraps S1n×Rt and the x8-x9 directions in TNR→0N . (Recall
that the x9-direction is spanned by the S
1-fiber of TNR→0N , while the x6-x7-x8-directions
are spanned by its R3 base.) Also, there is a nontrivial Zn-outer-automorphism of the ten-
dimensional transverse space as we go around the S1n circle.
Note that the ZM -action, in addition to acting geometrically, also acts representation-
theoretically: when n = 1, the k-dimensional representation of the U(k) gauge group of the
9In the following background, there is a Zn-automorphism on the D6-branes (that descends from the
Zn-automorphism on the TNR→∞k in (2.28) which underlies the D6-branes solution) that permutes them n
times as one goes around the S1n circle. This permutation does not alter their description as a stack of k
coincident D6-branes, and is also consistent with the Zn-automorphism of their worldvolume which arises
due to the Zn-automorphism of R3 × Cw′/ZM × Rt in (2.23).
10Recall the T-duality relation gAs = g
B
s ls/r. Therefore, because g
B
s ls, though small, is still nonzero,
having r → 0 would mean that gAs →∞.
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4d theory along TNR→0N |Cw′/ZM gets multiplied, under the ZM -action, by (c.f. [43, 44])
(γ, . . . , γ︸ ︷︷ ︸
n′1 times
, γ2, . . . , γ2︸ ︷︷ ︸
n′2 times
, . . . , γM , . . . , γM︸ ︷︷ ︸
n′M times
), (2.32)
where k = n′1 + n
′
2 + · · ·+ n′M . Note that the partition [n′1, n′2, . . . , n′M ] of k depends on the
partition [n1, n2, . . . , nM ] of N , as one would expect. We shall elaborate on this in §4.3.
Assuming that the center-of-mass degrees of freedom of the stack of k coincident M5-
branes are frozen, the presence of the 4d worldvolume defect means that at a low-energy
scale much larger than the radius of S1n with n = 1, the SU(k) gauge group of the 4d N = 4
theory living on the “constant-time” hypersurface TNR→0N is broken to a Levi subgroup
L′ ⊂ SU(k) along the x8-x9 directions that is the commutant of
~α′ = (α(1), . . . , α(1)︸ ︷︷ ︸
n′1 times
, α(2), . . . , α(2)︸ ︷︷ ︸
n′2 times
, . . . , α(M), . . . , α(M)︸ ︷︷ ︸
n′M times
). (2.33)
At any rate, from the chain of dualities described above, we conclude that the six-
dimensional M-theory compactifications with N and k coincident M5-branes wrapping the
five compactified directions along the manifolds S1n×R4/Zk and S1n×TNR→0N in the presence
of 4d worldvolume defects as shown in (2.23) and (2.31), respectively, ought to be physically
dual to each other.
Dual Compactifications with M5-Branes, OM5-Planes and 4d Worldvolume Defects
To the stack of coincident M5-branes with a 4d worldvolume defect in (2.23), one can, as
was done in §2.2, add an OM5-plane [40]. Then, we would have the following six-dimensional
M-theory compactification:
M-theory : R5× Rt × S1n × R4/Zk︸ ︷︷ ︸
N M5 + OM5 + 4d defect
≡ R3×Cw′/ZM×Rt × S1n × Cz/Zk × Cw/(Zk × ZM)︸ ︷︷ ︸
N M5 + OM5
,
(2.34)
where the coordinates are (x10, x9, x8;w
′;x0;x1; z;w), with w′ = x6 + ix7. Here, (i) we evoke
a Zn-outer-automorphism of the transverse ten-dimensional space as we go around the S1n
circle and identify the circle under an order n translation; (ii) the 4d worldvolume defect
wraps Rt × S1n and the z-plane in R4/Zk ' Cz/Zk × Cw/Zk; (iii) Cw′/ZM can be regarded
as the w′-plane identified under the ZM -action w′ → γ−1w′, where γ = e2pii/M ; (iv) Cz/Zk
can be regarded as the z-plane identified under the Zk-action z → ζz, where ζ = e2pii/k; and
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(v) Cw/(Zk × ZM) can be regarded as the w-plane identified under the (Zk × ZM)-action
w → ζ−1γw.
Combining our arguments behind (2.23)–(2.31) with those behind (2.9)–(2.16), we arrive
at the following physically dual six-dimensional M-theory compactification:
M-theory : SNR→0N |Cw′/ZM × S1n × Rt︸ ︷︷ ︸
k M5-branes
×Cw/ZM × R3 ≡ SNR→0N × S1n × Rt︸ ︷︷ ︸
k M5 + 4d defect
×R5, (2.35)
where the 4d worldvolume defect wraps S1n × Rt and the x8-x9 directions in SNR→0N , Sen’s
four-manifold with a DN singularity at the origin whose asymptotic radius R → 0. (Note
that the x9-direction is spanned by the S
1-fiber of SNR→0N , while the x6-x7-x8-directions are
spanned by its R3 base. See §A.4 for further details, if desired.) Also, there is a nontrivial
Zn-outer-automorphism of the transverse ten-dimensional space as we go around the S1n
circle.
3. An M-Theoretic Derivation of a Geometric Langlands Duality for Surfaces
3.1. An Equivalence of Spacetime BPS Spectra and a Geometric Langlands Duality for
Surfaces for the A–B Groups
We shall now derive, purely physically, a geometric Langlands duality for surfaces for
the A–B groups. As a start, note that in §2.1, we showed that the following six-dimensional
M-theory compactification on the five-manifold X5 = R4/Zk × S1n with N coincident M5-
branes around it,
M-theory : R4/Zk × S1n × Rt︸ ︷︷ ︸
N M5-branes
×R5, (3.1)
where we evoke a Zn-outer-automorphism of R4/Zk (and of the geometrically-trivial R5×Rt
spacetime) as we go around the S1n circle and identify the circle under an order n translation,
is physically dual to the following six-dimensional M-theory compactification on the five-
manifold X˜5 = S
1
n × TNR→0N with k coincident M5-branes around it,
M-theory : R5 × Rt × S1n × TNR→0N︸ ︷︷ ︸
k M5-branes
, (3.2)
where there is a nontrivial Zn-outer-automorphism of TNR→0N as we go around the S1n circle
of radius Rs.
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Notice that because R4/Zk and TNR→0N are hyperka¨hler four-manifolds which break
half of the thirty-two supersymmetries in M-theory, the resulting six-dimensional spacetime
theories along Rt × R5 in (3.1) and (3.2), respectively, will both have 6d N = (1, 1) super-
symmetry. As usual, there are spacetime BPS states which are annihilated by a subset of the
sixteen supersymmetry generators of the 6dN = (1, 1) supersymmetry algebra; in particular,
a generic (half) BPS state in six dimensions would be annihilated by eight supercharges [45].
Since the supersymmetries of the worldvolume theory of the stack of M5-branes are repre-
sented by the spacetime supersymmetries which are unbroken across the brane-spacetime
barrier – in this instance, only half of the sixteen spacetime supersymmetries are unbroken
across the brane-spacetime barrier because the M5-branes are half-BPS objects – a generic
spacetime BPS state would correspond to a worldvolume ground state that is annihilated by
all eight worldvolume supercharges.11 For example, in a six-dimensional compactification of
M-theory with an M5-brane wrapping K3×S1, where K3 is a hyperka¨her four-manifold, the
sixteen spacetime BPS states which furnish the massless representations of the 6d N = (1, 1)
spacetime supersymmetry algebra correspond to the ground states of the worldvolume theory
of the M5-brane [45].
For our immediate purpose of deriving purely physically a geometric Langlands duality
for surfaces, it suffices to ascertain the spectrum of such spacetime BPS states in the M-
theory compactifications (3.1) and (3.2). To do so, we would first need to describe the
quantum worldvolume theory of the stack of M5-branes.
Quantum Worldvolume Theory of the Stack of M5-branes
In ten dimensions or less, the fundamental string, and in particular its magnetically-
dual NS5-brane, have their origins in the M2- and M5-branes of eleven-dimensional M-theory,
respectively. From this fact, it is clear that the fivebranes must be as fundamental as the
strings themselves. Moreover, one can also expect that upon quantizing the worldvolume
theory of the fivebranes, we would get a spectrum spanned by a tower of excited states,
much like when we quantize the worldsheet theory of a fundamental string.
Indeed, the quantum worldvolume theory of l coincident M5-branes is described by
tensionless self-dual strings which live in the six-dimensional worldvolume itself [46]. In the
low-energy limit, the theory of these strings reduces to a non-gravitational 6dN = (2, 0) Al−1
11By a worldvolume ground state, we really mean a state that is annihilated (in Lorentz signature) by
the positive semi-definite operator H − P of the worldvolume supersymmetry algebra {Qα, Qβ} = H − P ,
i.e., a minimal energy state that saturates the bound H ≥ P , where H is the Hamiltonian operator which
generates translations along Rt; P is the momentum operator around S1n; and the Qα’s and Qβ ’s – where
α, β = 1, . . . , 8 – are the eight worldvolume supercharges.
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superconformal field theory of l−1 massless tensor multiplets.12 Each of these l−1 multiplets
consists of a chiral two-form Y (i.e., with self-dual field strength dY = ∗dY ), an Sp(4)
symplectic Majorana-Weyl fermion ψ, and an SO(5) vector φA of scalars that parameterize
the five transverse positions of the M5-branes in eleven dimensions. (Sp(4) ' SO(5) is the
R-symmetry of the N = (2, 0) superconformal algebra.)
Alternatively, one can also describe the quantum worldvolume theory via a sigma-model
on instanton moduli space [46, 47]; in particular, if the worldvolume is given by M×S1n×Rt,
where M is a generic hyperka¨hler four-manifold, one can, in an appropriate gauge, compute
the spectrum of ground states of the quantum worldvolume theory (that are annihilated by
all of its supercharges), as the spectrum of physical observables in the topological sector of
a two-dimensional N = (4, 4) sigma-model on S1n × Rt with target the hyperka¨hler moduli
spaceMG(M) of G-instantons on M . On the side of (3.1) where l = N , we have G = SU(N)
if n = 1, and G = SO(N + 1) if n = 2 and N is even.
To arrive at the above claim that the spectrum of ground states of the quantum world-
volume theory is captured by the spectrum of physical observables in the topological sector
of the sigma-model, note that (i) the eight supercharges of the N = (4, 4) sigma-model
on S1n × Rt represent the eight supersymmetries of the 6d N = (2, 0) quantum worldvol-
ume theory which are left unbroken on M × S1n × Rt; (ii) the physical observables of any
two-dimensional supersymmetric sigma-model that are annihilated by all of its supercharges
necessarily span its topological sector.
To arrive at the above claim about G, n and N , first note that at a low-energy scale
much larger than Rs whence the 6d N = (2, 0) AN−1 SCFT is effectively compactified on
S1n, we get 5d maximally supersymmetric SU(N) theory on M × Rt. Next, notice that a
Zn-outer-automorphism of M would also result in a Zn-outer-automorphism of the SU(N)
gauge group (since it is associated with a principal SU(N)-bundle over M×Rt); as such, the
gauge group is effectively G = SU(N) or SO(N+1), depending on the aforementioned values
of n and N [48]. Since instantons on M originate from static particle-like BPS configurations
of the 5d gauge theory on M × Rt, our claim follows.
The existence of such static particle-like BPS configurations on M ×Rt which manifest
as G-instantons on M , can be understood as follows. Upon compactifying on S1n (which one
can always regard as the “eleventh circle”), M5-branes which wrap M × S1n × Rt reduce to
D4-branes in type IIA string theory which wrap M ×Rt. In type IIA string theory, one can
12Actually, there are, to begin with, l such tensor multiplets from the l M5-branes. However, a single
tensor multiplet has been omitted, as we have implicitly frozen its scalars that describe the (transverse)
center-of-mass degrees of freedom of the l M5-branes.
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have (half-BPS) D0-branes within the M × Rt worldvolume of the D4-branes [49]. These
D0-branes correspond to the static particle-like BPS configurations in question.
Being D0-branes, they are charged under a one-form RR gauge field which arises from
the Kaluza-Klein (KK) reduction on S1n. Consequently, a single D0-brane of unit RR charge
has momentum 1/Rs along S
1
n. In the case where n = 1, we do not “twist” the theory as
we go around S1n; the scalar fields ϕ of the sigma-model are therefore periodic around this
circle: if σ parameterizes the (compact) spatial direction of the sigma-model worldsheet, then
ϕ(σ + 2pi) = ϕ(σ). Hence, the operator e2piiRsps which effects the translation σ → σ + 2pi,
where ps is the momentum along S
1
n, is such that e
2piiRsps = 1, i.e., ps = m/Rs, where
m ∈ Z≥0.13 Hence, the KK mode, or the D0-brane charge, is m. This is the usual story for
KK reduction on a circle, where there can be bound states of m D0-branes that manifest as
instantons on M with instanton numbers m.
In the case where n > 1, we must “Zn-twist” the theory as we go around S1n; in
particular, this circle will be identified under an order n translation. As such, we must now
include a twisted sector in the sigma-model. In the twisted sector, the scalar fields ϕ of
the sigma-model are periodic only up to a Zn-factor around the circle, i.e., ϕ(σ + 2pi) =
e2piirj/nϕ(σ), where rj = 1, 2, . . . , n− 1. In other words, e2piiRsps = e2piirj/n, or ps = mRs +
rj
nRs
,
where m ∈ Z≥0. Together with the untwisted sector, we then have ps = m/Rs, (m +
1
n
)/Rs, (m+
2
n
)/Rs, . . . ,
(
m+ n−1
n
)
/Rs. Therefore, the KK modes, or the D0-brane charges,
are m,m + 1
n
,m + 2
n
, . . . ,m + n−1
n
. Hence, there can be bound states of m,m + 1
n
,m +
2
n
, . . . , and m+ n−1
n
D0-branes that manifest as instantons on M , giving rise to the instanton
numbers m,m+ 1
n
,m+ 2
n
, . . . , and m+ n−1
n
, respectively.14
Altogether from the last two paragraphs, it would mean that instantons on the spin
manifold M (modulo the noncompactness of M) have instanton numbers that take values in
Z≥0/n. In particular, for n = 1 whence we have SU(N)-instantons on the side of (3.1), the
instanton numbers take only non-negative integer values, as is well-known. For n = 2 and
even N whence we have SO(N + 1)-instantons, the instanton numbers take values in Z≥0/2;
this is consistent with the fact that for nonsimply-connected groups such as SO(N + 1), the
instanton numbers may not always be integral. Indeed, our results agree with [6], §3.2, first
paragraph, where for SO(3), it was shown that the instanton number takes values in Z≥0/2;
moreover, our results also agree with [51, Appendix B], where for all other SO(N + 1), it
13The case of m being negative is a priori possible, but its correspondence to D0-brane charge means that
we have to restrict to non-negative values of m only.
14Fractional branes such as these which give rise to fractional instanton numbers in this instance, have
also appeared elsewhere in string theory – see [50, §13.2] and references therein.
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was shown that the instanton numbers take only non-negative integer values. In the latter
case of all other SO(N +1) where one only has integral instanton numbers, there necessarily
has to be further binding of pairs of bound states consisting of full and one-half-fractional
D0-branes whose respective charges take the forms m + 1
2
and (m + 1) − 1
2
, such that we
effectively have an integral number of D0-branes only.
Spacetime BPS States from the N = (4, 4) Sigma-Model on S1n × Rt
As explained earlier, the spectrum of spacetime BPS states would correspond to the
spectrum of ground states of the quantum worldvolume theory of the M5-branes; in turn, as
claimed and justified thereafter, this is captured by the spectrum of physical observables in
the topological sector of the N = (4, 4) sigma-model on S1n × Rt that are annihilated by all
of its eight supercharges. As such, the spacetime BPS states would correspond to differential
forms on the target spaceMG(M). These differential forms are necessarily (i) harmonic, as
all eight supercharges – which have a well-known sigma-model interpretation [52] as de Rham
differentials and their adjoints onMG(M) – annihilate them; (ii) square-integrable, as they
are expected to be well-defined even on a noncompact space like MG(M). Therefore, the
spacetime BPS states would correspond to L2-harmonic forms which span the L2-cohomology
of (some natural compactification of) MG(M).15,16
The Gradings on MG(M)
In order to determine in detail the spectrum of spacetime BPS states in the M-theory
compactification (3.1), we must first and foremost ascertain how MG(M), where M =
R4/Zk, is graded. Firstly, it is clear that MG(M) has got to be graded by the instanton
number a.
Secondly, note that a G-bundle on a generic four-manifold X is topologically classified
by p2 ∈ H2(X, pi1(G)). As such, it would appear that MG(M) ought to also be graded by
p2. However, because M is a complete blowdown of the fully-resolved ALE space R˜4/Zk, we
have H2(M,pi1(G)) = 0; that is, p2 is effectively zero.
Thirdly, since the theory is supposed to be physically consistent, the instanton action
ought to be finite in an integration over M . As M = R4/Zk is noncompact, this implies
that only flat connections survive at infinity; in other words, we have, at infinity, a choice
of conjugacy classes of the homomorphism ρ∞ : pi1(M)→ G, where pi1(M) = Zk. Note also
15The good ultraviolet behavior of any string theory – in this case, one described by a sigma-model with
N = (4, 4) supersymmetry – would lead to a natural compactification of MG(M).
16It is a theorem that on any complete manifold which is therefore compact, an L2-harmonic form repre-
sents a class in the L2-cohomology [53].
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that a G-bundle on R4/Zk is the same as a Zk-equivariant G-bundle on R4; since the origin 0
is a fixed point of the Zk-action, it follows that the Zk-action acts in the fiber of the bundle
at 0. Such an action is given by a conjugacy class of the homomorphism ρ0 : Zk → G. In
short, this means that in addition to a,MG(M) has also got to be graded by the conjugacy
classes of the homomorphisms ρ0 and ρ∞ one is allowed to pick at the origin and infinity of
M = R4/Zk, respectively. Therefore,MG(M) consists of components labeled by (a, ρ0, ρ∞);
that is, one can write
MG(M) =
⊕
a,ρ0,ρ∞
Mρ0,aG,ρ∞(M). (3.3)
Note that a is not really independent of ρ0 and ρ∞, as we shall now explain.
More About the Instanton Number
Notice that M = R4/Zk is defined by imposing an order k cyclic identification of R4.
This means that the total number of D0-branes ought to be kd, where d is the number of
D0-branes in a fundamental region of M . Moreover, according to our earlier explanations,
for G = SU(N), d must take values in Z≥0; for G = SO(3), d must take values in Z≥0/2; and
for all other G = SO(N+1) with even N , d must again take values in Z≥0. In all, this means
that we can write the instanton number as a = kd = kn′(i − j), where for G = SU(N),
SO(3) and SO(N + 1), n′ = 1, 1 and 2, while i, j are certain integers divided by 1, 2 and
2. In all cases, i ≥ j, as d must be non-negative. Here, one can interpret (i − j) as the
contribution from the bound states of D0-branes, and n′ 6= 1 if bound states consisting of
fractional D0-branes necessarily need to be paired to form bound states of full D0-branes.
That said, since M is noncompact, the total instanton number must actually be shifted
by an amount which depends on the conjugacy class of ρ∞. (See [6, §4.4].) In our language,
this means that we have to omit D0-branes at infinity – which are necessarily associated with
flat gauge fields that consequently have zero instanton number and are thus topologically
trivial – when counting the total instanton number. Since a conjugacy class of ρ∞ can be
interpreted as a dominant coweight µ¯ of G,17 and since the instanton number is a scalar, it
would mean that we can actually write the shifted instanton number as a = kn′(i−j)−b(µ¯, µ¯),
where b is some positive real constant, and ( , ) is just the scalar product in coweight space.
Last but not least, note that in our counting of the total instanton number performed
hitherto, we have implicitly overlooked the D0-branes at the origin of M : in writing a =
17To understand this claim, note that conjugacy classes of a homomorphism ρ : U(1) → G are classified
by highest weights of the Langlands dual group G∨. Furthermore, these highest weights are associated with
irreducible representations of G∨. In turn, this means that they ought to be dominant. (See [54, §13.2].)
Thus, since weights of G∨ are also coweights of G, we have our claim.
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kn′(i − j) in the paragraph before last, we have accounted for the D0-branes away from
the origin which have k mirror partners under the order k cyclic identification, but not the
D0-branes at the origin which do not have any mirror partners (since the origin is a fixed-
point of the identification). Thus, just like how we can exclude the D0-branes at infinity
by subtracting b(µ¯, µ¯) from the total instanton number, we can include the D0-branes at
the origin by adding b˜(λ¯, λ¯) to the total instanton number, where b˜ is some positive real
constant, and λ¯ is a dominant coweight of G which corresponds to a conjugacy class of ρ0.
In short, we can write the instanton number as
a = kn′(i− j) + b˜(λ¯, λ¯)− b(µ¯, µ¯), (3.4)
where for G = SU(N), SO(3) and SO(N + 1), n′ = 1, 1 and 2, while i, j – whereby i ≥ j –
are certain integers divided by 1, 2 and 2, respectively. Hence, as mentioned earlier, we find
that a is not really independent of ρ0 (or λ¯) and ρ∞ (or µ¯).
For n = 1 whence we have G = SU(N) with n′ = 1 and i, j being certain integers,
expression (3.4) is indeed consistent with results from the mathematical literature (which
only addresses the case of simply-connected groups like SU(N)): eqn. (3.4) coincides with [1,
eqn. (4.3)] after we set b˜ = b = 1/2 and identify (i, j) with (l,m) of loc. cit..
The Spectrum of Spacetime BPS States in the M-Theory Compactification (3.1)
We are now ready to state the generic Hilbert space HBPS of spacetime BPS states in
the M-theory compactification (3.1). To this end, let us first denote by H∗L2U(MλG,µ(R4/Zk)),
the L2-cohomology of the Uhlenbeck compactification U(MλG,µ(R4/Zk)) of the component
MλG,µ(R4/Zk) of the highly singular moduli space MG(R4/Zk) labeled by the triples λ =
(k, λ¯, i) and µ = (k, µ¯, j) (where a is correspondingly given by (3.4)).18,19 Then, since one
can express H∗L2U(MλG,µ(R4/Zk)) as the intersection cohomology IH∗U(MλG,µ(R4/Zk)) [55],
we can write
HBPS =
⊕
λ,µ
Hλ,µBPS =
⊕
λ,µ
IH∗U(MλG,µ(R4/Zk)). (3.5)
Notice that because we cannot have a negative number of D0-branes, we must have a ≥ 0.
18To define a cohomology on a space, one first needs to compactify the space; see footnote 15 as to why
string theory ought to lead to a natural compactification of the target space. Then, according to [1], a
suitable compactification in this case would be given by the Uhlenbeck compactification.
19Although theMG(R4/Zk) target space of the string described by the sigma-model is highly singular, it
is well-known that the physics remains well-behaved.
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In turn, this implies, via (3.4) and the condition i ≥ j, that
λ ≥ µ. (3.6)
As k ∈ Z+ and λ¯ and µ¯ are dominant coweights of G, the triples λ and µ can be regarded as
dominant coweights of the corresponding affine Kac-Moody group Gaff of level k. (See [54,
§14.3.1].) Thus, we find that (3.6) is also consistent with [1, Theorem 4.8], which implies
that Hλ,µBPS is empty unless λ ≥ µ.
The Partition Function of Spacetime BPS States for G = SU(N)
One can of course go on to state the partition function of spacetime BPS states. The
partition function, which counts (with weights) the total number of states, can be obtained
by taking a trace in the Hilbert space of states. Note at this point that taking such a trace is
geometrically equivalent to identifying the two ends of the sigma-model worldsheet S1n ×Rt
to form a torus. Let the modulus of this torus be τ = τ1 + iτ2; then, if n = 1, the partition
function for simply-connected G = SU(N) can be written as (c.f. [56])
ZBPSSU(N) = TrHBPS q
P , (3.7)
where q = e2piiτ , and P is the momentum operator along S1n.
Since P measures the number of D0-branes (as each D0-brane has unit momentum
along S1n), according to our analysis leading up to (3.4), we have P = k(i − j) + 12(λ¯, λ¯).
Together with (3.5), we can therefore write (3.7) as
ZBPSSU(N) =
∑
λ
qmλ
∑
µ¯
∑
m≥0
dim IH∗U(Mλ,mSU(N),µ¯(R4/Zk)) qm. (3.8)
Here,
mλ = hλ − cλ
24
; (3.9)
m = k(i − j) is a non-negative integer, as i, j are integers such that (i − j) ∈ Z≥0; the
non-negative number
hλ =
(λ¯, λ¯+ 2ρ∨)
2(k + h)
, (3.10)
where ρ∨ and h are the Weyl vector and dual Coxeter number of the Langlands dual group
SU(N)∨, respectively; and the number
cλ = −24b˜(λ¯, λ¯) + 12(λ¯, λ¯+ 2ρ
∨)
(k + h)
, (3.11)
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where b˜ = 1/2 in this SU(N) case.
In this instance, λ = (k, λ¯, i) and µ = (k, µ¯, j) can also be regarded as dominant weights
of the corresponding Langlands dual affine Kac-Moody group SU(N)∨aff of level k.
The Partition Function of Spacetime BPS States for G = SO(N + 1)
Now, let n = 2 whence the theory is “Z2-twisted” as we go around S1n. In this case, the
total partition function of spacetime BPS states for nonsimply-connected G = SO(N + 1)
(where N ≥ 2 is even), can be written as
ZBPSSO(N+1) = TrH0BPSP2 q
P0 + TrH1BPSP2 q
P1 , (3.12)
whereP2 is a projection onto Z2-invariant states, and the super(sub)script ‘0’ or ‘1’ indicates
that the operator or space in question is that of the untwisted or twisted sector, respectively.20
The meaning of P2 in the trace over H0BPS can be understood explicitly as follows.
First, note that in the untwisted sector, we have the dominant coweights λ0 = (k, λ¯0, i0) and
µ0 = (k, µ¯0, j0) of SO(N + 1)aff of level k, where λ0 ≥ µ0; according to our earlier discussion,
i0 and j0 are integers whereby (i0−j0) ∈ Z≥0, and to satisfy this condition unequivocally, one
ought to have i0 ∈ Z≥0 and −j0 ∈ Z≥0; that is, λ0 and µ0 are dominant coweights with integer
grading. Second, note that the intersection cohomology IH∗U(Mλ0SO(N+1),µ0(R4/Zk)) which
represents Hλ0,µ0BPS ⊂ H0BPS ⊂ HBPS (see (3.5)), corresponds to the space of physical observ-
ables of the N = (4, 4) sigma-model that take the form O0 = fc...e;c¯...e¯(ϕd0, ϕd¯0)ηc0 . . . ηe0ηc¯0 . . . ηe¯0,
where the ϕ0’s and η0’s are untwisted bose and fermi fields of the sigma-model which are
periodic and antiperiodic around S1n, respectively,
21 i.e.,
ϕc,d¯0 (σ + 2pi) = ϕ
c,d¯
0 (σ) and η
c,d¯
0 (σ + 2pi) = −ηc,d¯0 (σ). (3.13)
Here, the indices run as c, d¯ = 1, 2, . . . , dimC U(Mλ0,m0SO(N+1),µ¯0(R4/Zk)), wherem0 = kn′(i0−j0)
– the eigenvalue of P0 − (λ¯0, λ¯0)/2 – is a non-negative integer, and n′ = 2 or 1 if N > 2
or N = 2, respectively. The insertion of P2 then means that in computing the trace over
H0BPS, one must consider onlyO0’s which are invariant under the Z2-transformations ϕ→ −ϕ
20The reason why one has to add a twisted sector whilst projecting onto Z2-invariant states – like in any
consistent 2d CFT with a cyclic identification along its spatial direction – is because the spacetime BPS
states come from the topological sector of the sigma-model which is therefore conformal.
21Unlike the commuting bose fields, the anti-commutativity of the fermi fields means that whenever a fermi
field passes another in a correlation function as it is being translated around S1n, the correlation function
picks up a minus sign. As such, the fermi fields are effectively antiperiodic around S1n.
31
and η → −η. For later convenience, let us denote the space of such Z2-invariant O0’s by
IH∗U(Mλ0,m0SO(N+1),µ¯0(R4/Zk)) ⊂ IH∗U(M
λ0,m0
SO(N+1),µ¯0
(R4/Zk)).
Similarly, the meaning of P2 in the trace over H1BPS can be understood explicitly as
follows. First, note that in the twisted sector, we have the dominant coweights λ1 = (k, λ¯1, i1)
and µ1 = (k, µ¯1, j1) of SO(N + 1)aff of level k, where λ1 ≥ µ1; according to our earlier
discussion, i1 and j1 are integers divided by 2 such that (i1 − j1) ∈ Z≥0 + 12 , and to satisfy
this condition unequivocally, one ought to have i1 ∈ Z≥0 and −j1 ∈ Z≥0 + 12 ; in other words,
λ1 and µ1 ought to be dominant coweights with integer and half-integer grading, respectively.
Second, note that the intersection cohomology IH∗U(Mλ1SO(N+1),µ1(R4/Zk)) which represents
Hλ1,µ1BPS ⊂ H1BPS ⊂ HBPS (see (3.5)), corresponds to the space of physical observables of the
N = (4, 4) sigma-model that take the form O1 = fc...e;c¯...e¯(ϕd1, ϕd¯1)ηc1 . . . ηe1ηc¯1 . . . ηe¯1. Here, the
ϕ1’s and η1’s are twisted bose and fermi fields of the sigma-model which are thus antiperiodic
and periodic around S1n, respectively; specifically, we have
ϕc1(σ + 2pi) = e
2piiν
n ϕc1(σ) = −ϕc1(σ), ηc1(σ + 2pi) = −e
2piiν
n ηc1(σ) = η
c
1(σ), (3.14)
and
ϕd¯1(σ + 2pi) = e
− 2piiν
n ϕd¯1(σ) = −ϕd¯1(σ), ηd¯1(σ + 2pi) = −e−
2piiν
n ηd¯1(σ) = η
d¯
1(σ), (3.15)
as n = 2 and the twist parameter ν = 1. Also, c, d¯ = 1, 2, . . . , dimC U(Mλ1,m1SO(N+1),µ¯1(R4/Zk)),
where m1 = kn
′(i1−j1) – the eigenvalue of P1−(λ¯1, λ¯1)/2 – is a non-negative integer divided
2, and n′ = 2 or 1 if N > 2 or N = 2, respectively. The insertion of P2 then means that in
computing the trace over H1BPS, one must consider only O1’s which are invariant under the
Z2-transformations ϕ→ −ϕ and η → −η. Let us denote the space of such Z2-invariant O1’s
by IH∗U(Mλ1,m1SO(N+1),µ¯1(R4/Zk)) ⊂ IH∗U(M
λ1,m1
SO(N+1),µ¯1
(R4/Zk)). Then, together with what
was said in the previous paragraph, and by relabeling the integer-graded coweights λ0 and
λ1 as λ, we can write
ZBPSSO(N+1) = Z
BPS,0
SO(N+1) + Z
BPS,1
SO(N+1), (3.16)
where
ZBPS,0SO(N+1) =
∑
λ,µ¯0
qmλ
∑
m0≥0
dim IH∗U(Mλ,m0SO(N+1),µ¯0(R4/Zk)) qm0 , (3.17)
and
ZBPS,1SO(N+1) =
∑
λ,µ¯1
qmλ
∑
m1≥0
dim IH∗U(Mλ,m1SO(N+1),µ¯1(R4/Zk)) qm1 . (3.18)
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The phase factor mλ takes the form in (3.9).
In this instance, the dominant coweights λ = (k, λ¯, i) and µ0,1 = (k, µ¯0,1, j0,1) of
SO(N + 1)aff are also (un)twisted dominant weights of the Z2-twisted affine Kac-Moody
group SU(N)
(2)
aff ; furthermore, SU(N)
(2)
aff is equal to SO(N + 1)
∨
aff . In other words, λ and µ0,1
can also be regarded as dominant weights of the Langlands dual affine Kac-Moody group
SO(N + 1)∨aff of level k.
Additionally, notice that (3.16)–(3.18) imply that the effective Hilbert space HeffBPS of
spacetime BPS states (which one obtains after taking into account the projection P2 in the
trace over all underlying states in (3.12)) ought to be given by
HeffBPS =
⊕
λ
⊕
ν=0,1
⊕
µν
Hλ,µνBPS =
⊕
λ
⊕
ν=0,1
⊕
µν
IH∗U(MλSO(N+1),µν (R4/Zk)), (3.19)
where ν = 0 or 1 if the sector is untwisted or twisted, respectively.
The Spectrum of Spacetime BPS States in the M-Theory Compactification (3.2)
Let us now turn our attention to the physically dual M-theory compactification (3.2)
with k coincident M5-branes. One can proceed as before to ascertain the spacetime BPS
states by computing the ground states of the M5-brane quantum worldvolume theory over
Rt × S1n × TNR→0N . As explained early on in this subsection, one can, if n = 1 for example,
interpret the spacetime BPS states as the physical observables in the topological sector of
the sigma-model on S1n × Rt with target the moduli space of U(k)-instantons on TNR→0N .22
That said, since we would like to make contact with a geometric Langlands duality for
surfaces, we shall seek a different description of these spacetime BPS states, i.e, worldvolume
ground states. To this end, recall that the low-energy limit of the worldvolume theory (minus
the center-of-mass degrees of freedom) is a 6d N = (2, 0) Ak−1 superconformal field theory
of massless tensor multiplets. Hence, where the ground states are concerned, one can regard
the worldvolume theory to be conformally-invariant. Since it is conformally-invariant, one
can rescale the worldvolume to bring the region near infinity to a finite distance close to
the origin without altering the theory. Thus, one can, for the purpose of computing ground
states, simply analyze the physics near infinity.
Near infinity, the S1R circle fiber of TN
R→0
N has radius R → 0. To make sense of this
limit, notice that a compactification along the circle fiber would take us down to a type
IIA theory whereby the stack of k coincident M5-branes would now correspond to a stack
22The reason why we have instantons of U(k) (and not SU(k)) is because in duality step (2.6), the
center-of-mass degrees of freedom of the k D6-branes are not frozen.
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of k coincident D4-branes. In addition, as explained in §A.2, since the circle fibration is
a monopole bundle over an S2 at infinity of charge N , we would also have N D6-branes
spanning the directions transverse to its R3 base; since TNR→0N has an AN−1 singularity
at the origin, these N D6-branes will be coincident. In other words, we have, in the limit
R→ 0, the following type IIA configuration:
IIA : R5 × S1n × Rt × R3︸ ︷︷ ︸
I-brane on S1n × Rt = ND6 ∩ kD4
. (3.20)
Here, we have a stack of N coincident D6-branes whose worldvolume is given by R5 × S1n ×
Rt, and a stack of k coincident D4-branes whose worldvolume is given by S1n × Rt × R3.
Generically, there ought to be, on the stack of D4- and D6-branes, a U(k) and U(N) gauge
group, respectively. Notice also that the two stacks intersect along S1n×Rt to form a D4-D6
I-brane system. A set of D4- and D6-branes that intersect along two flat directions is a
supersymmetric configuration. In our case, we have 2d N = (8, 0) supersymmetry on the
I-brane.
We now argue that the sought-after spectrum of M5-brane worldvolume ground states
can be computed solely from the I-brane theory along S1n × Rt. Firstly, notice that the 4-6
open strings which stretch between the D4- and D6-branes descend from open M2-branes
whose topology is a disc with an S1R boundary that ends on the M5-branes. Secondly, the
interval filling the disc and thus, the tension of these open M2-branes, goes to zero as the type
IIA open strings approach the I-brane and become massless. This means that the massless
type IIA open strings which live along the I-brane descend from tensionless self-dual closed
strings of topology S1R that live in the M5-brane worldvolume. Thirdly, the R → 0 limit
can be viewed as a low-energy limit of these tensionless self-dual closed strings whence their
corresponding spectrum would be spanned by the M5-brane worldvolume ground states
that we are after. Altogether, these three points mean that the spectrum of M5-branes
worldvolume ground states can be computed solely from the field theory associated with the
massless 4-6 strings that live along the I-brane.23 Therefore, let us henceforth focus on the
I-brane theory.
The massless modes of the 4-6 open strings reside entirely in the Ramond sector. How-
23Apart from the fact that in the sigma-model computation of these ground states, we also consider a
2d theory along S1n × Rt, one can also see that this claim is physically consistent as the I-brane theory
has N = (8, 0) supersymmetry which it inherits from the ambient spacetime, while the ground states are
supposed to be invariant under eight spacetime supersymmetries which are also inherited from the ambient
spacetime.
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ever, in the NS sector, there are massive modes. Note at this point from §A.2 that the
asymptotic radius R is given by gAs ls, where g
A
s and ls are the type IIA string coupling and
string length, respectively. Since we are really analyzing the system at fixed coupling gAs , the
R → 0 limit can be interpreted as the ls → 0 low-energy limit, consistent with the regime
that the aforementioned tensionless strings with topology S1R are in. In this limit, all the
massive modes decouple; one is then left with the massless modes only.
The massless modes are well-known to be chiral fermions on the two-dimensional I-
brane [57, 58]. If we have k D4-branes and N D6-branes, the kN complex chiral fermions
ψi,a¯(z), ψ
†
i¯,a
(z), i = 1, . . . , k, a = 1, . . . , N, (3.21)
will transform in the bifundamental representations (k, N¯) and (k¯, N) of U(k) × U(N),
where ‘z’ is the complex coordinate on the 2d I-brane worldsheet. Being massless, the
chiral fermions are necessarily free. Their action is then given (modulo an overall coupling
constant) by
I =
∫
d2z ψ†∂¯A+A′ψ, (3.22)
where A and A′ are the restrictions to the I-brane worldsheet S1n×Rt of the U(k) and U(N)
gauge fields associated with the D4-branes and D6-branes, respectively. In fact, the fermions
couple (up to certain discrete identifications under the Zk and ZN centers of U(k) and U(N))
to the gauge group
U(1)× SU(k)× SU(N), (3.23)
where the U(1) is the anti-diagonal. This point will be relevant shortly.
At any rate, note that the chiral fermions on the I-brane are actually gauge-anomalous.
Nevertheless, by repeating the arguments in [15, eqn. (4.12)–(4.24)] whilst noting that S1n
is topologically equivalent to an ordinary circle, we find that the overall system consisting
of the chiral fermions on the I-brane and the gauge fields in the bulk of the D-branes, is
gauge-invariant and therefore physically consistent, as expected.
The system of kN complex free fermions has central charge kN and gives a direct
realization of û(kN)
(n)
1 , the integrable module over the Zn-twisted affine Lie algebra u(kN)
(n)
aff,1
of level 1.24 Moreover, there exists the following twisted affine embedding which preserves
24To understand this claim, see [54, §15.5.6], and note that (i) the identification under an order n trans-
lation of the circle S1n results in a Zn-twist of the underlying affine Lie algebra; (ii) a twisted version of an
affine Lie algebra has the same central charge and level as its untwisted version (c.f. [18, §3]).
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conformal invariance:
u(1)
(n)
aff,kN ⊗ su(k)(n)aff,N ⊗ su(N)(n)aff,k ⊂ u(kN)(n)aff,1, (3.24)
where this can be viewed as an affine analog of the gauge symmetry in (3.23).25 As such,
the total Fock space F⊗kN of the kN complex free fermions can be expressed as
F⊗kN = WZW
û(1)
(n)
kN
⊗WZW
ŝu(k)
(n)
N
⊗WZW
ŝu(N)
(n)
k
, (3.25)
where WZW
û(1)
(n)
kN
, WZW
ŝu(k)
(n)
N
and WZW
ŝu(N)
(n)
k
are the spectra of states furnished by
û(1)
(n)
kN , ŝu(k)
(n)
N and ŝu(N)
(n)
k , respectively, which can be realized in the relevant chiral
WZW models. Consequently, the partition function of the I-brane theory will be expressed
in terms of the chiral characters of û(1)
(n)
kN , ŝu(k)
(n)
N and ŝu(N)
(n)
k .
Note that F⊗kN is the Fock space of the kN complex free fermions which have not yet
been coupled to A and A′. Upon coupling to the gauge fields, the characters that appear in
the overall partition function of the I-brane theory will be reduced. In a generic situation, the
free fermions will couple to the gauge group U(1)× SU(k)× SU(N) (see (3.23)). However,
in our case, only the U(k) gauge field associated with the D4-branes is dynamical; the
U(N) gauge field associated with the D6-branes should not be dynamical as the geometry
of TNR→0N is fixed in our description – the center-of-mass degrees of freedom of the N NS5-
branes which give rise to the TNR→0N geometry via steps (2.3) and (2.4), are frozen. Also, it
has been argued in [10] that for a multi-Taub-NUT space whose S1 fiber has a finite radius
at infinity, there can be additional topological configurations of the gauge field (in the form
of monopoles that go around the S1 fiber at infinity) which render the U(1) gauge field
non-dynamical; nonetheless, it is clear that one cannot have such configurations when the
radius of the S1 fiber at infinity is either infinitely large or zero. Therefore, the free fermions
will, in our case, couple dynamically to the gauge group U(1)× SU(k). Schematically, this
means that we are dealing with the following partially gauged CFT
u(kN)
(n)
aff,1/[u(1)
(n)
aff,kN ⊗ su(k)(n)aff,N ]. (3.26)
In particular, the u(1)
(n)
aff,kN and su(k)
(n)
aff,N chiral WZW models will be replaced by the corre-
sponding topological G/G models. As a result, all chiral characters except those of ŝu(N)
(n)
k
25Conventionally, affine Lie algebra embeddings are expressed in the additive notation. Nevertheless, the
multiplicative notation will be used here and henceforth so that the the analogy with the underlying gauge
symmetries would make sense.
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which appear in the overall partition function of the uncoupled free fermions system on the
I-brane, will reduce to constant complex factors after coupling to the dynamical SU(k) and
U(1) gauge fields. Thus, modulo these constant complex factors which serve only to shift
the energy levels of the ground states by numbers dependent on the highest affine weights
of û(1)
(n)
kN and ŝu(k)
(n)
N , the effective overall partition function of the I-brane theory will be
expressed solely in terms of the chiral characters of ŝu(N)
(n)
k .
In summary, the sought-after spectrum of spacetime BPS states in the M-theory com-
pactification (3.2) would be realized by WZW
ŝu(N)
(n)
k
. This observation is indeed physically
consistent because according to footnote 11, the spacetime BPS states satisfy H = P – here,
H and P are the Hamiltonian and momentum operators which generate translations along
Rt and S1n, respectively – while a chiral WZW model on S1n × Rt, having no right-moving
excitations, has a spectrum whereby H = P .
A Geometric Langlands Duality for Surfaces for the AN−1 Groups
Let us now consider n = 1 whence there is no “twist” at all, i.e., ŝu(N)
(n)
k is simply
ŝu(N)k, the integrable module over the untwisted affine Lie algebra su(N)aff,k of level k.
Then, unitarity of any WZW model requires that WZWŝu(N)k be generated by dominant
highest weight modules over su(N)aff,k, such that a generic state in any one such module can
be expressed as [54]
|µ˜′〉 = E−α˜−n . . . E−β˜−m|λ˜〉, ∀ n,m ≥ 0 and α˜, β˜ > 0. (3.27)
Here, the E−γ˜−l ’s are lowering operators that correspond to the respective modes of the cur-
rents of su(N)aff,k (in a Cartan-Weyl basis) which are associated with the complement of the
Cartan subalgebra; |λ˜〉 is a highest weight state associated with a dominant highest affine
weight λ˜; µ˜′ = λ˜ − α˜ · · · − β˜ is an affine weight in the weight system Ω̂λ˜ of ŝu(N)λ˜k – the
module of dominant highest weight λ˜ of level k – which is not necessarily dominant; and
α˜, β˜ are positive affine roots.
Note that each module labeled by a dominant highest affine weight λ˜ can be decomposed
into a direct sum of finite-dimensional subspaces each spanned by states of the form |µ˜′〉 for
all possible positive affine roots α˜, . . . , β˜. These finite-dimensional subspaces of states are
the µ˜′-weight spaces ŝu(N)λ˜k,µ˜′ ⊂ ŝu(N)λ˜k . Note at this point that there is a Weyl group
symmetry on these weight spaces that maps µ˜′ to a dominant weight µ˜ in Ω̂λ˜ which also
leaves the chiral character of ŝu(N)λ˜k and thus, the partition function of the chiral WZW
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model, invariant.26 As such, one can also express the spectrum of states of the chiral WZW
model as
WZWŝu(N)k =
⊕
λ˜,µ˜
WZW
ŝu(N)λ˜k,µ˜
. (3.28)
Now, the physical duality of the M-theory compactifications (3.1) and (3.2) means that
their respective spacetime BPS spectra ought to be equivalent, i.e., WZWŝu(N)k ought to be
equal toHBPS of (3.5). Indeed, since su(N)aff is isomorphic to its Langlands dual counterpart
su(N)∨aff, λ˜ and µ˜ are also dominant weights of the Langlands dual affine Kac-Moody group
SU(N)∨aff whence we can identify them with λ and µ of (3.5), respectively; moreover, both
HBPS and WZWŝu(N)k are labeled by k. Specializing to the {λ, µ}-sector of the spectra of
spacetime BPS states, we can thus write
Hλ,µBPS = WZWŝu(N)λk,µ . (3.29)
As WZWŝu(N)λk,µ is furnished by ŝu(N)
λ
k,µ, and since su(N)aff ' su(N)∨aff whence ŝu(N)λk,µ is
isomorphic to the submodule Lŝu(N)λk,µ over su(N)
∨
aff, via (3.5), we can also express (3.29)
as
IH∗U(MλSU(N),µ(R4/Zk)) = Lŝu(N)λk,µ (3.30)
Note that this is exactly [1, Conjecture 4.14(3)] for simply-connected G = SU(N)! This
completes our purely physical derivation of a geometric Langlands duality for surfaces for
the SU(N) = AN−1 groups.
An Identity of the Dimension of the Intersection Cohomology of the Moduli space of AN−1-
Instantons on R4/Zk
Let us now revisit the partition function (3.8). For simplicity, let us focus on a particular
λ′-sector, where λ′ = (k, λ¯′, 0); that is, consider
ZBPSSU(N),λ′(q) = q
mλ′
∑
µ¯′
∑
m≥0
dim IH∗U(Mλ′,mSU(N),µ¯′(R4/Zk)) qm, (3.31)
26See [54, eqns. (14.143), (14.145), (14.165), (14.166) and (15.119)], noting that zj in loc. cit. corresponds
to the Coulomb moduli in our story which must therefore be set to zero since the N D6-branes are coincident.
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where q = e2piiτ , and mλ′ is as given in (3.9). From (3.30), we have
27
dim IH∗U(Mλ′,mSU(N),µ¯′(R4/Zk)) = multλ′(µ¯′)|m′ , (3.32)
where multλ′(µ¯
′)|m′ is the multiplicity of the |µ′〉 state of non-negative energy level m′ = m/k
in Lŝu(N)λ
′
k,µ′ . Consequently, via (3.9)–(3.11), we can write
ZBPSSU(N),λ′(q˜) = q˜
m′
λ′−c/24
∑
µ¯′
∑
m′≥0
multλ′(µ¯
′)|m′ q˜m′ = χλ′Lŝu(N)k(q˜), (3.33)
where q˜ = e2piiτ˜ and τ˜ = kτ . Here
χλ
′
Lŝu(N)k
(q˜) = Trλ′ q˜
L0+m′λ′−c/24, (3.34)
and
m′λ′ = h
′
λ′ −
(c′λ′ − c)
24
, (3.35)
while
c = kN, h′λ′ =
hλ′
k
, and c′λ′ =
cλ′
k
, (3.36)
where hλ′ and cλ′ are as given in (3.10) and (3.11), respectively. Also, L0 – whose eigenvalue
is m′ ∈ Z≥0 – can be interpreted as the Hamiltonian operator of a 2d theory that is effectively
defined on a torus of modulus τ˜ . Hence, it is clear from (3.33)–(3.36) that ZBPSSU(N),λ′ is equal
to the λ′-sector of the partition function of a chiral su(N)∨aff WZW model on S
1
n×Rt with (i)
central charge kN ; (ii) ground state energy level shifted by a number m′λ′ . This observation
is consistent with our earlier conclusion about the I-brane partition function, as expected.
Let us now consider the modified partition function
Z˜BPSSU(N),λ′(q˜) = q˜
m˜λ′ZBPSSU(N),λ′(q˜). (3.37)
where
m˜λ′ = (k − 1)h′λ′ +
(c′λ′ − c′SU(N)∨,k)
24
while c′SU(N)∨,k =
k dim su(N)∨
(k + h)
. (3.38)
27Here, we recall that for any λ = (k, λ¯, i) and µ = (k, µ¯, j), we have m = k(i− j) whereby (i− j) ∈ Z≥0.
Thus, for λ′ = (k, λ¯′, 0), we have µ′ = (k, µ¯′, j′) such that the integer j′ = −mk ≤ 0, where −j′ is known as
the grade of the µ′-string in the mathematical literature, or the energy level of the |µ′〉 state in the physical
context.
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Notice that Z˜BPSSU(N),λ′ is just Z
BPS
SU(N),λ′ but with instanton number shifted by m˜λ′ . In the
dual 2d theory picture, this is tantamount to a trivial redefinition of the ground state energy
level. Hence, Z˜BPSSU(N),λ′ and Z
BPS
SU(N),λ′ can be thought to define the “same” physical theory.
From (3.34), one can see that χ˜λ
′
Lŝu(N)k
= q˜m˜λ′χλ
′
Lŝu(N)k
is a character of Lŝu(N)λ
′
k , where
m˜λ′ + h
′
λ′ − c′λ′/24 is the corresponding modular anomaly. As such, (3.33) would mean that
the partition function Z˜BPSSU(N),λ′ ought to transform as a representation of the modular group
SL(2,Z); specifically, we have (c.f. [54, eqn. (14.235)]) the relation
Z˜BPSSU(N),λ′(−1/τ˜) =
∑
λ
Sλ′λ Z˜BPSSU(N),λ(τ˜), (3.39)
where S is a τ˜ -independent unitary matrix (given by [54, eqn. (14.217)]) associated with
the Langlands dual affine Lie algebra su(N)∨aff , which represents the SL(2,Z) transformation
S : τ˜ → −1/τ˜ in the space of λ-vector-valued partition functions Z˜BPSSU(N),λ.
Via (3.37) and (3.31), the relation (3.39) implies, in the limit of large k, the following
identity involving the intersection cohomology of the moduli space of SU(N)-instantons on
R4/Zk:
∑
µ¯′
∑
m≥0
dim IH∗U(Mλ′,mSU(N),µ¯′(R4/Zk)) =
∑
λ
∑
µ¯
∑
m≥0
Smλ′λ dim IH∗U(Mλ,mSU(N),µ¯(R4/Zk))
(3.40)
where the components Smλ′λ are given by
Smλ′λ = qˆm˜λ′ |k1 q˜m+m˜λ+mλSλ′λ (3.41)
Here, qˆ = e2pii/τ˜ . (See also footnote 27.)
In other words, in the limit of large k, the total dimension of the intersection cohomology
of the component of the moduli space of AN−1-instantons on R4/Zk labeled by a highest
weight λ′ or λ – and therefore, the dimension of the corresponding sector of the Hilbert
space of spacetime BPS states – is found to be intimately related to one another via su(N)∨aff-
dependent unitary modular transformations!
A Geometric Langlands Duality for Surfaces for the BN/2 Groups
Let us now restrict ourselves to even N , and consider n = 2 whence there is a “Z2-twist”,
i.e., the relevant module is ŝu(N)
(2)
k , the integrable module over the Z2-twisted affine Lie al-
gebra su(N)
(2)
aff,k of level k. Then, unitarity of any WZW model requires that WZWŝu(N)(2)k
be
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generated by dominant highest weight modules over su(N)
(2)
aff,k. By repeating the arguments
that led us to write (3.27)–(3.30) in the untwisted case, whilst noting that the Weyl group
symmetry mentioned therein persists in this case to map non-dominant affine weights µ˜′ν to
dominant ones µ˜ν even though the grading of µ˜
′
ν (captured by its last index j˜
′
ν) may not
be integral, we find that we can express the spectrum of states of the corresponding chiral
WZW model as
WZW
ŝu(N)
(2)
k
=
⊕
λ˜
⊕
ν=0,1
⊕
µ˜ν
WZW
ŝu(N)
(2),λ˜
k,µ˜ν
. (3.42)
Here, the overhead bar means that we project onto Z2-invariant states (as required of twisted
CFT’s); ν = 0 or 1 indicates that the sector is untwisted or twisted, respectively; λ˜ and µ˜ν are
the (un)twisted dominant affine weights of the Z2-twisted affine Kac-Moody group SU(N)(2)aff
of level k; the space ŝu(N)
(2),λ˜
k,µ˜ν
is the µ˜ν-weight space of ŝu(N)
(2),λ˜
k , the module over su(N)
(2)
aff,k
of dominant highest weight λ˜ of level k.
Now, the physical duality of the M-theory compactifications (3.1) and (3.2) means that
their respective spacetime BPS spectra ought to be equivalent, i.e., WZW
ŝu(N)
(2)
k
ought to
be equal to HeffBPS of (3.19). Indeed, since su(N)(2)aff is isomorphic to so(N + 1)∨aff, it would
mean that λ˜ and µ˜ν are also dominant weights of the Langlands dual affine Kac-Moody
group SO(N + 1)∨aff whence we can identify them with λ and µν of (3.19), respectively;
moreover, both HeffBPS and WZWŝu(N)(2)k are labeled by k. Specializing to the {λ, µν}-sector
of the spectra of spacetime BPS states, we can therefore write
Hλ,µνBPS = WZWŝu(N)(2),λk,µν . (3.43)
As WZW
ŝu(N)
(2),λ
k,µν
is furnished by the Z2-invariant projection ŝu(N)(2),λk,µν |P2 of ŝu(N)
(2),λ
k,µν
,
and since su(N)
(2)
aff ' so(N + 1)∨aff whence ŝu(N)(2),λk,µν |P2 is isomorphic to the submodule
Lŝo(N + 1)λk,µν over so(N + 1)
∨
aff, via (3.19), we can also express (3.43) as
IH∗U(MλSO(N+1),µν (R4/Zk)) = Lŝo(N + 1)λk,µν (3.44)
for ν = 0 and 1. Thus, we have arrived at a G = SO(N + 1) generalization of [1, Conjecture
4.14(3)]! This completes our purely physical derivation of a geometric Langlands duality for
surfaces for the SO(N + 1) = BN/2 groups.
A Langlands Duality of the Dimension of the Intersection Cohomology of the Moduli Space
of BN/2-Instantons on A-Type ALE Spaces
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Let us now revisit the partition function given by (3.16)–(3.18). For simplicity, let us
focus on a particular λ′-sector, where λ′ = (k, λ¯′, 0); that is, consider
ZBPSSO(N+1),λ′(q) = q
mλ′
∑
ν=0,1
∑
µ¯′ν
∑
mν≥0
dim IH∗U(Mλ′,mνSO(N+1),µ¯′ν (R
4/Zk)) qmν , (3.45)
where q = e2piiτ , and mλ′ takes the form given in (3.9). From our discussion leading up to
(3.44), we have28
dim IH∗U(Mλ′,mνSO(N+1),µ¯′ν (R
4/Zk)) = multλ′(µ¯′ν)|m′ν , (3.46)
where multλ′(µ¯
′
ν)|m′ν is the multiplicity of the |µ′ν〉 state of non-negative energy level m′ν =
mν/kn
′ in ŝu(N)(2),λ
′
k,µ′ν
|P2 , and n′ = 2 or 1 if N > 2 or N = 2, respectively. Consequently, via
(3.9)–(3.11), we can write
ZBPSSO(N+1),λ′(q˜) = q˜
m′
λ′−c/24
∑
ν=0,1
∑
µ¯′ν
∑
m′ν≥0
multλ′(µ¯
′
ν)|m′ν q˜m
′
ν =
∑
ν=0,1
χλ
′,ν
ŝu(N)
(2)
k
(q˜), (3.47)
where q˜ = e2piiτ˜ and τ˜ = kn′τ . Here
χλ
′,ν
ŝu(N)
(2)
k
(q˜) = Trλ′P2 q˜
L0,ν+m′λ′−c/24, (3.48)
where as before, P2 singles out the Z2-invariant states, and
m′λ′ = h
′
λ′ −
(c′
λ′,b˜ − c)
24
. (3.49)
The constants are
c = kN, h′λ′ =
(λ¯′, λ¯′ + 2ρ)
2kn′(k + h∨)
, c′
λ′,b˜ = −
24b˜(λ¯′, λ¯′)
kn′
+
12(λ¯′, λ¯′ + 2ρ)
kn′(k + h∨)
, (3.50)
such that b˜ is some positive real constant (first introduced in (3.4)), and ρ and h∨ are the
Weyl vector and dual Coxeter number associated with su(N)
(2)
aff , respectively. Also, L0,ν –
whose eigenvalue is m′ν ∈ Z≥0 + ν2 – can be interpreted as the Hamiltonian operator of a 2d
28Here, we recall that for any λ = (k, λ¯, i) and µν = (k, µ¯ν , jν), we have mν = kn
′(i − jν) whereby
(i − jν) ∈ Z≥0 + ν2 and n′ = 2 or 1 if N > 2 or N = 2, respectively. Thus, for λ′ = (k, λ¯′, 0), we
have µ′ν = (k, µ¯
′
ν , j
′
ν) such that j
′
ν = −mνkn′ ≤ 0, where −j′ν is known as the grade of the µ′ν-string in the
mathematical literature, or the energy level of the |µ′ν〉 state in the physical context.
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theory that is effectively defined on a torus of modulus τ˜ . Hence, it is clear from (3.47)–
(3.50) that ZBPSSO(N+1),λ′ is equal to the λ
′-sector of the partition function of a chiral su(N)(2)aff
WZW model on S1n×Rt with (i) central charge kN ; (ii) ground state energy level shifted by
a number m′λ′ . This observation is consistent with our earlier conclusion about the I-brane
partition function, as expected.
Let us now consider the modified partition function
Z˜BPSSO(N+1),λ′(q˜) = q˜
m˜λ′ZBPSSO(N+1),λ′(q˜), (3.51)
where (c.f. [60, eqns. (12.7.5) and (13.11.5)])
m˜λ′ = −h′λ′ +
c′
λ′,b˜
24
+
|λ¯′ + ρ|2
2(k + h∨)
− dim su(N)
48
. (3.52)
Notice that Z˜BPSSO(N+1),λ′ is just Z
BPS
SO(N+1),λ′ but with instanton number shifted by m˜λ′ . In
the dual 2d theory picture, this is tantamount to a trivial redefinition of the ground state
energy level. Hence, Z˜BPSSO(N+1),λ′ and Z
BPS
SO(N+1),λ′ can be thought to define the “same” physical
theory.
From (3.48), one can see that χ˜λ
′,ν
ŝu(N)
(2)
k
= q˜m˜λ′χλ
′,ν
ŝu(N)
(2)
k
is a (Z2-invariant) character of
the ν-sector of ŝu(N)
(2),λ′
k , where m˜λ′ +h
′
λ′ − c′λ′,b˜/24 is the corresponding modular anomaly.
As such, (3.51), (3.47) and [60, Theorem 13.9] mean that the partition function Z˜BPSSO(N+1),λ′
ought to transform under S : τ˜ → −1/τ˜ as follows:
Z˜BPSSO(N+1),λ′(−1/τ˜) =
∑
ξ
Sλ′ξ χ˜ξ
ŝo(N+2)
(2)
k
(τ˜ /2). (3.53)
Here, S is a τ˜ -independent matrix (given in [60, Theorem 13.9]); ξ is a dominant highest
weight of the Z2-twisted affine Kac-Moody group SO(N + 2)(2)aff of level k; χ˜
ξ
ŝo(N+2)
(2)
k
=
q˜m˜ξχξ
ŝo(N+2)
(2)
k
, where m˜ξ is as in (3.52) but with su(N) replaced by so(N + 2). Notice that
the group type on the LHS and RHS of (3.53) are not the same; nevertheless, the characters
on the RHS of (3.53) will be given by the partition function Z˜BPSUSp(N),ξ(τ˜ /2) associated with
USp(N)-instantons on R4/Zk (see discussion leading up to (3.108)); that is,
Z˜BPSSO(N+1),λ′(−1/τ˜) =
∑
ξ
Sλ′ξ Z˜BPSUSp(N),ξ(τ˜ /2). (3.54)
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Via (3.51), (3.45) and (3.109), the relation (3.54) implies, in the limit of large k, the
following identity involving the intersection cohomology of the moduli space of instantons:
∑
ν=0,1
∑
µ¯′ν
∑
mν≥0
dim IH∗U(Mλ′,mνSO(N+1),µ¯′ν (R
4/Zk)) =
∑
ξ
∑
δ=0,1
∑
ζ¯δ
∑
mδ≥0
Smδλ′ξ dim IH∗U(Mξ,mδUSp(N),ζ¯δ(R
4/Zk))
(3.55)
where the components Smδλ′ξ are given by
Smδλ′ξ = qˆm˜λ′ |k1 q˜(mδ+m˜ξ+mξ)/2Sλ′ξ (3.56)
Here, qˆ = e2pii/τ˜ ; λ′ = (k, λ¯′, 0) and µ′ν = (k, µ¯
′
ν , jν) are dominant coweights of the affine
Kac-Moody group SO(N + 1)aff of level k, where λ¯
′ and µ¯′ν are the corresponding dominant
coweights of SO(N + 1), and for N > 2, mν
2k
= −jν ∈ Z≥0 + ν2 (see footnote 28); ξ = (k, ξ¯, 0)
and ζδ = (k, ζ¯δ, jδ) are dominant coweights of the affine Kac-Moody group USp(N)aff of level
k, where ξ¯ and ζ¯δ are the corresponding dominant coweights of USp(N), and
mδ
2k
= −jδ ∈
Z≥0 + δ2 .
At any rate, it is clear from (3.55) that in the limit of large k, the total dimension of
the intersection cohomology of the moduli space of G-instantons on R4/Zk in the λ′-sector,
can be expressed in terms of the dimensions of the intersection cohomology of the various
components of the moduli space of G∨-instantons on R4/Zk, where G = SO(N + 1) with
even N . In other words, we have a Langlands duality of the dimension of the intersection
cohomology of the moduli space of BN/2-instantons on A-type ALE spaces!
3.2. An Equivalence of Spacetime BPS Spectra and a Geometric Langlands Duality for
Surfaces for the C–D–G Groups
We shall now derive, purely physically, a geometric Langlands duality for surfaces for the
C–D–G groups. For a start, note that in §2.2, we showed that the following six-dimensional
M-theory compactification on the five-manifold X5 = R4/Zk × S1n with N coincident M5-
branes and an OM5-plane around it,
M-theory : R4/Zk × S1n × Rt︸ ︷︷ ︸
N M5-branes/OM5-plane
×R5, (3.57)
where we evoke a Zn-outer-automorphism of R4/Zk (and of the geometrically-trivial R5×Rt
spacetime) as we go around the S1n circle and identify the circle under an order n translation,
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is physically dual to the following six-dimensional M-theory compactification on the five-
manifold X˜5 = S
1
n × SNR→0N with k coincident M5-branes around it,
M-theory : R5 × Rt × S1n × SNR→0N︸ ︷︷ ︸
k M5-branes
, (3.58)
where there is a nontrivial Zn-outer-automorphism of SNR→0N as we go around the S1n circle
of radius Rs.
The case at hand is almost the same as that in the previous subsection except that we
now have (i) an extra OM5-plane in the former compactification with N M5-branes; (ii) the
hyperka¨hler manifold SNR→0N in the latter compactification with k M5-branes. Consequently,
as in the previous subsection, the resulting six-dimensional spacetime theories along Rt×R5
in (3.57) and (3.58) will both have 6d N = (1, 1) supersymmetry; moreover, the sought-
after spacetime BPS states which are annihilated by eight supersymmetry generators of
the 6d N = (1, 1) supersymmetry algebra, would be furnished by the ground states of
the worldvolume theory of the (N M5)/OM5 stack. To derive purely physically in this
case a geometric Langlands duality for surfaces, it suffices to ascertain the spectra of such
spacetime BPS states in the M-theory compactifications (3.57) and (3.58). To this end, let
us now describe the quantum worldvolume theory of the (N M5)/OM5 stack in (3.57). (The
worldvolume theory of the k M5-branes in (3.58) has already been described in detail in
the previous subsection – one just has to replace TNR→0N with SN
R→0
N in the description
therein.)
Quantum Worldvolume Theory of the (N M5)/OM5 Stack in (3.57)
The presence of the OM5-plane in (3.57) modifies the worldvolume theory on the stack
of N coincident M5-branes discussed earlier, in two ways. First and foremost, instead of an
SU(N) symmetry group, we now have an SO(2N) symmetry group; in particular, the low-
energy limit of the quantum worldvolume theory is now a non-gravitational 6d N = (2, 0)
DN superconformal field theory of N massless tensor multiplets [40]. As such, one can, in
an appropriate gauge, compute the spectrum of ground states of the quantum worldvolume
theory, as the spectrum of physical observables in the topological sector of a two-dimensional
N = (4, 4) sigma-model on S1n × Rt with target the hyperka¨hler moduli space MG(M) of
G-instantons on M = R4/Zk. Here, we have G = SO(2N) or USp(2N − 2) if n = 1 or 2,
respectively; G = G2 if n = 3 and N = 4 [48].
Second, upon compactification along S1n, one can have D0-branes in the worldvolume
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of the corresponding (N D4)/O4− stack that correspond to G-instantons.29 In the case
where n = 1, we do not “twist” the theory as we go around S1n; the KK mode, or the
D0-brane charge, is then m, where m ∈ Z≥0. In the case where n > 1, we must “Zn-
twist” the theory as we go around S1n; the KK modes, or the D0-brane charges, are then
m,m + 1
n
,m + 2
n
, . . . ,m + n−1
n
; in other words, we can have bound states of full/fractional
D0-branes with the aforementioned charges.
The implications of this Zn-twist are as follows. Consider n = 1 whence G = SO(2N).
Since there are no fractional branes, the total number of D0-branes in the entire configuration
would be given by a non-negative integer; that is, the instanton number is d ∈ Z≥0. This is
consistent with the fact that although SO(2N) is a nonsimply-connected Lie group, because
M is spin, the instanton number is nonetheless integral.30
For n = 2 whence G = USp(2N−2), the one-half-fractional D0-branes that result from
the “Z2 twist” can form bound states with full D0-branes. Pairs of such bound states whose
corresponding charges are of the forms m+ 1
2
and (m+1)− 1
2
, can further bind together such
that the total number d of D0-branes is effectively an integer; in other words, the instanton
number is d ∈ Z≥0. This is consistent with the fact that USp(2N − 2) is a simply-connected
Lie group whence the instanton number is expected to be integral.
For n = 3 and N = 4 whence G = G2, the one-third-fractional D0-branes that result
from the “Z3 twist” can form bound states with full D0-branes. Pairs of such bound states
whose corresponding charges are of the forms m + 1
3
and (m + 1) − 1
3
, can further bind
together such that the total number d of D0-branes is effectively an integer; in other words,
the instanton number is again d ∈ Z≥0. This is consistent with the fact that G2 is also a
simply-connected Lie group whence the instanton number is again expected to be integral.
Spacetime BPS States from the N = (4, 4) Sigma-Model on S1n × Rt
According to what we have said above, the spectrum of spacetime BPS states would
correspond to the spectrum of physical observables in the topological sector of the N = (4, 4)
sigma-model on S1n×Rt. As explained in the previous subsection, the spacetime BPS states
would then correspond to L2-harmonic forms which span the L2-cohomology of (some natural
29The ‘-’ superscript in Op− for any p, just means that it is associated with an orthogonal (as opposed to
symplectic) gauge symmetry.
30This can be deduced from a generalization of the analysis in [51]. I would like to thank Siye Wu for his
expertise on this matter.
46
compactification of) MG(M), where
MG(M) =
⊕
a,ρ0,ρ∞
Mρ0,aG,ρ∞(M). (3.59)
Here, a is the instanton number; ρ∞ : pi1(M) → G is a homomorphism associated with flat
gauge fields at infinity, where pi1(M) = pi1(R4/Zk) = Zk; and ρ0 : Zk → G is a homomorphism
associated with the Zk-action in the fiber of the G-bundle at the origin.
More About the Instanton Number
Notice that M = R4/Zk is defined by imposing an order k cyclic identification of R4;
therefore, the total number of D0-branes ought to be given by kd, where d is the effective
number of D0-branes in each fundamental region of M .
According to our explanations five, four and three paragraphs earlier, for G = SO(2N),
d must take values in Z≥0; for G = USp(2N − 2), d must take values in Z≥0 because of
further binding of bound states that contain one-half-fractional D0-branes; and for G = G2,
d must also take values in Z≥0 because of further binding of bound states that contain one-
third-fractional D0-branes. In all, this means that we can write the instanton number as
a = kd = kn′(i−j), where for G = SO(2N), USp(2N−2) and G2, n′ = 1, 2 and 3, while i, j
are certain integers divided by 1, 2 and 3. In all cases, i ≥ j, since d must be non-negative.
Here, one can interpret (i− j) as the contribution from the bound states of D0-branes, and
n′ 6= 1 if there exists bound states consisting of fractional D0-branes which necessarily need
to be paired to form bound states of full D0-branes.
That said, since M is noncompact, the total instanton number must actually be shifted
by an amount which depends on the conjugacy class of ρ∞. According to our explanations
in the previous subsection, it would mean that we can actually write the shifted instanton
number as a = kn′(i− j)− b(µ¯, µ¯), where b is some positive real constant, µ¯ is a dominant
coweight of G which corresponds to a conjugacy class of ρ∞, and ( , ) is just the scalar
product in coweight space.
Last but not least, note that in our counting of the total instanton number performed
hitherto, we have implicitly overlooked the D0-branes at the origin of M : in writing a =
kn′(i − j) in the paragraph before last, we have accounted for the D0-branes away from
the origin which have k mirror partners under the order k cyclic identification, but not the
D0-branes at the origin which do not have any mirror partners (since the origin is a fixed-
point of the identification). According to our explanations in the previous subsection, we
can include the D0-branes at the origin by adding b˜(λ¯, λ¯) to the total instanton number,
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where b˜ is some positive real constant, and λ¯ is a dominant coweight of G which corresponds
to a conjugacy class of ρ0. In short, we can write the instanton number as
a = kn′(i− j) + b˜(λ¯, λ¯)− b(µ¯, µ¯), (3.60)
where for G = SO(2N), USp(2N − 2) and G2, n′ = 1, 2 and 3, while i ≥ j are certain
integers divided by 1, 2 and 3.
For n = 2 whence we have G = USp(2N − 2) with n′ = 2 and i, j being certain integers
divided by 2, expression (3.60) is indeed consistent with results from the mathematical
literature (which only addresses the case of simply-connected groups like USp(2N − 2)):
eqn. (3.60) coincides with [1, eqn. (4.3)] after we set b˜ = b = 1/2 and identify the integer
n′(i− j) with the integer (l −m) of loc. cit..
Likewise, for n = 3 and N = 4 whence we have G = G2 with n
′ = 3 and i, j being certain
integers divided by 3, expression (3.60) is also consistent with results from the mathematical
literature (which only addresses the case of simply-connected groups like G2): eqn. (3.60)
coincides with [1, eqn. (4.3)] after we set b˜ = b = 1/2 and identify the integer n′(i− j) with
the integer (l −m) of loc. cit..
The Spectrum of Spacetime BPS States in the M-Theory Compactification (3.57)
We are now ready to state the generic Hilbert spaceHBPS of spacetime BPS states in the
M-theory compactification (3.57). To this end, let us first denote by H∗L2U(MλG,µ(R4/Zk)),
the L2-cohomology of the Uhlenbeck compactification U(MλG,µ(R4/Zk)) of the component
MλG,µ(R4/Zk) of the highly singular moduli space MG(R4/Zk) labeled by the triples λ =
(k, λ¯, i) and µ = (k, µ¯, j) (where a is correspondingly given by (3.60)).31 Then, since one
can express H∗L2U(MλG,µ(R4/Zk)) as the intersection cohomology IH∗U(MλG,µ(R4/Zk)) [55],
we can write
HBPS =
⊕
λ,µ
Hλ,µBPS =
⊕
λ,µ
IH∗U(MλG,µ(R4/Zk)). (3.61)
Notice that because we cannot have a negative number of D0-branes, we must have a ≥ 0.
In turn, this implies, via (3.60) and the condition i ≥ j, that
λ ≥ µ. (3.62)
31See also footnote 18 and 19 as to why (i) we need to compactify the moduli space; (ii) the physical
theory is well-behaved despite the highly singular nature of the moduli space.
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As k ∈ Z+ and λ¯ and µ¯ are dominant coweights of G, the triples λ and µ can be regarded
as dominant coweights of the corresponding affine Kac-Moody group Gaff of level k.
The Partition Function of Spacetime BPS States for G = SO(2N)
One can of course go on to state the partition function of spacetime BPS states. The
partition function, which counts (with weights) the total number of states, can be obtained
by taking a trace in the Hilbert space of states. Note at this point that taking such a trace is
geometrically equivalent to identifying the two ends of the sigma-model worldsheet S1n ×Rt
to form a torus. Let the modulus of this torus be τ = τ1 + iτ2; then, if n = 1, the partition
function for nonsimply-connected G = SO(2N) can (according to our explanations in the
previous subsection) be written as
ZBPSSO(2N) = TrHBPS q
P , (3.63)
where q = e2piiτ , and P is the momentum operator along S1n.
Since P measures the number of D0-branes (as each D0-brane has unit momentum
along S1n), according to our analysis leading up to (3.60), we have P = k(i − j) + b˜(λ¯, λ¯).
Together with (3.61), we can therefore write (3.63) as
ZBPSSO(2N) =
∑
λ
qmλ
∑
µ¯
∑
m≥0
dim IH∗U(Mλ,mSO(2N),µ¯(R4/Zk)) qm. (3.64)
Here,
mλ = hλ − cλ
24
; (3.65)
m = k(i− j) ∈ Z≥0, as i, j are integers such that (i− j) ∈ Z≥0; the non-negative number
hλ =
(λ¯, λ¯+ 2ρ∨)
2(k + h)
, (3.66)
where ρ∨ and h are the Weyl vector and dual Coxeter number of the Langlands dual group
SO(2N)∨, respectively; and the number
cλ = −24b˜(λ¯, λ¯) + 12(λ¯, λ¯+ 2ρ
∨)
(k + h)
. (3.67)
In this instance, λ = (k, λ¯, i) and µ = (k, µ¯, j) can also be regarded as dominant weights
of the corresponding Langlands dual affine Kac-Moody group SO(2N)∨aff of level k.
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The Partition Function of Spacetime BPS States for G = USp(2N − 2)
Now, let n = 2 whence the theory is “Z2-twisted” as we go around S1n. In this case,
the total partition function of spacetime BPS states for simply-connected G = USp(2N −2)
can be written as
ZBPSUSp(2N−2) = TrH0BPSP2 q
P0 + TrH1BPSP2 q
P1 , (3.68)
whereP2 is a projection onto Z2-invariant states, and the super(sub)script ‘0’ or ‘1’ indicates
that the operator or space in question is that of the untwisted or twisted sector, respectively
(see footnote 20).
The meaning of P2 in the trace over H0BPS can be understood explicitly as follows.
First, note that in the untwisted sector, we have the dominant coweights λ0 = (k, λ¯0, i0)
and µ0 = (k, µ¯0, j0) of USp(2N − 2)aff of level k, where λ0 ≥ µ0; according to our dis-
cussions hitherto, i0 and j0 are integers whereby (i0 − j0) ∈ Z≥0, and to satisfy this con-
dition unequivocally, one ought to have i0 ∈ Z≥0 and −j0 ∈ Z≥0; that is, λ0 and µ0 are
dominant coweights with integer grading. Second, note that the intersection cohomology
IH∗U(Mλ0USp(2N−2),µ0(R4/Zk)) which represents H
λ0,µ0
BPS ⊂ H0BPS ⊂ HBPS (see (3.61)), corre-
sponds to the space of physical observables of the N = (4, 4) sigma-model that take the
form O0 = fc...e;c¯...e¯(ϕd0, ϕd¯0)ηc0 . . . ηe0ηc¯0 . . . ηe¯0, where the ϕ0’s and η0’s are untwisted bose and
fermi fields of the sigma-model which are periodic and antiperiodic around S1n, respectively
(see footnote 21), i.e.,
ϕc,d¯0 (σ + 2pi) = ϕ
c,d¯
0 (σ) and η
c,d¯
0 (σ + 2pi) = −ηc,d¯0 (σ). (3.69)
Here, the indices run as c, d¯ = 1, 2, . . . , dimC U(Mλ0,m0USp(2N−2),µ¯0(R4/Zk)), where m0 = 2k(i0 −
j0) – the eigenvalue of P0 − b˜(λ¯0, λ¯0) – is a non-negative integer. The insertion of P2
then means that in computing the trace over H0BPS, one must consider only O0’s which
are invariant under the Z2-transformations ϕ → −ϕ and η → −η. For later conve-
nience, let us denote the space of such Z2-invariant O0’s by IH∗U(Mλ0,m0USp(2N−2),µ¯0(R4/Zk)) ⊂
IH∗U(Mλ0,m0USp(2N−2),µ¯0(R4/Zk)).
Similarly, the meaning ofP2 in the trace over H1BPS can be understood explicitly as fol-
lows. First, note that in the twisted sector, we have the dominant coweights λ1 = (k, λ¯1, i1)
and µ1 = (k, µ¯1, j1) of USp(2N −2)aff of level k, where λ1 ≥ µ1; according to our discussions
hitherto, i1 and j1 are integers divided by 2 such that (i1− j1) ∈ Z≥0 + 12 , and to satisfy this
condition unequivocally, one ought to have i1 ∈ Z≥0 and −j1 ∈ Z≥0 + 12 ; in other words, λ1
and µ1 ought to be dominant coweights with integer and half-integer grading, respectively.
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Second, note that the intersection cohomology IH∗U(Mλ1USp(2N−2),µ1(R4/Zk)) which repre-
sents Hλ1,µ1BPS ⊂ H1BPS ⊂ HBPS (see (3.61)), corresponds to the space of physical observables
of the N = (4, 4) sigma-model that take the form O1 = fc...e;c¯...e¯(ϕd1, ϕd¯1)ηc1 . . . ηe1ηc¯1 . . . ηe¯1.
Here, the ϕ1’s and η1’s are twisted bose and fermi fields of the sigma-model which are thus
antiperiodic and periodic around S1n, respectively; specifically, we have
ϕc1(σ + 2pi) = e
2piiν
n ϕc1(σ) = −ϕc1(σ), ηc1(σ + 2pi) = −e
2piiν
n ηc1(σ) = η
c
1(σ), (3.70)
and
ϕd¯1(σ + 2pi) = e
− 2piiν
n ϕd¯1(σ) = −ϕd¯1(σ), ηd¯1(σ + 2pi) = −e−
2piiν
n ηd¯1(σ) = η
d¯
1(σ), (3.71)
as n = 2 and the twist parameter ν = 1. Also, c, d¯ = 1, 2, . . . , dimC U(Mλ1,m1USp(2N−2),µ¯1(R4/Zk)),
where m1 = 2k(i1− j1) – the eigenvalue of P1− b˜(λ¯1, λ¯1) – is a non-negative integer. The in-
sertion ofP2 then means that in computing the trace overH1BPS, one must consider onlyO1’s
which are invariant under the Z2-transformations ϕ→ −ϕ and η → −η. Let us denote the
space of such Z2-invariantO1’s by IH∗U(Mλ1,m1USp(2N−2),µ¯1(R4/Zk)) ⊂ IH∗U(M
λ1,m1
USp(2N−2),µ¯1(R
4/Zk)).
Then, together with what was said in the previous paragraph, and by relabeling the integer-
graded coweights λ0 and λ1 as λ, we can write
ZBPSUSp(2N−2) = Z
BPS,0
USp(2N−2) + Z
BPS,1
USp(2N−2), (3.72)
where
ZBPS,0USp(2N−2) =
∑
λ,µ¯0
qmλ
∑
m0≥0
dim IH∗U(Mλ,m0USp(2N−2),µ¯0(R4/Zk)) qm0 , (3.73)
and
ZBPS,1USp(2N−2) =
∑
λ,µ¯1
qmλ
∑
m1≥0
dim IH∗U(Mλ,m1USp(2N−2),µ¯1(R4/Zk)) qm1 . (3.74)
The phase factor mλ takes the form in (3.65) with b˜ = 1/2.
In this instance, the dominant coweights λ = (k, λ¯, i) and µ0,1 = (k, µ¯0,1, j0,1) of
USp(2N − 2)aff are also (un)twisted dominant weights of the Z2-twisted affine Kac-Moody
group SO(2N)
(2)
aff ; furthermore, SO(2N)
(2)
aff is equal to USp(2N − 2)∨aff . In other words, λ
and µ0,1 can also be regarded as dominant weights of the Langlands dual affine Kac-Moody
group USp(2N − 2)∨aff of level k.
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Additionally, notice that (3.72)–(3.74) imply that the effective Hilbert space HeffBPS of
spacetime BPS states (which one obtains after taking into account the projection P2 in the
trace over all underlying states in (3.68)) ought to be given by
HeffBPS =
⊕
λ
⊕
ν=0,1
⊕
µν
Hλ,µνBPS =
⊕
λ
⊕
ν=0,1
⊕
µν
IH∗U(MλUSp(2N−2),µν (R4/Zk)), (3.75)
where ν = 0 or 1 if the sector is untwisted or twisted, respectively.
The Partition Function of Spacetime BPS States for G = G2
Now, let n = 3 whence the theory is “Z3-twisted” as we go around S1n. In the case where
N = 4, the total partition function of spacetime BPS states for simply-connected G = G2
can be written as
ZBPSG2 = TrH0BPSP3 q
P0 + TrH1BPSP3 q
P1 + TrH2BPSP3 q
P2 , (3.76)
where P3 is a projection onto Z3-invariant states, and the super(sub)scripts ‘0’ and ‘1’/‘2’
indicate that the operator or space in question is that of the untwisted and twisted sectors,
respectively. (See footnote 20, whose explanations also hold for the Z3 case at hand.)
The meaning of P3 in the trace over H0BPS can be understood explicitly as follows.
First, note that in the untwisted sector, we have the dominant coweights λ0 = (k, λ¯0, i0) and
µ0 = (k, µ¯0, j0) of G2aff of level k, where λ0 ≥ µ0; according to our discussions hitherto,
i0 and j0 are integers whereby (i0 − j0) ∈ Z≥0, and to satisfy this condition unequivocally,
one ought to have i0 ∈ Z≥0 and −j0 ∈ Z≥0; that is, λ0 and µ0 are dominant coweights with
integer grading. Second, note that the intersection cohomology IH∗U(Mλ0G2,µ0(R4/Zk)) which
represents Hλ0,µ0BPS ⊂ H0BPS ⊂ HBPS (see (3.61)), corresponds to the space of physical observ-
ables of the N = (4, 4) sigma-model that take the form O0 = fc...e;c¯...e¯(ϕd0, ϕd¯0)ηc0 . . . ηe0ηc¯0 . . . ηe¯0,
where the ϕ0’s and η0’s are untwisted bose and fermi fields of the sigma-model which are
periodic and antiperiodic around S1n, respectively (see footnote 21), i.e.,
ϕc,d¯0 (σ + 2pi) = ϕ
c,d¯
0 (σ) and η
c,d¯
0 (σ + 2pi) = −ηc,d¯0 (σ). (3.77)
Here, the indices run as c, d¯ = 1, 2, . . . , dimC U(Mλ0,m0G2,µ¯0 (R4/Zk)), where m0 = 3k(i0 − j0) –
the eigenvalue of P0− b˜(λ¯0, λ¯0) – is a non-negative integer. The insertion of P3 then means
that in computing the trace over H0BPS, one must consider only O0’s which are invariant
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under the Z3-transformations:
ϕc → e2piiθjϕc, ϕd¯ → e−2piiθjϕd¯, ηc → e2piiθjηc, ηd¯ → e−2piiθjηd¯, (3.78)
where θj = mj/3, and mj = 1, 2. For later convenience, let us denote the space of such
Z3-invariant O0’s by IH∗U(Mλ0,m0G2,µ¯0 (R4/Zk)) ⊂ IH∗U(Mλ0,m0G2,µ¯0 (R4/Zk)).
The meaning ofP3 in the trace overHγBPS, where γ = 1 or 2, can also be understood ex-
plicitly as follows. First, note that in the ‘γ’-twisted sector, we have the dominant coweights
λγ = (k, λ¯γ, iγ) and µγ = (k, µ¯γ, jγ) of G2aff of level k, where λγ ≥ µγ; according to our
discussions hitherto, iγ and jγ are integers divided by 3 such that (iγ− jγ) ∈ Z≥0 + γ3 , and to
satisfy this condition unequivocally, one ought to have iγ ∈ Z≥0 and −jγ ∈ Z≥0 + γ3 ; in other
words, λγ and µγ ought to be dominant coweights with integer and one-third-integer grading,
respectively. Second, note that the intersection cohomology IH∗U(MλγG2,µγ (R4/Zk)) which
represents Hλγ ,µγBPS ⊂ HγBPS ⊂ HBPS (see (3.61)), corresponds to the space of physical observ-
ables of theN = (4, 4) sigma-model that take the formOγ = fc...e;c¯...e¯(ϕdγ, ϕd¯γ)ηcγ . . . ηeγηc¯γ . . . ηe¯γ.
Here, the ϕγ’s and ηγ’s are twisted bose and fermi fields of the sigma-model which have the
following boundary conditions around S1n:
ϕcγ(σ + 2pi) = e
2piiγ
3 ϕcγ(σ), η
c
γ(σ + 2pi) = −e
2piiγ
3 ηc1(σ), (3.79)
and
ϕd¯γ(σ + 2pi) = e
− 2piiγ
3 ϕd¯γ(σ), η
d¯
γ(σ + 2pi) = −e−
2piiγ
3 ηd¯γ(σ), (3.80)
as n = 3 and the twist parameter is γ. Also, c, d¯ = 1, 2, . . . , dimC U(Mλγ ,mγG2,µ¯γ (R4/Zk)), where
mγ = 3k(iγ− jγ) – the eigenvalue of Pγ− b˜(λ¯γ, λ¯γ) – is a non-negative integer. The insertion
of P3 then means that in computing the trace over HγBPS, one must consider only Oγ’s
which are invariant under the Z3-transformations in (3.78). Let us denote the space of such
Z3-invariant Oγ’s by IH∗U(Mλγ ,mγG2,µ¯γ (R4/Zk)) ⊂ IH∗U(M
λγ ,mγ
G2,µ¯γ
(R4/Zk)). Then, together with
what was said in the previous paragraph, and by relabeling the integer-graded coweights λ0
and λγ as λ, we can write
ZBPSG2 =
2⊕
ν=0
ZBPS,νG2 , (3.81)
where
ZBPS,νG2 =
∑
λ,µ¯ν
qmλ
∑
mν≥0
dim IH∗U(Mλ,mνG2,µ¯ν (R4/Zk)) qmν . (3.82)
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The phase factor mλ takes the form in (3.65) with b˜ = 1/2.
In this instance, the dominant coweights λ = (k, λ¯, i) and µν = (k, µ¯ν , jν) of G2aff
are also (un)twisted dominant weights of the Z3-twisted affine Kac-Moody group SO(8)(3)aff ;
furthermore, SO(8)
(3)
aff is equal to G2
∨
aff . In other words, λ and µν can also be regarded as
dominant weights of the Langlands dual affine Kac-Moody group G2
∨
aff of level k.
Additionally, notice that (3.81)–(3.82) imply that the effective Hilbert space HeffBPS of
spacetime BPS states (which one obtains after taking into account the projection P3 in the
trace over all underlying states in (3.76)) ought to be given by
HeffBPS =
⊕
λ
2⊕
ν=0
⊕
µν
Hλ,µνBPS =
⊕
λ
2⊕
ν=0
⊕
µν
IH∗U(MλG2,µν (R4/Zk)), (3.83)
where ν 6= 0 if the sector is twisted.
The Spectrum of Spacetime BPS States in the M-Theory Compactification (3.58)
Let us now turn our attention to the physically dual M-theory compactification (3.58)
with k coincident M5-branes. One can proceed as before to ascertain the spacetime BPS
states by computing the ground states of the M5-brane quantum worldvolume theory over
Rt × S1n × SNR→0N . According to our earlier explanations, one can, if n = 1 for example,
interpret the spacetime BPS states as the physical observables in the topological sector of
the sigma-model on S1n × Rt with target the moduli space of U(k)-instantons on SNR→0N .32
That said, since we would like to make contact with a geometric Langlands duality for
surfaces, we shall seek a different description of these spacetime BPS states, i.e, worldvolume
ground states. To this end, recall that the low-energy limit of the worldvolume theory is a
6d N = (2, 0) Dk superconformal field theory of massless tensor multiplets. Hence, where
the ground states are concerned, one can regard the worldvolume theory to be conformally-
invariant. Since it is conformally-invariant, one can rescale the worldvolume to bring the
region near infinity to a finite distance close to the origin without altering the theory. Thus,
one can, for the purpose of computing ground states, simply analyze the physics near infinity.
Near infinity, the S1R circle fiber of SN
R→0
N has radius R → 0. To make sense of this
limit, notice that a compactification along the circle fiber would take us down to a type IIA
theory whereby the stack of k coincident M5-branes would now correspond to a stack of
k coincident D4-branes. In addition, as explained in §A.5, we will also have N D6-branes
32The reason why we have instantons of U(k) (and not SU(k)) is because in duality step (2.14), the
center-of-mass degrees of freedom of the k D6-branes are not frozen.
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and an O6−-plane spanning the directions transverse to its R3/I3 base, where I3 acts as
~r → −~r in R3; moreover, since SNR→0N has a DN singularity at the origin, the D6-branes
will be coincident. In other words, we have, in the limit R → 0, the following type IIA
configuration:
IIA : R5 × S1n × Rt × R3/I3︸ ︷︷ ︸
I-brane on S1n × Rt = ND6/O6− ∩ kD4
. (3.84)
Here, we have a stack of N coincident D6-branes on top of an O6−-plane whose worldvolume
is given by R5×S1n×Rt, and a stack of k coincident D4-branes whose worldvolume is given
by S1n ×Rt ×R3/I3; these two stacks intersect along S1n ×Rt to form a D4-D6/O6− I-brane
system.
The proceeding analysis of this system is identical to the one for the system (3.20).
In particular, the sought-after worldvolume ground states will correspond to the states of
the I-brane theory on S1n × Rt defined by the massless modes of the 4-6 open strings of the
D4-D6/O6− system. Furthermore, this I-brane theory is a theory of massless free chiral
fermions, and as in the case of (3.20), the chiral fermions will couple to certain gauge fields.
In order to determine what these gauge fields are, let us now discuss what gauge groups
should appear in the D4-D6/O6− I-brane system.
By a T-duality along three directions, we can get to a D1-D9/O9− system, where O9−
is a spacetime-filling orientifold. One can compare this to an analogous D5-D9/O9± system
studied in [61], where the gauge groups are of different types on the D5- and D9-branes;
they are either orthogonal on the D5-branes and symplectic on the D9-branes or vice-versa,
depending on the sign in O9±. This is due to the fact that there are four possible mixed
Neumann-Dirichlet boundary conditions for the 5-9 open strings which stretch between the
corresponding D-branes. On the other hand, there are eight possible mixed Neumann-
Dirichlet boundary conditions for the 1-9 open strings stretched between D-branes in the
D1-D9/O9− system; in other words, orthogonal gauge groups appear on both the D1- and
D9-branes. By T-dualizing back to a D4-D6/O6− system, one can conclude that generically,
there ought to be, in the presence of the O6−-plane, an SO(α) and SO(2N) gauge group on
the k D4- and N D6-branes, respectively, where α depends on k.
To ascertain what α is, note that according to [62], the total central charge of the real
chiral fermions should not change as we move the D4- and D6-branes around; in particular,
it should not change as we move the stack of coincident D4- and D6-branes away from the
O6−-plane. When we move the stack of coincident D4- and D6-branes away from the O6−-
plane, we effectively have the U(k)×U(N) theory described by (3.21)–(3.22). Thus, α must
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be such that the total central charge of the real chiral fermions is kN .
Since a single real chiral fermion will contribute one-half to the central charge, we ought
to have a total of 2kN real chiral fermions. As the 2kN real chiral fermions are furnished by
the massless modes of the 4-6 open strings, they necessarily transform in the bifundamental
representation of SO(α)× SO(2N); this would mean that α = k. Hence, along the I-brane
with complex coordinate ‘z’, the 2kN real chiral fermions ought to be given by
ψi,a(z), where i = 1, . . . , k, and a = 1, . . . , 2N. (3.85)
And, as their indices imply, they ought to transform in the bifundamental representation
(k, 2N) of SO(k)×SO(2N). Their action is given (modulo an overall coupling constant) by
I =
∫
d2z ψ∂¯A+A′ψ, (3.86)
where A and A′ are the restrictions to the I-brane worldsheet S1n × Rt of the SO(k) and
SO(2N) gauge fields associated with the k D4- and N D6-branes. In other words, the
fermions couple to the gauge group
SO(k)× SO(2N). (3.87)
The I-brane theory is anomalous under the corresponding gauge transformations, but like in
the earlier case of (3.20), one can show that the overall D4-D6/O6− system is anomaly-free
and thus physically consistent.
The system of 2kN real free chiral fermions of central charge kN gives a direct realiza-
tion of ŝo(2kN)
(n)
1 , the integrable module over the Zn-twisted affine Lie algebra so(2kN)
(n)
aff,1
of level 1.33 Moreover, there exists the following twisted affine embedding which preserves
conformal invariance [63]:
so(k)
(n)
aff,2N ⊗ so(2N)(n)aff,k ⊂ so(2kN)(n)aff,1, (3.88)
where this can be viewed as an affine analog of the gauge symmetry in (3.87) (see footnote 25).
As such, the total Fock space F⊗2kN of the 2kN real free fermions can be expressed as
F⊗2kN = WZW
ŝo(k)
(n)
2N
⊗WZW
ŝo(2N)
(n)
k
, (3.89)
33To understand this claim, see [54, §15.5.2], and note that (i) the identification under an order n trans-
lation of the circle S1n results in a Zn-twist of the underlying affine Lie algebra; (ii) a twisted version of an
affine Lie algebra has the same central charge and level as its untwisted version (c.f. [18, §3]).
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where WZW
ŝo(k)
(n)
2N
and WZW
ŝo(2N)
(n)
k
are the spectra of states furnished by ŝo(k)
(n)
2N and
ŝo(2N)
(n)
k , respectively, which can be realized in the relevant chiral WZW models. Conse-
quently, the partition function of the I-brane theory will be expressed in terms of the chiral
characters of ŝo(k)
(n)
2N and ŝo(2N)
(n)
k .
Note that F⊗2kN is the Fock space of the 2kN real free fermions which have not yet
been coupled to A and A′. Upon coupling to the gauge fields, the characters that appear in
the overall partition function of the I-brane theory will be reduced. In a generic situation,
the free fermions will couple to the gauge group SO(k) × SO(2N) (see (3.87)). However,
in this case, only the SO(k) gauge field associated with the D4-branes is dynamical; the
SO(2N) gauge field associated with the D6-branes/O6−-plane should not be dynamical as
the geometry of SNR→0N is fixed in our description – the center-of-mass degrees of freedom of
the N NS5-branes/ON5−B-plane which give rise to the SN
R→0
N geometry via steps (2.11) and
(2.12), are frozen. Therefore, the free fermions will, in this case, couple dynamically to the
gauge group SO(k) only. Schematically, this means that we are dealing with the following
partially gauged CFT
so(2kN)
(n)
aff,1/so(k)
(n)
aff,2N . (3.90)
In particular, the so(k)
(n)
aff,2N chiral WZW model will be replaced by the corresponding topo-
logical G/G model. As a result, the chiral characters of ŝo(k)
(n)
2N which appear in the overall
partition function of the uncoupled free fermions system on the I-brane, will reduce to con-
stant complex factors after coupling to the dynamical SO(k) gauge field. Hence, modulo
these constant complex factors which serve only to shift the energy levels of the ground states
by numbers dependent on the highest affine weights of ŝo(k)
(n)
2N , the effective overall partition
function of the I-brane theory will be expressed solely in terms of the chiral characters of
ŝo(2N)
(n)
k .
In summary, the sought-after spectrum of spacetime BPS states in the M-theory com-
pactification (3.58) would be realized by WZW
ŝo(2N)
(n)
k
. This observation is indeed physically
consistent because according to footnote 11, the spacetime BPS states satisfy H = P – here,
H and P are the Hamiltonian and momentum operators which generate translations along
Rt and S1n, respectively – while a chiral WZW model on S1n × Rt, having no right-moving
excitations, has a spectrum whereby H = P .
A Geometric Langlands Duality for Surfaces for the DN Groups
Let us now consider n = 1 whence there is no “twist” at all, i.e., ŝo(2N)
(n)
k is simply
ŝo(2N)k, the integrable module over the untwisted affine Lie algebra so(2N)aff,k of level k.
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Then, unitarity of any WZW model requires that WZWŝo(2N)k be generated by dominant
highest weight modules over so(2N)aff,k, such that a generic state in any one such module
can be expressed as [54]
|µ˜′〉 = E−α˜−n . . . E−β˜−m|λ˜〉, ∀ n,m ≥ 0 and α˜, β˜ > 0. (3.91)
Here, the E−γ˜−l ’s are lowering operators that correspond to the respective modes of the cur-
rents of so(2N)aff,k (in a Cartan-Weyl basis) which are associated with the complement of
the Cartan subalgebra; |λ˜〉 is a highest weight state associated with a dominant highest
affine weight λ˜; µ˜′ = λ˜ − α˜ · · · − β˜ is an affine weight in the weight system Ω̂λ˜ of ŝo(2N)λ˜k
– the module of dominant highest weight λ˜ of level k – which is not necessarily dominant;
and α˜, β˜ are positive affine roots.
Note that each module labeled by a dominant highest affine weight λ˜ can be decomposed
into a direct sum of finite-dimensional subspaces each spanned by states of the form |µ˜′〉 for
all possible positive affine roots α˜, . . . , β˜. These finite-dimensional subspaces of states are
the µ˜′-weight spaces ŝo(2N)λ˜k,µ˜′ ⊂ ŝo(2N)λ˜k . Note at this point that there is a Weyl group
symmetry on these weight spaces that maps µ˜′ to a dominant weight µ˜ in Ω̂λ˜ which also
leaves the chiral character of ŝo(2N)λ˜k and thus, the partition function of the chiral WZW
model, invariant.34 As such, one can also express the spectrum of states of the chiral WZW
model as
WZWŝo(2N)k =
⊕
λ˜,µ˜
WZW
ŝo(2N)λ˜k,µ˜
. (3.92)
Now, the physical duality of the M-theory compactifications (3.57) and (3.58) means
that their respective spacetime BPS spectra ought to be equivalent, i.e., WZWŝo(2N)k ought
to be equal to HBPS of (3.61). Indeed, since so(2N)aff is isomorphic to its Langlands dual
counterpart so(2N)∨aff, λ˜ and µ˜ are also dominant weights of the Langlands dual affine Kac-
Moody group SO(2N)∨aff whence we can identify them with λ and µ of (3.61), respectively;
moreover, both HBPS and WZWŝo(2N)k are labeled by k. Specializing to the {λ, µ}-sector of
the spectra of spacetime BPS states, we can thus write
Hλ,µBPS = WZWŝo(2N)λk,µ . (3.93)
As WZWŝo(2N)λk,µ is furnished by ŝo(2N)
λ
k,µ, and since so(2N)aff ' so(2N)∨aff whence ŝo(2N)λk,µ
is isomorphic to the submodule Lŝo(2N)λk,µ over so(2N)
∨
aff, via (3.61), we can also express
34See [54, eqns. (14.143), (14.145), (14.165), (14.166) and (15.119)], noting that zj in loc. cit. corresponds
to the Coulomb moduli in our story which must therefore be set to zero since the N D6-branes are coincident.
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(3.93) as
IH∗U(MλSO(2N),µ(R4/Zk)) = Lŝo(2N)λk,µ (3.94)
Thus, we have arrived at a G = SO(2N) generalization of [1, Conjecture 4.14(3)]! This
completes our purely physical derivation of a geometric Langlands duality for surfaces for
the SO(2N) = DN groups.
An Identity of the Dimension of the Intersection Cohomology of the Moduli space of DN -
Instantons on R4/Zk
Let us now revisit the partition function (3.64). For simplicity, let us focus on a partic-
ular λ′-sector, where λ′ = (k, λ¯′, 0); that is, consider
ZBPSSO(2N),λ′(q) = q
mλ′
∑
µ¯′
∑
m≥0
dim IH∗U(Mλ′,mSO(2N),µ¯′(R4/Zk)) qm, (3.95)
where q = e2piiτ , and mλ′ is as given in (3.65). From (3.94), we have
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dim IH∗U(Mλ′,mSO(2N),µ¯′(R4/Zk)) = multλ′(µ¯′)|m′ , (3.96)
where multλ′(µ¯
′)|m′ is the multiplicity of the |µ′〉 state of non-negative energy level m′ = m/k
in Lŝo(2N)λ
′
k,µ′ . Consequently, via (3.65)–(3.67), we can write
ZBPSSO(2N),λ′(q˜) = q˜
m′
λ′−c/24
∑
µ¯′
∑
m′≥0
multλ′(µ¯
′)|m′ q˜m′ = χλ′Lŝo(2N)k(q˜), (3.97)
where q˜ = e2piiτ˜ and τ˜ = kτ . Here
χλ
′
Lŝo(2N)k
(q˜) = Trλ′ q˜
L0+m′λ′−c/24, (3.98)
and
m′λ′ = h
′
λ′ −
(c′λ′ − c)
24
, (3.99)
while
c = kN, h′λ′ =
hλ′
k
, and c′λ′ =
cλ′
k
, (3.100)
35Here, we recall that for any λ = (k, λ¯, i) and µ = (k, µ¯, j), we have m = k(i− j) whereby (i− j) ∈ Z≥0.
Thus, for λ′ = (k, λ¯′, 0), we have µ′ = (k, µ¯′, j′) such that the integer j′ = −mk ≤ 0, where −j′ is known as
the grade of the µ′-string in the mathematical literature, or the energy level of the |µ′〉 state in the physical
context.
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where hλ′ and cλ′ are as given in (3.66) and (3.67), respectively. Also, L0 – whose eigenvalue
is m′ ∈ Z≥0 – can be interpreted as the Hamiltonian operator of a 2d theory that is effectively
defined on a torus of modulus τ˜ . Hence, it is clear from (3.97)–(3.100) that ZBPSSO(2N),λ′ is equal
to the λ′-sector of the partition function of a chiral so(2N)∨aff WZW model on S
1
n×Rt with (i)
central charge kN ; (ii) ground state energy level shifted by a number m′λ′ . This observation
is consistent with our earlier conclusion about the I-brane partition function, as expected.
Let us now consider the modified partition function
Z˜BPSSO(2N),λ′(q˜) = q˜
m˜λ′ZBPSSO(2N),λ′(q˜), (3.101)
where
m˜λ′ = (k − 1)h′λ′ +
(c′λ′ − c′SO(2N)∨,k)
24
while c′SO(2N)∨,k =
k dim so(2N)∨
(k + h)
. (3.102)
Notice that Z˜BPSSO(2N),λ′ is just Z
BPS
SO(2N),λ′ but with instanton number shifted by m˜λ′ . In the
dual 2d theory picture, this is tantamount to a trivial redefinition of the ground state energy
level. Hence, Z˜BPSSO(2N),λ′ and Z
BPS
SO(2N),λ′ can be thought to define the “same” physical theory.
From (3.98), one can see that χ˜λ
′
Lŝo(2N)k
= q˜m˜λ′χλ
′
Lŝo(2N)k
is a character of Lŝo(2N)λ
′
k ,
where m˜λ′+h
′
λ′− c′λ′/24 is the corresponding modular anomaly. As such, (3.97) would mean
that the partition function Z˜BPSSO(2N),λ′ ought to transform as a representation of the modular
group SL(2,Z); specifically, we have (c.f. [54, eqn. (14.235)]) the relation
Z˜BPSSO(2N),λ′(−1/τ˜) =
∑
λ
Sλ′λ Z˜BPSSO(2N),λ(τ˜), (3.103)
where S is a τ˜ -independent unitary matrix (given by [54, eqn. (14.217)]) associated with the
Langlands dual affine Lie algebra so(2N)∨aff , which represents the SL(2,Z) transformation
S : τ˜ → −1/τ˜ in the space of λ-vector-valued partition functions Z˜BPSSO(2N),λ.
Via (3.101) and (3.95), the relation (3.103) implies, in the limit of large k, the following
identity involving the intersection cohomology of the moduli space of SO(2N)-instantons on
R4/Zk:
∑
µ¯′
∑
m≥0
dim IH∗U(Mλ′,mSO(2N),µ¯′(R4/Zk)) =
∑
λ
∑
µ¯
∑
m≥0
Smλ′λ dim IH∗U(Mλ,mSO(2N),µ¯(R4/Zk))
(3.104)
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where the components Smλ′λ are given by
Smλ′λ = qˆm˜λ′ |k1 q˜m+m˜λ+mλSλ′λ (3.105)
Here, qˆ = e2pii/τ˜ . (See also footnote 35.)
In other words, in the limit of large k, the total dimension of the intersection cohomology
of the component of the moduli space of DN -instantons on R4/Zk labeled by a highest weight
λ′ or λ – and therefore, the dimension of the corresponding sector of the Hilbert space of
spacetime BPS states – is found to be intimately related to one another via so(2N)∨aff-
dependent unitary modular transformations!
A Geometric Langlands Duality for Surfaces for the CN−1 Groups
Let us now consider n = 2 whence there is a “Z2-twist”, i.e., the relevant module is
ŝo(2N)
(2)
k , the integrable module over the Z2-twisted affine Lie algebra so(2N)
(2)
aff,k of level k.
Then, unitarity of any WZW model requires that WZW
ŝo(2N)
(2)
k
be generated by dominant
highest weight modules over so(2N)
(2)
aff,k. By repeating the arguments that led us to write
(3.91)–(3.94) in the untwisted case, whilst noting that the Weyl group symmetry mentioned
therein persists in this case to map non-dominant affine weights µ˜′ν to dominant ones µ˜ν
even though the grading of µ˜′ν (captured by its last index j˜
′
ν) may not be integral, we find
that we can express the spectrum of states of the corresponding chiral WZW model as
WZW
ŝo(2N)
(2)
k
=
⊕
λ˜
⊕
ν=0,1
⊕
µ˜ν
WZW
ŝo(2N)
(2),λ˜
k,µ˜ν
. (3.106)
Here, the overhead bar means that we project onto Z2-invariant states (as required of twisted
CFT’s); ν = 0 or 1 indicates that the sector is untwisted or twisted, respectively; λ˜ and
µ˜ν are the (un)twisted dominant affine weights of the Z2-twisted affine Kac-Moody group
SO(2N)
(2)
aff of level k; the space ŝo(2N)
(2),λ˜
k,µ˜ν
is the µ˜ν-weight space of ŝo(2N)
(2),λ˜
k , the module
over so(2N)
(2)
aff,k of dominant highest weight λ˜ of level k.
Now, the physical duality of the M-theory compactifications (3.57) and (3.58) means
that their respective spacetime BPS spectra ought to be equivalent, i.e., WZW
ŝo(2N)
(2)
k
ought
to be equal to HeffBPS of (3.75). Indeed, since so(2N)(2)aff is isomorphic to usp(2N − 2)∨aff, it
would mean that λ˜ and µ˜ν are also dominant weights of the Langlands dual affine Kac-Moody
group USp(2N − 2)∨aff whence we can identify them with λ and µν of (3.75), respectively;
moreover, both HeffBPS and WZWŝo(2N)(2)k are labeled by k. Specializing to the {λ, µν}-sector
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of the spectra of spacetime BPS states, we can therefore write
Hλ,µνBPS = WZWŝo(2N)(2),λk,µν . (3.107)
As WZW
ŝo(2N)
(2),λ
k,µν
is furnished by the Z2-invariant projection ŝo(2N)(2),λk,µν |P2 of ŝo(2N)
(2),λ
k,µν
,
and since so(2N)
(2)
aff ' usp(2N − 2)∨aff whence ŝo(2N)(2),λk,µν |P2 is isomorphic to the submodule
Lûsp(2N − 2)λk,µν over usp(2N − 2)∨aff, via (3.75), we can also express (3.107) as
IH∗U(MλUSp(2N−2),µν (R4/Zk)) = Lûsp(2N − 2)λk,µν (3.108)
for ν = 0 and 1. Note that (3.108) is [1, Conjecture 4.14(3)] for simply-connected G =
USp(2n−2)! This completes our purely physical derivation of a geometric Langlands duality
for surfaces for the USp(2N − 2) = CN−1 groups.
A Langlands Duality of the Dimension of the Intersection Cohomology of the Moduli Space
of CN−1-Instantons on A-Type ALE Spaces
Let us now revisit the partition function given by (3.72)–(3.74). For simplicity, let us
focus on a particular λ′-sector, where λ′ = (k, λ¯′, 0); that is, consider
ZBPSUSp(2N−2),λ′(q) = q
mλ′
∑
ν=0,1
∑
µ¯′ν
∑
mν≥0
dim IH∗U(Mλ′,mνUSp(2N−2),µ¯′ν (R
4/Zk)) qmν , (3.109)
where q = e2piiτ , and mλ′ takes the form given in (3.65) with b˜ = 1/2. From our discussion
leading up to (3.108), we have36
dim IH∗U(Mλ′,mνUSp(2N−2),µ¯′ν (R
4/Zk)) = multλ′(µ¯′ν)|m′ν , (3.110)
where multλ′(µ¯
′
ν)|m′ν is the multiplicity of the |µ′ν〉 state of non-negative energy level m′ν =
mν/2k in ŝo(2N)
(2),λ′
k,µ′ν
|P2 . Consequently, via (3.65)–(3.67), we can write
ZBPSUSp(2N−2),λ′(q˜) = q˜
m′
λ′−c/24
∑
ν=0,1
∑
µ¯′ν
∑
m′ν≥0
multλ′(µ¯
′
ν)|m′ν q˜m
′
ν =
∑
ν=0,1
χλ
′,ν
ŝo(2N)
(2)
k
(q˜), (3.111)
36Here, we recall that for any λ = (k, λ¯, i) and µν = (k, µ¯ν , jν), we have mν = 2k(i − jν) whereby
(i− jν) ∈ Z≥0 + ν2 . Thus, for λ′ = (k, λ¯′, 0), we have µ′ν = (k, µ¯′ν , j′ν) such that j′ν = −mν2k ≤ 0, where −j′ν is
known as the grade of the µ′ν-string in the mathematical literature, or the energy level of the |µ′ν〉 state in
the physical context.
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where q˜ = e2piiτ˜ and τ˜ = 2kτ . Here
χλ
′,ν
ŝo(2N)
(2)
k
(q˜) = Trλ′P2 q˜
L0,ν+m′λ′−c/24, (3.112)
where as before, P2 singles out the Z2-invariant states, and
m′λ′ = h
′
λ′ −
(c′
λ′,b˜ − c)
24
. (3.113)
The constants are
c = kN, h′λ′ =
(λ¯′, λ¯′ + 2ρ)
4k(k + h∨)
, c′
λ′,b˜ = −
24b˜(λ¯′, λ¯′)
2k
+
12(λ¯′, λ¯′ + 2ρ)
2k(k + h∨)
, (3.114)
such that b˜ is some positive real constant (first introduced in (3.60)), and ρ and h∨ are
the Weyl vector and dual Coxeter number associated with so(2N)
(2)
aff , respectively. Also,
L0,ν – whose eigenvalue is m
′
ν ∈ Z≥0 + ν2 – can be interpreted as the Hamiltonian operator
of a 2d theory that is effectively defined on a torus of modulus τ˜ . Hence, it is clear from
(3.111)–(3.114) that ZBPSUSp(2N−2),λ′ is equal to the λ
′-sector of the partition function of a chiral
so(2N)
(2)
aff WZW model on S
1
n×Rt with (i) central charge kN ; (ii) ground state energy level
shifted by a number m′λ′ . This observation is consistent with our earlier conclusion about
the I-brane partition function, as expected.
Let us now consider the modified partition function
Z˜BPSUSp(2N−2),λ′(q˜) = q˜
m˜λ′ZBPSUSp(2N−2),λ′(q˜), (3.115)
where (c.f. [60, eqns. (12.7.5) and (13.11.5)])
m˜λ′ = −h′λ′ +
c′
λ′,b˜
24
+
|λ¯′ + ρ|2
2(k + h∨)
− dim so(2N)
48
. (3.116)
Notice that Z˜BPSUSp(2N−2),λ′ is just Z
BPS
USp(2N−2),λ′ but with instanton number shifted by m˜λ′ . In
the dual 2d theory picture, this is tantamount to a trivial redefinition of the ground state
energy level. Hence, Z˜BPSUSp(2N−2),λ′ and Z
BPS
USp(2N−2),λ′ can be thought to define the “same”
physical theory.
From (3.112), one can see that χ˜λ
′,ν
ŝo(2N)
(2)
k
= q˜m˜λ′χλ
′,ν
ŝo(2N)
(2)
k
is a (Z2-invariant) character
of the ν-sector of ŝo(2N)
(2),λ′
k , where m˜λ′ + h
′
λ′ − c′λ′,b˜/24 is the corresponding modular
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anomaly. As such, (3.115), (3.111) and [60, Theorem 13.9] mean that the partition function
Z˜BPSUSp(2N−2),λ′ ought to transform under S : τ˜ → −1/τ˜ as follows:
Z˜BPSUSp(2N−2),λ′(−1/τ˜) =
∑
ξ
Sλ′ξ χ˜ξ
ŝu(2N−2)(2)k
(τ˜ /2). (3.117)
Here, S is a τ˜ -independent matrix (given in [60, Theorem 13.9]); ξ is a dominant highest
weight of the Z2-twisted affine Kac-Moody group SU(2N − 2)(2)aff of level k; χ˜ξŝu(2N−2)(2)k =
q˜m˜ξχξ
ŝu(2N−2)(2)k
, where m˜ξ is as in (3.116) but with so(2N) replaced by su(2N − 2). Notice
that the group type on the LHS and RHS of (3.117) are not the same; nevertheless, from
the main result of the previous subsection, it is clear that the characters on the RHS of
(3.117) will be given by the partition function Z˜BPSSO(2N−1),ξ(τ˜ /2) associated with SO(2N−1)-
instantons on R4/Zk, i.e.,
Z˜BPSUSp(2N−2),λ′(−1/τ˜) =
∑
ξ
Sλ′ξ Z˜BPSSO(2N−1),ξ(τ˜ /2). (3.118)
Via (3.115), (3.109) and (3.45), the relation (3.118) implies, in the limit of large k, the
following identity involving the intersection cohomology of the moduli space of instantons:
∑
ν=0,1
∑
µ¯′ν
∑
mν≥0
dim IH∗U(Mλ′,mνUSp(2N−2),µ¯′ν (R
4/Zk)) =
∑
ξ
∑
δ=0,1
∑
ζ¯δ
∑
mδ≥0
Smδλ′ξ dim IH∗U(Mξ,mδSO(2N−1),ζ¯δ(R
4/Zk))
(3.119)
where the components Smδλ′ξ are given by
Smδλ′ξ = qˆm˜λ′ |k1 q˜(mδ+m˜ξ+mξ)/2Sλ′ξ (3.120)
Here, qˆ = e2pii/τ˜ ; m˜λ′|k1 = −dim so(2N)/48; λ′ = (k, λ¯′, 0) and µ′ν = (k, µ¯′ν , jν) are domi-
nant coweights of the affine Kac-Moody group USp(2N −2)aff of level k, where λ¯′ and µ¯′ are
the corresponding dominant coweights of USp(2N − 2), and mν
2k
= −jν ∈ Z≥0 + ν2 (see foot-
note 36); ξ = (k, ξ¯, 0) and ζδ = (k, ζ¯δ, jδ) are dominant coweights of the affine Kac-Moody
group SO(2N − 1)aff of level k, where ξ¯ and ζ¯δ are the corresponding dominant coweights of
SO(2N − 1), and for N > 2, mδ
2k
= −jδ ∈ Z≥0 + δ2 .
At any rate, it is clear from (3.119) that in the limit of large k, the total dimension of
the intersection cohomology of the moduli space of G-instantons on R4/Zk in the λ′-sector,
can be expressed in terms of the dimensions of the intersection cohomology of the various
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components of the moduli space of G∨-instantons on R4/Zk, where G = USp(2N − 2). In
other words, we have a Langlands duality of the dimension of the intersection cohomology
of the moduli space of CN−1-instantons on A-type ALE spaces!
A Comparison With (3.55)
Recall that we also obtained a Langlands duality of the dimension of the intersection
cohomology of the moduli space of BN−1-instantons on A-type ALE spaces in (3.55) (after
we relabel N/2 therein as N − 1) which tells us that
∑
δ=0,1
∑
ζ¯′δ
∑
mδ≥0
dim IH∗U(Mξ′,mδ
SO(2N−1),ζ¯′δ
(R4/Zk)) =
∑
λ
∑
ν=0,1
∑
µ¯ν
∑
mν≥0
Smνξ′λ dim IH∗U(Mλ,mνUSp(2N−2),µ¯ν (R4/Zk)),
(3.121)
where the components Smνξ′λ are given by
Smνξ′λ = qˆm˜ξ′ |k1 q˜(mν+m˜λ+mλ)/2Sξ′λ. (3.122)
Here, m˜ξ′|k1 = −dim su(2N − 2)/48; ξ′ = (k, ξ¯′, 0) and ζ ′δ = (k, ζ¯ ′δ, jδ) are dominant
coweights of the affine Kac-Moody group SO(2N − 1)aff of level k, where ξ¯′ and ζ¯ ′δ are
the corresponding dominant coweights of SO(2N − 1), and for N > 2, mδ
2k
= −jδ ∈ Z≥0 + δ2 ;
λ = (k, λ¯, 0) and µν = (k, µ¯ν , jν) are dominant coweights of the affine Kac-Moody group
USp(2N − 2)aff of level k, where λ¯ and µ¯ν are the corresponding dominant coweights of
USp(2N − 2), and mν
2k
= −jν ∈ Z≥0 + ν2 .
Assuming that N > 2, notice that the relations (3.119) and (3.121) map into each
other when we exchange SO(2N − 1) ↔ USp(2N − 2) and thus su(2N − 2) ↔ so(2N),37
(ξ′, ζ ′δ, ξ, ζδ) ↔ (λ′, µ′ν , λ, µν), and mδ ↔ mν . This is expected, since the groups BN−1 and
CN−1 are themselves Langlands dual to each other.
A Geometric Langlands Duality for Surfaces for the G2 Group
Let us now consider N = 4 and n = 3 whence there is a “Z3-twist”, i.e., the relevant
module is ŝo(8)
(3)
k , the integrable module over the Z3-twisted affine Lie algebra so(8)
(3)
aff,k
of level k. Then, unitarity of any WZW model requires that WZW
ŝo(8)
(3)
k
be generated by
dominant highest weight modules over so(8)
(3)
aff,k. By repeating the arguments that led us
to write (3.91)–(3.94) in the untwisted case, whilst noting that the Weyl group symmetry
mentioned therein persists in this case to map non-dominant affine weights µ˜′ν to dominant
37To understand this, recall that so(2N − 1)∨aff ' su(2N − 2)(2)aff and usp(2N − 2)∨aff ' so(2N)(2)aff ; hence,
the exchange SO(2N − 1)↔ USp(2N − 2) would imply the exchange su(2N − 2)↔ so(2N).
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ones µ˜ν even though the grading of µ˜
′
ν (captured by its last index j˜
′
ν) may not be integral,
we find that we can express the spectrum of states of the corresponding chiral WZW model
as
WZW
ŝo(8)
(3)
k
=
⊕
λ˜
⊕
ν=0,1,2
⊕
µ˜ν
WZW
ŝo(8)
(3),λ˜
k,µ˜ν
. (3.123)
Here, the overhead bar means that we project onto Z3-invariant states (as required of twisted
CFT’s); ν 6= 0 indicates that the sector is twisted; λ˜ and µ˜ν are the (un)twisted domi-
nant affine weights of the Z3-twisted affine Kac-Moody group SO(8)(3)aff of level k; the space
ŝo(8)
(3),λ˜
k,µ˜ν
is the µ˜ν-weight space of ŝo(8)
(3),λ˜
k , the module over so(8)
(8)
aff,k of dominant highest
weight λ˜ of level k.
Now, the physical duality of the M-theory compactifications (3.57) and (3.58) means
that their respective spacetime BPS spectra ought to be equivalent, i.e., WZW
ŝo(8)
(3)
k
ought
to be equal to HeffBPS of (3.83). Indeed, since so(8)(3)aff is isomorphic to g∨2 aff, it would mean
that λ˜ and µ˜ν are also dominant weights of the Langlands dual affine Kac-Moody group
G∨2 aff whence we can identify them with λ and µν of (3.83), respectively; moreover, both
HeffBPS and WZWŝo(8)(3)k are labeled by k. Specializing to the {λ, µν}-sector of the spectra of
spacetime BPS states, we can therefore write
Hλ,µνBPS = WZWŝo(8)(3),λk,µν . (3.124)
As WZW
ŝo(8)
(3),λ
k,µν
is furnished by the Z3-invariant projection ŝo(8)(3),λk,µν |P3 of ŝo(8)
(3),λ
k,µν
, and
since so(8)
(3)
aff ' g∨2 aff whence ŝo(8)(3),λk,µν |P3 is isomorphic to the submodule (Lĝ2)λk,µν over g∨2 aff,
via (3.83), we can also express (3.124) as
IH∗U(MλG2,µν (R4/Zk)) = (Lĝ2)λk,µν (3.125)
for ν = 0, 1 and 2. Note that (3.125) is [1, Conjecture 4.14(3)] for simply-connected G = G2!
This completes our purely physical derivation of a geometric Langlands duality for surfaces
for the G2 group.
An Identity of the Dimension of the Intersection Cohomology of the Moduli Space of G2-
Instantons on R4/Zk
Let us now revisit the partition function given by (3.81)–(3.82). For simplicity, let us
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focus on a particular λ′-sector, where λ′ = (k, λ¯′, 0); that is, consider
ZBPSG2,λ′(q) = q
mλ′
2∑
ν=0
∑
µ¯′ν
∑
mν≥0
dim IH∗U(Mλ′,mνG2,µ¯′ν (R4/Zk)) qmν , (3.126)
where q = e2piiτ , and mλ′ takes the form given in (3.65) with b˜ = 1/2. From our discussion
leading up to (3.125), we have38
dim IH∗U(Mλ′,mνG2,µ¯′ν (R4/Zk)) = multλ′(µ¯′ν)|m′ν , (3.127)
where multλ′(µ¯
′
ν)|m′ν is the multiplicity of the |µ′ν〉 state of non-negative energy level m′ν =
mν/3k in ŝo(8)
(3),λ′
k,µ′ν
|P3 . Consequently, via (3.65)–(3.67), we can write
ZBPSG2,λ′(q˜) = q˜
m′
λ′−c/24
2∑
ν=0
∑
µ¯′ν
∑
m′ν≥0
multλ′(µ¯
′
ν)|m′ν q˜m
′
ν =
2∑
ν=0
χλ
′,ν
ŝo(8)
(3)
k
(q˜), (3.128)
where q˜ = e2piiτ˜ and τ˜ = 3kτ . Here
χλ
′,ν
ŝo(8)
(3)
k
(q˜) = Trλ′P3 q˜
L0,ν+m′λ′−c/24, (3.129)
where as before, P3 singles out the Z3-invariant states, and
m′λ′ = h
′
λ′ −
(c′
λ′,b˜ − c)
24
. (3.130)
The constants are
c = kN, h′λ′ =
(λ¯′, λ¯′ + 2ρ)
6k(k + h∨)
, c′
λ′,b˜ = −
24b˜(λ¯′, λ¯′)
3k
+
12(λ¯′, λ¯′ + 2ρ)
3k(k + h∨)
, (3.131)
such that b˜ is some positive real constant (first introduced in (3.60)), and ρ and h∨ are the
Weyl vector and dual Coxeter number associated with so(8)
(3)
aff , respectively. Also, L0,ν –
whose eigenvalue is m′ν ∈ Z≥0 + ν3 – can be interpreted as the Hamiltonian operator of a 2d
38Here, we recall that for any λ = (k, λ¯, i) and µν = (k, µ¯ν , jν), we have mν = 3k(i − jν) whereby
(i− jν) ∈ Z≥0 + ν3 . Thus, for λ′ = (k, λ¯′, 0), we have µ′ν = (k, µ¯′ν , j′ν) such that j′ν = −mν3k ≤ 0, where −j′ν is
known as the grade of the µ′ν-string in the mathematical literature, or the energy level of the |µ′ν〉 state in
the physical context.
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theory that is effectively defined on a torus of modulus τ˜ . Hence, it is clear from (3.128)–
(3.131) that ZBPSG2,λ′ is equal to the λ
′-sector of the partition function of a chiral so(8)(3)aff
WZW model on S1n×Rt with (i) central charge kN ; (ii) ground state energy level shifted by
a number m′λ′ . This observation is consistent with our earlier conclusion about the I-brane
partition function, as expected.
Let us now consider the modified partition function
Z˜BPSG2,λ′(q˜) = q˜
m˜λ′ZBPSG2,λ′(q˜), (3.132)
where (c.f. [60, eqns. (12.7.5) and (13.11.5)])
m˜λ′ = −h′λ′ +
c′
λ′,b˜
24
+
|λ¯′ + ρ|2
2(k + h∨)
− dim so(8)
72
. (3.133)
Notice that Z˜BPSG2,λ′ is just Z
BPS
G2,λ′ but with instanton number shifted by m˜λ′ . In the dual 2d
theory picture, this is tantamount to a trivial redefinition of the ground state energy level.
Hence, Z˜BPSG2,λ′ and Z
BPS
G2,λ′ can be thought to define the “same” physical theory.
From (3.129), one can see that χ˜λ
′,ν
ŝo(8)
(3)
k
= q˜m˜λ′χλ
′,ν
ŝo(8)
(3)
k
is a (Z3-invariant) character of
the ν-sector of ŝo(8)
(3),λ′
k , where m˜λ′ + h
′
λ′ − c′λ′,b˜/24 is the corresponding modular anomaly.
As such, (3.132), (3.128) and [60, Theorem 13.9] mean that the partition function Z˜BPSG2,λ′
ought to transform under S : τ˜ → −1/τ˜ as follows:
Z˜BPSG2,λ′(−1/τ˜) =
∑
λ
Sλ′λ χ˜λŝo(8)(3)k (τ˜ /3) =
∑
λ
Sλ′λ Z˜BPSG2,λ(τ˜ /3). (3.134)
Here, S is a τ˜ -independent matrix (given in [60, Theorem 13.9]) associated with the twisted
affine Lie algebra so(8)
(3)
aff , and λ is a dominant highest coweight of the affine Kac-Moody
group G2aff of level k.
Via (3.132) and (3.126), the relation (3.134) implies, in the large k limit, the following
identity involving the intersection cohomology of the moduli space of instantons:
2∑
ν=0
∑
µ¯′ν
∑
mν≥0
dim IH∗U(Mλ′,mνG2,µ¯′ν (R4/Zk)) =
∑
λ
2∑
ν=0
∑
µ¯ν
∑
mν≥0
Smνλ′λ dim IH∗U(Mλ,mνG2,µ¯ν (R4/Zk))
(3.135)
where the components Smνλ′λ are given by
Smνλ′λ = qˆm˜λ′ q˜(mν+m˜λ+mλ)/3Sλ′λ (3.136)
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Here, qˆ = e2pii/τ˜ . (See also footnote 38.)
In other words, in the limit of large k, the total dimension of the intersection cohomology
of the component of the moduli space of G2-instantons on R4/Zk labeled by a highest weight
λ′ or λ – and therefore, the dimension of the corresponding sector of the Hilbert space of
spacetime BPS states – is found to be intimately related to one another via so(8)
(3)
aff -dependent
modular transformations!
3.3. An Equivalence of Spacetime BPS Spectra and a Geometric Langlands Duality for
Surfaces for the E–F Groups
We shall now derive, purely physically, a geometric Langlands duality for surfaces for
the E–F groups. Let us start with the E6 case. (The derivation for the E7,8 case is similar,
and we shall skip it for brevity.)
A Geometric Langlands Duality for Surfaces for the E6 Group
To this end, first consider type IIA theory on a circle S1r with radius r; this is T-dual
to type IIB theory on a circle S11/r with radius 1/r. Next, further compactify both theories
on a singular K3 manifold with an E6-singularity. Then, let the remaining noncompact
directions be spanned by Rt × R4/Zk. Lastly, lift the IIA configuration to M-theory via an
“eleventh circle” of radius r′ → 0. In all, this means that we have the following physically
dual compactifications:
M-theory : S111;r′→0 ×K3E6 × S1r × Rt × R4/Zk
m (3.137)
Type IIB : K3E6 × S11/r × Rt × R4/Zk.
Let us choose r ≈ 1 so that the compact four-manifold K3E6 and the “eleventh circle” S111;r′→0
are much smaller than the noncompact spaces S1r × R4/Zk and S11/r × R4/Zk; then, we can
view (3.137) as a duality of six-dimensional string compactifications on S111;r′→0 ×K3E6 and
K3E6 , whereby the corresponding spacetime is S
1
r × Rt × R4/Zk and S11/r × Rt × R4/Zk on
the M-theory and IIB side, respectively.
In the low-energy limit, the six-dimensional spacetime theory on the IIB side is the
N = (2, 0) E6 theory on S11/r × Rt × R4/Zk. Note that for an N = (2, 0) theory on
S1 × Rt ×M4, where M4 is any hyperka¨hler four-manifold, the theory is topological along
M4 (and conformal along S
1 × Rt) [23].39 In particular, this means that the BPS spectrum
39In loc. cit., it was shown that one can twist the theory such that there are two topological scalar
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of minimal energy states of the N = (2, 0) E6 theory on S11/r×Rt×R4/Zk – which are states
annihilated by all eight unbroken supercharges whence they satisfy H = P , where H and
P are the Hamiltonian and momentum operators which generate translations along Rt and
S11/r, respectively
40 – is invariant under topological deformations of R4/Zk.
Let us ascertain this BPS spectrum of minimal energy states in the case where R4/Zk
has yet to be topologically deformed. According to footnote 40, and our explanations in
§3.1, the Hilbert space of such BPS states would be given by
HE6BPS =
⊕
λ,µ
IH∗U(MλE6,µ(R4/Zk)). (3.138)
Here, IH∗U(MλE6,µ(R4/Zk)) is the intersection cohomology of the Uhlenbeck compactification
U(MλE6,µ(R4/Zk)) of the moduli space MλE6,µ(R4/Zk) of E6-instantons on R4/Zk in the
{λ, µ}-sector; λ and µ can be regarded as dominant weights of the corresponding Langlands
dual affine Kac-Moody group E∨6 aff of level k; and
λ ≥ µ. (3.139)
Let us now topologically deform R4/Zk and scale it down to zero size. Then, the 6d
N = (2, 0) E6 theory on S11/r × Rt × R4/Zk will essentially reduce to a 2d theory along
S11/r × Rt with N = (8, 0) supersymmetry. Since the BPS spectrum ought to be invariant
under such a topological deformation of R4/Zk, the BPS states that span HE6BPS in (3.138)
should be given by the minimal energy states of this 2d N = (8, 0) theory along S11/r × Rt
which satisfy H = P .
In order to better understand this 2d N = (8, 0) theory along S11/r ×Rt, we can appeal
to the physically dual M-theory compactification in (3.137) – in the limit that R4/Zk goes
to zero size, the aforementioned 2d theory on the IIB side would be given by the 2d theory
along S1r × Rt on the M-theory side. That said, before we proceed any further, recall that
R4/Zk ' TNR→∞k , where TNRK is the singular k-centered Taub-NUT manifold, and R is the
asymptotic radius of its circle fiber. Notice also that we are free to effect the topological
supercharges on a generic four-manifold M4. However, when M4 is hyperka¨hler, there will be an enhancement
to eight supersymmetries on M4 whence the untwisted and twisted theories are one and the same thing;
hence our claim.
40In the context of our derivation of the duality for the A–B–C–D–G groups in §3.1–3.2, these minimal
energy states correspond to the ground states of the M5-brane worldvolume N = (2, 0) theory (described in
footnote 11) which are similarly annihilated by all eight unbroken worldvolume supercharges whence they
satisfy H = P .
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deformation of TNR→∞k to zero size in two steps: first, by shrinking its circle fiber, then, by
shrinking its remaining R3 base.
When we shrink the circle fiber of TNR→∞k completely, we have, on the M-theory side,
a reduction to the following type IIA background:
IIA : S111;r′→0 ×K3E6 × S1r × Rt︸ ︷︷ ︸
k D6-branes
×R3. (3.140)
According to the discussion in [58, §1], and recalling that S111;r′→0 × K3E6 is much smaller
than S1r such that we effectively have a 5d E6 Yang-Mills theory along S
1
r × Rt × R3 in the
low-energy long distance limit, we find that due to the presence of the k D6-branes, there
would be an additional term in the 5d Yang-Mills Lagrangian of the form
ICS =
∫
S1r×Rt×R3
H˜2 ∧ CS(A), (3.141)
where H˜2 is a RR two-form field strength that is magnetically dual to the RR eight-form
field strength sourced by the D6-branes, and CS(A) is the usual Chern-Simons three-form
associated with the E6 gauge field A, i.e.,
CS(A) = Tr(A ∧ dA+ 2
3
A ∧ A ∧ A). (3.142)
In addition, we have the following equation of motion for the H˜2 field:
dH˜2 = k · δ3(B), (3.143)
where δ3(B) is a Poincare´-dual delta three-form that is supported at the intersection B of
the D6-branes and S1r × Rt × R3, i.e., B = S1r × Rt.
Under a gauge transformation of the A field
δA = D, (3.144)
where  is a position-dependent gauge parameter, we have
CS(A)→ CS(A) + dTr(dA), (3.145)
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and because of the equation of motion (3.143) for the H˜2 field, the additional ICS term in
the 5d Yang-Mills theory along S1r × Rt × R3 gets shifted by
δICS = −k
∫
S1r×Rt
Tr(dA). (3.146)
In other words, the Lagrangian of the 5d Yang-Mills theory is not invariant under gauge
transformations; it has a gauge anomaly given by (3.146).
Nevertheless, as explained in [58, §1], there ought to be an anomaly originating from the
D6-branes that exactly cancels δICS so that the whole system is anomaly-free. In particular,
since the worldvolume of the D6-branes is effectively two-dimensional from a compactification
on S111;r′→0×K3E6 , the aforementioned anomaly should come from the part of the D6-branes
that wraps S1r ×Rt – that is, under the gauge transformation (3.144), the Lagrangian of the
2d theory along S1r × Rt ought to be shifted by
− δICS = k
∫
S1r×Rt
Tr(dA). (3.147)
Note that a chiral E6 WZW model at level k exhibits exactly the anomaly (3.147)
under gauge transformations [64]; one can thus conclude that the 2d theory along S1r × Rt
must support such a chiral WZW model. Indeed, as the worldvolume of the D6-branes
is effectively two-dimensional, according to the discussion in [58, §1], the 2d theory along
S1r×Rt can support gauged chiral fermions; via the process of chiral bosonization [65], these
gauged chiral fermions can be expressed in terms of chiral bosons embedded in a theory
of non-chiral bosons (at the free fermion radius) gauged to A; in turn, this system can be
related to a chiral WZW model.
Let us now shrink the R3 base in (3.140). According to the duality with the type IIB
compactification (which is topological along R4/Zk in the long distance limit of interest),
this step should not modify the remaining 2d theory along S1r ×Rt. As such, the equivalent
2d N = (8, 0) theory along S11/r × Rt on the type IIB side, can be understood to support a
chiral E6 WZW model at level k. Moreover, since H = P in any chiral WZW model (as it
has no right-moving excitations), one can conclude that the minimal energy states of the 2d
N = (8, 0) theory along S11/r × Rt which correspond to the BPS states in (3.138), ought to
be furnished by the spectrum of the chiral E6 WZW model at level k. Thus, since we have
an isomorphism of affine Lie algebras e6 aff ' e∨6 aff whence we have an isomorphism of the
corresponding integrable modules [ê6]k ' [Lê6]k of level k, where g∨aff is the Langlands dual
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affine Lie algebra and [Lĝ]m is the integrable module over it of level m, we can write
IH∗U(MλE6,µ(R4/Zk)) = [Lê6]λk,µ (3.148)
where [Lĝ]αm,β is a submodule over g
∨
aff of level m labeled by a highest dominant weight α
and a dominant weight β. Note that (3.148) is exactly [1, Conjecture 4.14(3)] for simply-
connected G = E6! This completes our purely physical derivation of a geometric Langlands
duality for surfaces for the E6 group.
A Geometric Langlands Duality for Surfaces for the F4 Group
Let us now proceed to discuss the F4 case. To this end, let us effect a “Z2-twist” of the
six-dimensional spacetime theories of the dual compactifications in (3.137) as we go around
the S1 circles, i.e., we evoke a Z2-outer-automorphism of Rt×R4/Zk therein as we go around
the S1 circles and identify the circles under an order 2 translation. In other words, we now
have the following physically dual compactifications:
M-theory : S111;r′→0 ×K3E6 × S1r; 2 × Rt × R4/Zk|2
m (3.149)
Type IIB : K3E6 × S11/r; 2 × Rt × R4/Zk|2,
where r ≈ 1; K3E6 and S111;r′→0 are much smaller than S1r; 2×Rt×R4/Zk|2 and S11/r; 2×Rt×
R4/Zk|2; and the subscript ‘2’ denotes the above-described Z2-action (which is trivial on Rt)
along the indicated manifold.
In the low-energy limit, the six-dimensional spacetime theory on the IIB side is a “Z2-
twisted” N = (2, 0) E6 theory on S11/r; 2 × Rt × R4/Zk|2. This theory is topological along
R4/Zk|2 (and conformal along S11/r; 2×Rt) (c.f. [23] and footnote 39). In particular, this means
that the BPS spectrum of minimal energy states of the “Z2-twisted” N = (2, 0) E6 theory
on S11/r; 2 × Rt × R4/Zk|2 – which are states annihilated by all eight unbroken supercharges
whence they satisfy H = P , where H and P are the Hamiltonian and momentum operators
which generate translations along Rt and S11/r; 2, respectively – is invariant under topological
deformations of R4/Zk|2.
Let us ascertain this BPS spectrum of minimal energy states in the case where R4/Zk|2
has yet to be topologically deformed. According to (i) footnote 40; (ii) our explanations
in §3.1; (iii) the fact that a Z2-outer-automorphism of R4/Zk would also result in a Z2-
outer-automorphism of a principal E6-bundle over R4/Zk × Rt such that at long distances,
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the gauge group of the 5d maximally supersymmetric Yang-Mills theory on Rt ×R4/Zk|2 is
effectively F4 [48]; we find that the Hilbert space of such BPS states would be given by
HF4BPS =
⊕
λ
⊕
ν=0,1
⊕
µν
IH∗U(MλF4,µν (R4/Zk)). (3.150)
Here, IH∗U(MλF4,µν (R4/Zk)) is the Z2-invariant intersection cohomology of the Uhlenbeck
compactification U(MλF4,µν (R4/Zk)) of the moduli spaceMλF4,µν (R4/Zk) of F4-instantons on
R4/Zk in the {λ, µν}-sector (as described around (3.13)–(3.15), where SO(N + 1) therein is
replaced by F4); ν = 0 or 1 in the untwisted or twisted sector, respectively; λ and µν can be
regarded as dominant weights of the corresponding Langlands dual affine Kac-Moody group
F∨4 aff of level k; and
λ ≥ µν . (3.151)
Let us now topologically deform R4/Zk|2 and scale it down to zero size. Then, the
6d “Z2-twisted” N = (2, 0) E6 theory on S11/r; 2 × Rt × R4/Zk|2 will essentially reduce to a
2d “Z2-twisted” theory along S11/r; 2 × Rt with N = (8, 0) supersymmetry. Since the BPS
spectrum ought to be invariant under such a topological deformation of R4/Zk|2, the BPS
states that span HF4BPS in (3.150) should be given by the minimal energy states of this 2d
“Z2-twisted” N = (8, 0) theory along S11/r; 2 × Rt which satisfy H = P .
Repeating the arguments from (3.140)–(3.148), whilst bearing in mind that the Z2-
outer-automorphism is trivial on a flat space such as the Rt×R3 manifold in (3.140), we find
that the 2d “Z2-twisted” N = (8, 0) theory along S11/r; 2 ×Rt ought to support a Z2-twisted
chiral E6 WZW model at level k. Moreover, since H = P in any chiral WZW model, twisted
or not, one can conclude that the minimal energy states of the 2d “Z2-twisted” N = (8, 0)
theory along S11/r; 2×Rt which correspond to the BPS states in (3.150), ought to be furnished
by the spectrum of the Z2-twisted chiral E6 WZW model at level k. Thus, since we have
an isomorphism of affine Lie algebras e
(2)
6 aff ' f∨4 aff whence we have an isomorphism of the
corresponding integrable modules [ê6
(2)]k ' [Lf̂4]k of level k, where g(2)aff is a Z2-twisted affine
Lie algebra and [ĝ(2)]m is the integrable module over it of level m, we can write
IH∗U(MλF4,µν (R4/Zk)) = [Lf̂4]λk,µν (3.152)
for ν = 0 and 1. Thus, we have arrived at a G = F4 generalization of [1, Conjecture 4.14(3)]!
This completes our purely physical derivation of a geometric Langlands duality for surfaces
for the F4 group.
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3.4. A McKay-Type Correspondence of Instantons, a Level-Rank Duality of Chiral WZW
Models, and a 4d-2d Nakajima-Type Duality
We shall now derive, purely physically for the simply-laced A–D groups, a McKay-type
correspondence of the intersection cohomology of the moduli spaces of instantons, a level-
rank duality of chiral WZW models, and a 4d-2d Nakajima-type duality involving completely
blown-down ALE spaces. To this end, recall from §3.1–§3.2 that we have the dual M-theory
compactifications
R4/Zk × S1 × Rt︸ ︷︷ ︸
N M5-branes
×R5 ⇐⇒ R5 × Rt × S1 × TNR→0N︸ ︷︷ ︸
k M5-branes
, (3.153)
and
R4/Zk × S1 × Rt︸ ︷︷ ︸
N M5-branes/OM5-plane
×R5 ⇐⇒ R5 × Rt × S1 × SNR→0N︸ ︷︷ ︸
k M5-branes
. (3.154)
The A Groups
According to our discussions in §3.1, the Hlibert space HSU(N) of spacetime BPS states
associated with the LHS of (3.153) is given by
HSU(N) =
⊕
λ,µ
Hλ,µSU(N) =
⊕
λ,µ
IH∗U(MλSU(N),µ(R4/Zk)), (3.155)
where λ ≥ µ, and λ and µ can be regarded as dominant coweights of the corresponding affine
Kac-Moody group SU(N)aff of level k.
On the other hand, note that where the spectrum of ground states of the worldvolume
theory of a stack of M5-branes wrapping M4 × S1 × Rt is concerned, one can – if M4 is a
hyperka¨hler four-manifold – regard the theory to be topological along M4 (and conformal
along S1×Rt) (c.f. [23] and footnote 39); in other words, where computing the spacetime BPS
states is concerned, one can replace on the RHS of (3.153), the singular multi-Taub-NUT
space TNR→0N (whose circle fiber has radius R → 0 at infinity) with TNR→∞N ' R4/ZN .41
Hence, assuming that the geometry of R4/Zk is frozen, according to our discussions in §3.1,
the Hlibert space HSU(k) of spacetime BPS states associated with the RHS of (3.153) would
41As explained in §3.1, there is a technical subtlety associated with monopoles that go around the finite-
sized circle fiber at infinity. However, since our discussion is restricted to the limits R → {0,∞}, we can
ignore this technical subtlety whence our claim is consistent.
75
be given by
HSU(k) =
⊕
λˆ,µˆ
Hλˆ,µˆSU(k) =
⊕
λˆ,µˆ
IH∗U(MλˆSU(k),µˆ(R4/ZN)), (3.156)
where λˆ ≥ µˆ, and λˆ and µˆ can be regarded as dominant coweights of the corresponding affine
Kac-Moody group SU(k)aff of level N .
The duality of the compactifications in (3.153) then means that HSU(N) = HSU(k), i.e.,⊕
λ,µ
IH∗U(MλSU(N),µ(R4/Zk)) =
⊕
λˆ,µˆ
IH∗U(MλˆSU(k),µˆ(R4/ZN)) (3.157)
Note at this point that the McKay correspondence [66] relates a finite subgroup Γ ⊂ SU(2)
to the Lie algebra of the A–D–E groups; in particular, it relates the subgroup Γ = Zr
to the Lie algebra of the Ar−1 group. Since (3.157) relates the moduli space of AN−1-
instantons on a Zk-orbifold to the moduli space of Ak−1-instantons on a ZN -orbifold, one
can regard (3.157) as a McKay-type correspondence of the intersection cohomology of the
(Uhlenbeck compactification of the) moduli spaces of A-instantons! This is a generalization
of Proudfoot’s conjecture in [34] to completely blown-down ALE spaces.
Via our discussions leading up to (3.30), we find that (3.157) also implies that we have
an equivalence of chiral WZW models
WZWŝu(N)k = WZWŝu(k)N (3.158)
Thus, we have a level-rank duality of chiral WZW models for the A groups!
Moreover, (3.157), and the discussion leading up to (3.30), also mean that
⊕
λˆ,µˆ
IH∗U(MλˆSU(k),µˆ(R4/ZN)) =
⊕
λ˜,µ˜
ŝu(N)λ˜k,µ˜ (3.159)
where λ˜ and µ˜ are dominant affine weights such that λ˜ ≥ µ˜. Notice that in (3.159), the
ZN -singularity on the LHS is related to the (affine) AN−1 Lie algebra on the RHS in the
sense of a McKay correspondence; furthermore, the rank k of the gauge group on the LHS
equals the level k of the affine Lie algebra on the RHS; in other words, we have a 4d-2d
Nakajima-type duality involving completely blown-down A-type ALE spaces!
Notice also that if we start with (3.159) and apply (3.158), we would get the same
result as (3.30) (with (N, k) therein relabeled as (k,N)); in other words, we have a physical
realization of the commutative diagram in [35, §1]!
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The D Groups
According to our discussions in §3.2, the Hlibert space HSO(2N) of spacetime BPS states
associated with the LHS of (3.154) is given by
HSO(2N) =
⊕
n,ρ0,ρ∞
Hn,ρ0,ρ∞SO(2N) =
⊕
n,ρ0,ρ∞
IH∗U(Mn,ρ0,ρ∞SO(2N)(R4/Zk)), (3.160)
where n is the SO(2N)-instanton number; ρ0 : Zk → SO(2N) is the homomorphism associ-
ated with the Zk-action in the fiber of the SO(2N)-bundle at the origin; ρ∞ : Zk → SO(2N)
is the homomorphism associated with a choice of flat SO(2N)-connection at infinity.
On the other hand, since Sen’s singular manifold SNR→0N is also hyperka¨hler, according
to our explanations above, where computing the spacetime BPS states on the RHS of (3.154)
is concerned, one can replace SNR→0N (whose circle fiber has radius R→ 0 at infinity) with
SNR→∞N ' R4/DN , where DN is the binary dihedral group of order 2N . (See §A.4.) Hence,
assuming that the geometry of R4/Zk is frozen, according to our discussions in §3.2, the
Hlibert space HSU(k) of spacetime BPS states associated with the RHS of (3.154) would be
given by
HSU(k) =
⊕
nˆ,ρˆ0,ρˆ∞
Hnˆ,ρˆ0,ρˆ∞
SU(k)
=
⊕
nˆ,ρˆ0,ρˆ∞
IH∗U(Mnˆ,ρˆ0,ρˆ∞SU(k) (R4/DN)), (3.161)
where nˆ is the SU(k)-instanton number; ρˆ0 : DN → SU(k) is the homomorphism associated
with the DN -action in the fiber of the SU(k)-bundle at the origin; ρˆ∞ : DN → SU(k) is the
homomorphism associated with a choice of flat SU(k)-connection at infinity.
The duality of the compactifications in (3.154) then means that HSO(2N) = HSU(k), i.e.,
⊕
n,ρ0,ρ∞
IH∗U(Mn,ρ0,ρ∞SO(2N)(R4/Zk)) =
⊕
nˆ,ρˆ0,ρˆ∞
IH∗U(Mnˆ,ρˆ0,ρˆ∞SU(k) (R4/DN)) (3.162)
Note at this point that the McKay correspondence also relates the subgroup Dr ⊂ SU(2)
to the Lie algebra of the group SO(2r). Hence, since (3.162) relates the moduli space of
DN -instantons on a Zk-orbifold to the moduli space of Ak−1-instantons on a DN -orbifold,
one can regard (3.162) as a McKay-type correspondence of the intersection cohomology of
the (Uhlenbeck compactification of the) moduli spaces of A–D instantons! This is another
generalization of Proudfoot’s conjecture in [34] to completely blown-down ALE spaces.
Via our discussions leading up to (3.94), we find that the LHS of (3.162) is equal to⊕
α,β ŝo(2N)
α
k,β. Here, α ≥ β, and α and β can be regarded as dominant weights of the
corresponding affine Kac-Moody group SO(2N)aff of level k.
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By reversing the arguments employed in going from (2.9) to (2.16) whilst replacing
SNR→0N in (2.16) with SN
R→∞
N , we have the following duality relation
Rt × S1 × SNR→∞N︸ ︷︷ ︸
k M5-branes
×R5 ⇐⇒ R5 × TNR→0k × S1 × Rt︸ ︷︷ ︸
N M5-branes/OM5-plane
. (3.163)
Applying to this duality relation the analysis in §3.1–§3.2, whilst bearing in mind that
(i) a D6-D4/O4− I-brane system is T-dual to a D4-D6/O6− I-brane system (studied in
§3.2) whence the gauge groups on the D6- and D4-branes are both of orthogonal type; (ii)
SNR→∞N ' R4/DN ; we find that the RHS of (3.162) is equal to
⊕
αˆ,βˆ ŝo(k)
αˆ
2N,βˆ
. Here, αˆ ≥ βˆ,
and αˆ and βˆ can be regarded as dominant weights of the corresponding affine Kac-Moody
group SO(k)aff of level 2N .
Therefore, from the preceding two paragraphs, we find that (3.162) also implies that
we have an equivalence of chiral WZW models
WZWŝo(2N)k = WZWŝo(k)2N (3.164)
Thus, we have a level-rank duality of chiral WZW models for the D groups!
In turn, (3.164), and the discussion leading up to (3.94), would mean that (3.162) can
also be written as
⊕
n′,ρ′0,ρ′∞
IH∗U(Mn′,ρ′0,ρ′∞SO(k) (R4/Z2N)) =
⊕
nˆ,ρˆ0,ρˆ∞
IH∗U(Mnˆ,ρˆ0,ρˆ∞SU(k) (R4/DN)) (3.165)
where n′ is the SO(k)-instanton number; ρ′0 : Z2N → SO(k) is the homomorphism associated
with the Z2N -action in the fiber of the SO(k)-bundle at the origin; ρ′∞ : Z2N → SO(k) is
the homomorphism associated with a choice of flat SO(k)-connection at infinity.
Moreover, (3.162), and the discussion leading up to (3.94), also mean that
⊕
nˆ,ρˆ0,ρˆ∞
IH∗U(Mnˆ,ρˆ0,ρˆ∞SU(k) (R4/DN)) =
⊕
λ˜,µ˜
ŝo(2N)λ˜k,µ˜ (3.166)
where λ˜ and µ˜ are dominant affine weights such that λ˜ ≥ µ˜. Notice that in (3.166), the
DN -singularity on the LHS is related to the (affine) DN Lie algebra on the RHS in the sense
of a McKay correspondence; furthermore, the rank of the gauge group on the LHS is equal
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to the level of the affine Lie algebra on the RHS which equals to k; in other words, we have
a 4d-2d Nakajima-type duality involving completely blown-down D-type ALE spaces!
Notice also that if we start with (3.166) and apply (3.164), we would get the same result
as if we started with (3.165) and applied (3.94) (with (2N, k) therein relabeled as (k, 2N));
in other words, we have a physical realization of a D-type ALE space generalization of the
commutative diagram in [35, §1]!
4. Generalizations of the Geometric Langlands Duality for Surfaces
4.1. A Non-Singular Generalization of the Geometric Langlands Duality for Surfaces
Let us now derive a non-singular generalization of the geometric Langlands duality
for surfaces for the A–B groups. To this end, let us replace R4/Zk in (2.1) with its fully-
resolved smooth counterpart R˜4/Zk which has k centers being completely separated. By
repeating the arguments behind (2.1)–(2.8), we find that the following six-dimensional M-
theory compactification
M-theory : R5 × Rt × S1n × R˜4/Zk︸ ︷︷ ︸
N M5-branes
, (4.1)
where we evoke a Zn-outer-automorphism of R˜4/Zk (and of the geometrically-trivial R5×Rt
spacetime) as we go around the S1n circle and identify the circle under an order n translation,
is physically dual to the following six-dimensional M-theory compactification
M-theory : TNR→0N × S1n × Rt︸ ︷︷ ︸
k non-coincident M5-branes
×R5, (4.2)
where there is a nontrivial Zn-outer-automorphism of the singular multi-Taub-NUT space
TNR→0N (whose circle fiber at infinity approaches zero radius) as we go around the S
1
n circle.
Notice that in contrast to the R4/Zk case, due to the fully separated k centers of R˜4/Zk, the
k M5-branes will be non-coincident.
The Spectrum of Spacetime BPS States in the M-Theory Compactification (4.1)
In order to describe the Hilbert space of spacetime BPS states furnished by the ground
states of the quantum worldvolume theory of the N coincident M5-branes in (4.1), first
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note that because R˜4/Zk is a hyperka¨hler manifold like R4/Zk, the Gieseker compactifi-
cation G(MG(R˜4/Zk) of the moduli space MG(R˜4/Zk) of G-instantons on R˜4/Zk – where
G = SU(N) if n = 1, and G = SO(N + 1) if n = 2 and N is even – will also inherit a
hyperka¨hler structure, consistent with the N = (4, 4) supersymmetry of the corresponding
sigma-model which describes the quantum worldvolume theory of the M5-branes. The world-
volume ground states, being annihilated by all eight supercharges of the sigma-model, will
span its topological sector, and as explained in the R4/Zk case, the ground states and there-
fore the spacetime BPS states, will thus correspond to harmonic forms in the L2-cohomology
of G(MG(R˜4/Zk). Moreover, since the hyperka¨hler structure of G(MG(R˜4/Zk) is smooth,
its L2-cohomology will coincide with its middle-dimensional cohomology [53].
Second, note that for the instanton action to be finite in an integration over noncom-
pact R˜4/Zk, we need to have flat albeit nontrivial connections far away from the origin of
R˜4/Zk. The hyperka¨hler metrics on R˜4/Zk are asymptotic at infinity to R4/Zk; because
gauge-inequivalent classes of flat connections far away from the origin correspond to conju-
gacy classes of homomorphisms ρ∞ from the fundamental group at infinity to G, and that
moreover, as explained in §3.1, conjugacy classes of the homomorphism ρ : Zl → G are in
one-to-one correspondence with dominant coweights of the affine Kac-Moody group Gaff of
level l, we find that distinct choices of flat connections far away from the origin will corre-
spond to distinct dominant coweights µ = (k, µ¯, j) of Gaff of level k, where j is a number.
Third, recall that in the case of R4/Zk, the k centers coincide with multiplicity k at the
origin such that a Zk-type singularity develops whence we have a Zk-action in the fiber of the
G-bundle at 0. On the other hand, in the case of R˜4/Zk, we have instead k non-coincident
centers of multiplicity 1 each – in other words, we have instead a Z1-action in the fiber of
the G-bundle over each of the k positions ~pm of the non-coincident centers. Since this action
is given by a conjugacy class of the homomorphism ρ : Z1 → G, we can associate k distinct
dominant coweights λ(m) = (1, λ¯(m), i(m)) of Gaff of level 1 with the k non-coincident centers,
where the i(m)’s are numbers. Nonetheless, consistency with the results of §3.1 (where all k
centers coincide) constrains the i(m)’s to be zero.
Fourth, according to our analysis leading up to (3.4), and the fact that the λ(m)’s ought
to be linearly-independent of one another, we find that the G-instantons – which again
correspond to D0-branes within the D4-brane worldvolume in the type IIA picture – are
such that the associated non-negative instanton numbers are
a = −kn′j + b˜(λ¯, λ¯)− b(µ¯, µ¯), (4.3)
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where for G = SU(N), SO(3) and SO(N + 1), n′ = 1, 1 and 2 while j is a non-positive
integer divided by 1, 2 and 2, respectively. Also, λ¯ =
∑k
i=1 λ¯
(i); b˜ and b are some positive
real constants; and ( , ) is the scalar product in finite coweight space. For n = 1 whence we
have G = SU(N) with n′ = 1 and j being a non-positive integer, expression (4.3) is indeed
consistent with results from the mathematical literature (which only addresses the case of
simply-connected groups like SU(N)): eqn. (4.3) coincides with [67, below Conjecture 3.2]
after we set b˜ = b = 1/2 and identify a/k with d/k of loc. cit..42
Last but not least, recall that a G-bundle on R˜4/Zk is topologically classified by p2 ∈
H2(R˜4/Zk, pi1(G)). In particular, p2 vanishes for simply-connected G = SU(N), but not
for nonsimply-connected G = SO(N + 1); in fact, since pi1(SO(N + 1)) = Z2, we find that
SO(N +1)-bundles on R˜4/Zk are topologically classified by the second Stiefel-Whitney class
w2 ∈ H2(R˜4/Zk,Z2). Note also that w2 can be interpreted as a linear sum of Z2-valued
non-abelian magnetic fluxes that pass through the k − 1 two-spheres in R˜4/Zk [68, 6]; this
observation will be important shortly.
Thus, from the five points above, it is clear that G(MG(R˜4/Zk)) ought to be graded by
{λ(1), . . . , λ(k)}, µ, and w2 (where a is correspondingly given by (4.3)). We are now ready
to state the generic Hilbert space HBPS of spacetime BPS states in the M-theory compacti-
fication (4.1). Let us denote by H∗midG(Mw2,λG,µ (R˜4/Zk)), the middle-dimensional cohomology
of the Gieseker compactification G(Mw2,λG,µ (R˜4/Zk)) of the component Mw2,λG,µ (R˜4/Zk) of the
moduli space MG(R˜4/Zk) labeled by λ =
∑k
i=1 λ
(i) = (k, λ¯, 0), µ = (k, µ¯, j) and w2; then,
we can write
HBPS =
⊕
w2,λ,µ
Hw2,λ,µBPS =
⊕
w2,λ,µ
H∗midG(Mw2,λG,µ (R˜4/Zk)), (4.4)
where w2 = 0 if n = 1, and λ ≥ µ (since a is non-negative).
The Partition Function of Spacetime BPS States in (4.1) for G = SU(N)
Consider the n = 1 case whence we have G = SU(N), n′ = 1, and −j ∈ Z≥0. By
repeating the arguments that led us to (3.8), and by noting that P in (3.7) is now equal to
−kj+ 1
2
(λ¯, λ¯) while w2 = 0 for SU(N)-instantons, we can write the corresponding partition
function of spacetime BPS states in any λ-sector as
ZBPSSU(N),λ = q
mλ
∑
µ¯
∑
m≥0
dim H∗midG(M0,λ,mSU(N),µ¯(R˜4/Zk)) qm, (4.5)
42The instanton number of loc. cit. is defined as a/k and not a because they consider the effective instanton
number counted only by D-branes in the fundamental region of R˜4/Zk.
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where m = −kj is a non-negative integer; q = e2piiτ ; and τ = τ1 + iτ2 is the modulus of the
torus formed by identifying the two ends of of the S1n × Rt worldsheet of the sigma-model.
Here,
mλ = hλ − cλ
24
; (4.6)
the non-negative number
hλ =
(λ¯, λ¯+ 2ρ∨)
2(k + h)
, (4.7)
where ρ∨ and h are the Weyl vector and dual Coxeter number of the Langlands dual group
SU(N)∨, respectively; and the number
cλ = −24b˜(λ¯, λ¯) + 12(λ¯, λ¯+ 2ρ
∨)
(k + h)
, (4.8)
where b˜ = 1/2 in this SU(N) case.
In this instance, λ and µ can also be regarded as dominant weights of the corresponding
Langlands dual affine Kac-Moody group SU(N)∨aff of level k.
The Partition Function of Spacetime BPS States in (4.1) for G = SO(N + 1)
Now consider the n = 2 case with even N whence the theory is “Z2-twisted” as we go
around S1n and G = SO(N + 1); as usual, we would have an untwisted and twisted sector
labeled by ν = 0 and 1, respectively. By repeating the arguments that led us to (3.16)–
(3.18), and by noting that w2 6= 0 for SO(N + 1)-instantons, we can write the corresponding
partition function of spacetime BPS states in any λ-sector as
ZBPSSO(N+1),λ = q
mλ
∑
w2
∑
ν=0,1
∑
µ¯ν
∑
mν≥0
dim H∗,νmidG(Mw2,λ,mνSO(N+1),µ¯ν (R˜4/Zk)) qmν . (4.9)
Here, H∗,νmidG(M) is generated by physical observables in the fields ϕν and ην which obey
(3.13)–(3.15), that are also invariant under the Z2 transformations ϕν → −ϕν and ην → −ην ;
the non-negative number mν = −kn′jν , where n′ = 1 or 2 if N = 2 or N > 2, respectively;
jν ∈ Z≥0 + ν2 ; and µν = (k, µ¯ν , jν). The phase factor mλ takes the form in (4.6).
In this instance, λ and µν can also be regarded as (un)twisted dominant weights of the
Z2-twisted affine Kac-Moody group SU(N)(2)aff ; furthermore, SU(N)
(2)
aff is equal to SO(N +
1)∨aff . In other words, λ and µν can also be regarded as dominant weights of the Langlands
dual affine Kac-Moody group SO(N + 1)∨aff of level k.
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Additionally, notice that (4.9) also implies that the effective Hilbert space HeffBPS of
spacetime BPS states ought to be given by
HeffBPS =
⊕
w2
⊕
λ
⊕
ν=0,1
⊕
µν
Hw2,λ,µνBPS =
⊕
w2
⊕
λ
⊕
ν=0,1
⊕
µν
H∗,νmidG(Mw2,λSO(N+1),µν (R˜4/Zk)), (4.10)
where ν = 0 or 1 if the sector is untwisted or twisted, respectively.
The Spectrum of Spacetime BPS States in the M-Theory Compactification (4.2)
We shall now describe the spacetime BPS states given by the ground states of the
quantum worldvolume theory of the M5-branes in the physically dual compactification (4.2).
Repeating the arguments in §3.1, we find that the spacetime BPS states will be given by the
states of the I-brane theory in the following type IIA configuration:
IIA : R3 × S1n × Rt × R5︸ ︷︷ ︸
I-brane on S1 × Rt = k non-coincident D4 ∩ND6
. (4.11)
Here, we have a stack of k non-coincident D4-branes whose worldvolume is given by R3 ×
S1n×Rt, and a stack of N coincident D6-branes whose worldvolume is given by S1n×Rt×R5;
the two stacks intersect along S1n × Rt to form a D4-D6 I-brane system.
It is useful to note at this point that the analysis surrounding (3.21)–(3.25) has also been
carried out for a T-dual D5-D5 I-brane system in [62]. In particular, one can also understand
the embedding (3.24) as a splitting into the factors u(1)
(n)
aff,kN×su(k)(n)aff,N×su(N)(n)aff,k of the free
fermion bilinear currents which nevertheless preserves the total central charge.43 According
to the T-dual analysis in [62] of an I-brane that results from stacks of intersecting D5-branes
which are separated, the free fermion bilinear currents along the I-brane in (4.11) ought to
split into the factors u(1)
(n)
aff,kN × (u(1)(n)aff,N)k−1 × su(N)(n)aff,k × [su(k)(n)aff,N/(u(1)(n)aff,N)k−1]. As
such, the system of kN complex free fermions with central charge kN will, in this case, give
a realization of the total integrable module over the affine Lie algebra
u(1)
(n)
aff,kN ⊗ [u(1)(n)aff,N ]k−1 ⊗ su(N)(n)aff,k ⊗
[
su(k)
(n)
aff,N/[u(1)
(n)
aff,N ]
k−1
]
. (4.12)
The total central charge is still kN – as argued in loc. cit., the central charge does not change
as we move along the Coulomb branch to separate the D-branes. Indeed, it is also invariant
under the exchange k ↔ N .
43Recall from footnote 24 that the Zn-twist does not modify the central charge.
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Note at this juncture that we also have the following (conformal) equivalence of coset
realizations (c.f. [54]):
su(k)
(n)
aff,N
[u(1)
(n)
aff,N ]
k−1
=
[su(N)
(n)
aff,1]
k
su(N)
(n)
aff,k
. (4.13)
Substituting this in (4.12), we find that we effectively have the following total integrable
module over the affine Lie algebra
u(1)
(n)
aff,kN ⊗ [u(1)(n)aff,N ]k−1 ⊗ [su(N)(n)aff,1]k (4.14)
of central charge kN . This means that the total Fock space FkN of the uncoupled kN
complex free fermions can be realized as
F⊗kN = WZW
û(1)
(n)
kN
⊗ [WZW
û(1)
(n)
N
]k−1 ⊗ [WZW
ŝu(N)
(n)
1
]k, (4.15)
where WZW
û(1)
(n)
kN
, [WZW
û(1)
(n)
N
]k−1, and [WZW
ŝu(N)
(n)
1
]k are the irreducible integrable mod-
ules û(1)
(n)
kN , [û(1)
(n)
N ]
k−1 and [ŝu(N)(n)1 ]
k over the corresponding affine Lie algebras that can
be realized by the spectra of states of the corresponding chiral WZW models. Consequently,
the partition function of the uncoupled I-brane theory will be expressed in terms of the
(product of) chiral characters of û(1)
(n)
kN , û(1)
(n)
N and ŝu(N)
(n)
1 .
Next, we must couple the free fermions to the gauge fields which are dynamical. Since
the k D4-branes are non-coincident, the free fermions will generically couple to the gauge
group U(1) × U(1)k−1 × SU(N), where the U(1)k−1 factor is the Cartan tori of SU(k). As
explained in §3.1, since the radius of the circle fiber of TNR→0N goes to zero at infinity, the free
fermions will couple dynamically to the U(1) gauge field. In addition, because the geometry
of TNR→0N is fixed in our setup (recall that the center-of-mass degrees of freedom of the N
NS5-branes which give rise to the TNR→0N geometry via steps (2.3) and (2.4), are frozen),
in contrast to the gauge field on the D4-branes, the SU(N) gauge field on the N D6-branes
should not be dynamical. Hence, we conclude that the free fermions couple dynamically
only to the gauge group U(1)×U(1)k−1. Schematically, this means that we are dealing with
the following partially gauged CFT
u(1)
(n)
aff,kN
u(1)
(n)
aff,kN
⊗ u(1)
(n)
aff,N ]
k−1
[u(1)
(n)
aff,N ]
k−1
⊗ [su(N)(n)aff,1]k. (4.16)
In particular, the u(1)
(n)
aff,kN WZW model and the k − 1 number of u(1)(n)aff,N WZW models
will be replaced by the corresponding topological G/G models. Consequently, all chiral
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characters except those of ŝu(N)
(n)
1 which appear in the overall partition function of the
uncoupled free fermions system on the I-brane, will reduce to constant complex factors after
coupling to the dynamical U(1) and U(1)k−1 gauge fields. As such, modulo these constant
complex factors which serve only to shift the energy levels of the ground states by numbers
dependent on the highest affine weights of û(1)
(n)
kN and û(1)
(n)
N , the effective overall partition
function of the I-brane theory will be expressed solely in terms of the product of k chiral
characters of ŝu(N)
(n)
1 ; that is, the sought-after spectrum of spacetime BPS states in the
M-theory compactification (4.2) would be realized by [WZW
ŝu(N)
(n)
1
]k.
A Geometric Langlands Duality for R˜4/Zk for the AN−1 Groups
Let us now consider n = 1 whence there is no “twist” at all, i.e., ŝu(N)
(n)
1 is simply
ŝu(N)1, the integrable module over the untwisted affine Lie algebra su(N)aff,1 of level 1.
Then, the physical duality of the M-theory compactifications (4.1) and (4.2) means that
their respective spacetime BPS spectra ought to be equivalent, i.e., [WZWŝu(N)1 ]
k ought to
be equal to HBPS of (4.4). Indeed, both HBPS and [WZWŝu(N)1 ]k are labeled by k; moreover,
su(N)aff ∼= su(N)∨aff whence we can identify ŝu(N)1 with the module Lŝu(N)1 over su(N)∨aff;
such a module – associated with the lth WZW model – is labeled by a dominant highest
weight λ˜(l) of SU(N)∨aff of level 1, which we can naturally identify as λ
(l) in λ =
∑k
i=1 λ
(i) of
(4.4). Thus, in any {λ, µ}-sector of the spectra of spacetime BPS states, we can write
H0,λ,µBPS =
[
k⊗
i=1
WZWLŝu(N)λ(i)1
]
µ
, (4.17)
where the subscript ‘µ’ just refers to the µ-weight space of the spectrum of states of the total
WZW model.
As WZWLŝu(N)λ(i)1
is furnished by Lŝu(N)λ
(i)
1 , via (4.4), we can also express (4.17) as
H∗midG(M0,λSU(N),µ(R˜4/Zk)) =
[
k⊗
i=1
Lŝu(N)λ
(i)
1, ~pi
]
µ
(4.18)
where the label ~pi can be interpreted as the position of the i
th center of R˜4/Zk that the
module is associated with. This is an R˜4/Zk non-singular generalization of [1, Conjecture
4.14(3)] for the simply-connected SU(N) = AN−1 groups!
A More General Statement and Witten’s Field-Theoretic Result
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Note that the partition function of the spacetime BPS states realized by [WZWLŝu(N)1 ]
k '
[WZWŝu(N)1 ]
k can be written in any λ-sector as [54]
Zλ = q
δ
[
k⊗
i=1
Trλ(i) e
−2pii∑l ulJ l0qL0−c′/24
]
= qδ
[
k⊗
i=1
Θlevel 1
λ(i)
(0, q)
η(q)N−1
]
. (4.19)
Here, δ represents the overall shift in the ground state energy level due to the aforementioned
G/G topological models; L0 ∈ Z≥0 is the general state energy level; η(q) is the usual Dedekind
eta-function; Θlevel 1
λ(i)
(ξ, q) is the generalized theta-function associated with the highest weight
module over su(N)aff,1 labeled by λ
(i) with central charge c′ = N − 1; and ξ = ∑l ulJ l0 = 0,
because the Coulomb moduli ul of the N coincident D6-branes ought to vanish, as the
corresponding SU(N) gauge group is not broken down to its Cartan tori associated with the
bilinear currents J l0. At any rate, note that the reason why Zλ can be expressed in terms
of modular forms even though our chiral WZW model is defined on a cylinder S1n × Rt and
not an elliptic curve, is because in taking the trace as indicated in (4.19), we are effectively
gluing the two ends of the cylinder together whence it becomes an elliptic curve.
Once again, the equivalence of the spacetime BPS spectra of the compactifications (4.1)
and (4.2) implies that ZBPSSU(N),λ of (4.5) ought to be equal to Zλ of (4.19), i.e.,
k⊗
i=1
Θlevel 1
λ(i)
(0, q)
η(q)N−1
=
∑
µ¯
∑
m′≥0
dim H∗midG(M0,λ,m
′
G,µ¯ (R˜4/Zk)) q
m′−kc′/24 (4.20)
where G = AN−1 type whence rank(G) = N − 1; Θlevel 1λ(i) (0, q)/η(q)rank(G) is the character of
the integrable representation (associated with λ(i)) of the loop group LG at level 1; m′ =
m+mλ, where m/k ∈ Z≥0 and mλ is as given in (4.6); and kc′/24 = δ.44
Incidentally, a T˜Nk specialization of (4.20) (where there ought to be, on the LHS, an
additional contribution from the Fock space of a free chiral boson because of monopoles
that go around the finite-sized circle fiber at infinity), has also been derived by Witten in
[13] via purely field-theoretic considerations (see also [14, eqn. (5.17)]); in particular, he
understood the T˜Nk specialization of (4.20) to be a consequence of an invariance in the BPS
44To understand this equality, first note that δ = k(hα − 1/24) as it originates from the k topological
U(1)/U(1) models; here, hα is the conformal dimension of the ground state of the dominant highest weight
module of a chiral u(1)aff WZW model with dominant highest affine weight α. Next, note that the spectrum
of this WZW model can be described by the spectrum of a free chiral boson on the I-brane S1n×Rt; as such,
hα =
1
2 (nr +mr/2)
2, where m,n ∈ Z≥0 and r is the radius of S1n [54]. Therefore, since the radius r can be
arbitrary, one can always find a solution to hα = N/24 for some n and m – that is, we can set δ = kc
′/24,
as claimed.
86
spectrum of a 6d (2, 0) AN−1 superconformal field theory on T˜Nk × S1 ×Rt under different
limits of a compactification down to five dimensions. Witten’s derivation in [13] thus serves
as a non string-theoretic corroboration of (4.20) for T˜Nk that is rooted in six-dimensional
superconformal field theory.
That said, one cannot, within the purely field-theoretic framework of [13], derive (4.20)
for R˜4/Zk – see [14, Remark 5.3]. On the other hand, the purely field-theoretic analysis
in [13] shows that (4.20) for T˜Nk ought to also hold for the other simply-laced DN and
E6,7,8 groups. In our M-theoretic setup with M5-branes, there is no direct way to realize
an E6,7,8 type symmetry in their worldvolume theory. However, as explained in §3.2, one
can realize a DN type symmetry by adding an OM5-plane to the stack of M5-branes. For
brevity, we shall not work out the DN case; rather, we shall – after the following excursion to
reproduce purely physically a closely-related and celebrated mathematical result – continue
our analysis for the nonsimply-laced BN/2 groups.
Reproducing Nakajima’s Celebrated Result
As mentioned in the last section, where the spectrum of ground states of the worldvol-
ume theory of a stack of M5-branes wrapping M4 × S1 ×Rt is concerned, one can – if M4 is
a hyperka¨hler four-manifold – regard the theory to be topological along M4 (and conformal
along S1×Rt) (c.f. [23] and footnote 39). Moreover, if the gauge group is SU(N), there are no
non-abelian magnetic fluxes that pass through the k − 1 two-spheres in R˜4/Zk. Altogether,
this means that
∑
λ Z
BPS
SU(N),λ of (4.5) ought to be equal to Z
BPS
SU(N) of (3.8) which, via (3.30),
is equal to the partition function of the chiral WZW model whose spectrum is WZWŝu(N)k ;
then, by the level-rank duality of chiral WZW models for the A groups in (3.158), we finally
find that
∑
λ Z
BPS
SU(N),λ ought to be equal to the partition function of the chiral WZW model
whose spectrum is WZWŝu(k)N ; in other words, we can (up to some modular anomaly) write
∑
m′≥0
dim H∗midG(MΛ,m
′
SU(N)(R˜4/Zk)) q
m′−c/24 =
∑
γ
cΛγ Θ
levelN
γ,su(k)(q) (4.21)
where c, cΛγ and Θ
levelN
γ,su(k) are the central charge, string-functions and theta-functions associated
with the integrable module over su(k)aff,N of dominant highest weight Λ; γ are weights of
su(k)aff,N ; and m
′ = m+mΛ, where m is a non-negative integer, while mΛ is a number which
depends on Λ.
To arrive at (4.21) and the accompanying statements, we have made use of the fact
that (i) the McKay correspondence implies that µ¯ in the earlier formulas – which represents
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a conjugacy class of the homomorphism φ∞ : Zk → SU(N) at infinity – can be mapped to Λ
(see [6, §4.4]); (ii) the level-rank duality in (3.158) implies that the dominant highest weight
λ of the integrable module over su(N)aff,k, can likewise be mapped to Λ.
In short, we have obtained in (4.21) Nakajima’s celebrated result in [5] for SU(N)!
A Geometric Langlands Duality for R˜4/Zk for the BN/2 Groups
Let us now restrict ourselves to even N , and consider n = 2 whence there is a “Z2-
twist”, i.e., the relevant module is ŝu(N)
(2)
1 , the integrable module over the Z2-twisted affine
Lie algebra su(N)
(2)
aff,1 of level 1. Let {λ(1)
′
, . . . , λ(k)
′} be a set of dominant highest weights
of this module; λ′ =
∑k
i=1 λ
(i)′ = (k, λ¯
′
, 0); and λ¯
′
=
∑k
i=1 λ¯
(i)′ . Then, by repeating the
arguments that led us to (3.42), bearing in mind that we now have [WZW
ŝu(N)
(2)
1
]k instead
of WZW
ŝu(N)
(2)
k
, we find that we can write
[WZW
ŝu(N)
(2)
1
]k =
⊕
w′2
⊕
λ′
⊕
ν=0,1
[
k⊗
i=1
WZW
ŝu(N)
(2), λ(i)
′
1,ν
]
w′2
, (4.22)
where
w′2 =
k−1∑
a=1
vaα¯a. (4.23)
Here, the k − 1 numbers va correspond to the nonvanishing Coulomb moduli of the k fully
separated D4-branes (with center-of-mass locked in the first U(1) factor of (4.12)) whose
magnitudes correlate with the sizes of the k − 1 two-spheres in R˜4/Zk; α¯a = α¯, where α¯
is the finite part of the dominant highest affine weight α that labels a dominant highest
weight module of a chiral u(1)aff WZW model; the overhead bar means that we project onto
Z2-invariant states (as required of twisted CFT’s); ν = 0 or 1 indicates that the sector is
untwisted or twisted, respectively; ŝu(N)
(2), λ(i)
′
1,ν is a dominant highest weight module labeled
by the dominant highest weight λ(i)
′
, and whose general state energy level is hν ∈ Z≥0 + ν2 ;
and the subscript ‘w′2’ means that the overall ground state energy level is further shifted by
w′2/τ .
Looking at the RHS of (4.23), we see that we can interpret w′2 as a linear sum of Z2-
valued non-abelian magnetic fluxes through the k− 1 two-spheres in R˜4/Zk: starting at the
origin, the D4-branes can move either in the positive or negative direction whence the vr’s
can take either positive or negative values, and by a natural identification of the α¯’s as the
standard area of the k − 1 two-spheres which define a basis of H2(R˜4/Zk,Z), we have our
claim. A somewhat related analysis has also been carried out in [10, §2.4], where it was
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shown that w′2 can indeed be associated with fluxes through the k− 1 two-spheres of R˜4/Zk.
Thus, let us henceforth identify w′2 as w2 of (4.4).
Now the physical duality of the M-theory compactifications (4.1) and (4.2) means that
their respective spacetime BPS spectra ought to be equivalent, i.e., [WZW
ŝu(N)
(2)
1
]k ought
to be equal to HeffBPS of (4.10). Indeed, both HeffBPS and [WZWŝu(N)(2)1 ]
k are labeled by k;
moreover, it is clear that one can identify λ′ of (4.22) with λ of (4.10); it is also clear that as
in §3.1, one can identify hν (which is implicit in (4.22)) with jν (which is implicit in (4.10)).
Hence, in any (w2,λ, ν, µν)-sector of the spectra of spacetime BPS states, we can write
Hw2,λ,µνBPS =
[
k⊗
i=1
WZW
ŝu(N)
(2), λ(i)
1,ν
]
w2, µν
, (4.24)
where the subscript ‘µν ’ just refers to the µν-weight space of the spectrum of states of the total
WZW model in the ν-sector. As WZW
ŝu(N)
(2), λ(i)
1,ν
is furnished by the Z2-invariant projection
ŝu(N)
(2), λ(i)
1,ν |P2 of ŝu(N)(2), λ
(i)
1,ν , and since su(N)
(2)
aff ' so(N + 1)∨aff whence ŝu(N)(2), λ
(i)
1,ν |P2 is
isomorphic to the submodule Lŝo(N + 1)λ
(i)
1,ν over so(N +1)
∨
aff, via (4.10), we can also express
(4.24) as
H∗,νmidG(Mw2,λSO(N+1),µν (R˜4/Zk)) =
[
k⊗
i=1
Lŝo(N + 1)λ
(i)
1, ν, ~pi
]
w2, µν
(4.25)
for ν = 0 and 1, where the label ~pi can be interpreted as the position of the i
th center of
R˜4/Zk that the module is associated with. This is an R˜4/Zk non-singular generalization
of [1, Conjecture 4.14(3)] for the nonsimply-connected SO(N + 1) = BN/2 groups!
A Nonsimply-Laced Generalization of Witten’s Field-Theoretic Result
Note that the partition function of the spacetime BPS states realized by [WZW
ŝu(N)
(2)
1
]k '
[WZWLŝo(N+1)1 ]
k can be written in any (w2,λ, ν)-sector as
Zw2,λ,ν = q
δ+w˜2
[
k⊗
i=1
Trλ(i) q
L0,ν−c′/24
]
= qδ+w˜2
[
k⊗
i=1
(∑
γ
cλ
(i)
γ,ν
LΘ
level 1
γ,ν (q)
)]
. (4.26)
Here, δ + w˜2 represents the overall shift in the ground state energy level due to the afore-
mentioned G/G topological models, and it is equal to kc′/24 + w2/τ (see footnote 44);
L0,ν ∈ Z≥0 + ν2 is the general state energy level; cλ
(i)
γ,ν and
LΘlevel 1γ,ν are string-functions and
theta-functions associated with the ν-sector of the underlying dominant highest weight mod-
ule over so(N + 1)∨aff,1 of central charge c
′ = N − 1; and γ is a weight of so(N + 1)∨aff,1.
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Once again, the equivalence of the spacetime BPS spectra of the compactifications (4.1)
and (4.2) implies that ZBPSSO(N+1),λ of (4.9) in the (w2, ν)-sector ought to be equal to Zw2,λ,ν
of (4.26), i.e.,
k⊗
i=1
(∑
γ
cλ
(i)
γ,ν
LΘ
level 1
γ,ν (q)
)
=
∑
µ¯ν
∑
m′ν≥0
dim H∗,νmidG(Mw˜2,λ,m
′
ν
SO(N+1),µ¯ν
(R˜4/Zk))qm
′
ν−w˜2−kc′/24
(4.27)
where G = BN/2 type;
∑
γ c
λ(i)
γ,ν
LΘ
level 1
γ,ν (q) is the character in the ν-sector of the integrable
representation (associated with λ(i)) of the Langlands dual loop group LG∨ at level 1; m′ν =
mν +mλ, where mν/kn
′ ∈ Z≥0 + ν2 and mλ is as given in (4.6); and n′ = 1 or 2 if N = 2 or
N > 2, respectively.
Last but not least, notice that a T˜Nk specialization of (4.27) (where there ought to be,
on the LHS, an additional contribution from the Fock space of a Z2-twisted free chiral boson
because of monopoles that go around the finite-sized circle fiber at infinity), would just serve
as a nonsimply-laced BN/2 group generalization of Witten’s field-theoretic result in [13].
4.2. A Quasi-Singular Generalization of the Geometric Langlands Duality for Surfaces
We shall now continue to derive a quasi-singular generalization of the geometric Lang-
lands duality for surfaces for the A–B groups. To this end, let us replace R4/Zk in (2.1)
with a partially-resolved k-centered ALE manifold ˜R4/Zk−l,l, where k − l and l centers are
coincident and fully-separated, respectively. By repeating the arguments behind (2.1)–(2.8),
we find that the following six-dimensional M-theory compactification
M-theory : R5 × Rt × S1n × ˜R4/Zk−l,l︸ ︷︷ ︸
N M5-branes
, (4.28)
where we evoke a Zn-outer-automorphism of ˜R4/Zk−l,l (and of the geometrically-trivial
R5 × Rt spacetime) as we go around the S1n circle and identify the circle under an order
n translation, is physically dual to the following six-dimensional M-theory compactification
M-theory : TNR→0N × S1n × Rt︸ ︷︷ ︸
l out of k M5-branes are non-coincident
×R5, (4.29)
where there is a nontrivial Zn-outer-automorphism of the singular multi-Taub-NUT space
TNR→0N (whose circle fiber at infinity approaches zero radius) as we go around the S
1
n circle.
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In contrast to the R˜4/Zk case of the previous subsection, only l out of k centers are (fully)
separated in ˜R4/Zk−l,l; as such, only l out of k M5-branes will be non-coincident in (4.29);
the rest of the k − l M5-branes remain coincident.
The Spectrum of Spacetime BPS States in the M-Theory Compactification (4.28)
In order to describe the Hilbert space of spacetime BPS states furnished by the ground
states of the quantum worldvolume theory of the M5-branes in (4.28), first note that because
˜R4/Zk−l,l, like R˜4/Zk, is also a hyperka¨hler manifold, we can repeat our arguments in the pre-
vious subsection and conclude that the spacetime BPS states are given by the L2-cohomology
of some compactification of the moduli space MG( ˜R4/Zk−l,l) of G-instantons on ˜R4/Zk−l,l,
where G = SU(N) if n = 1, and G = SO(N + 1) if n = 2 and N is even. Since ˜R4/Zk−l,l
is only a partial resolution of R4/Zk, it is (quasi-)singular; thus, like in the R4/Zk case, the
spacetime BPS states would be given by the intersection cohomology IH∗U(MG( ˜R4/Zk−l,l))
of the Uhlenbeck compactification U(MG( ˜R4/Zk−l,l)).
Second, note that for the instanton action to be finite in an integration over noncompact
˜R4/Zk−l,l, we need to have flat albeit nontrivial connections far away from the origin of
˜R4/Zk−l,l. Since ˜R4/Zk−l,l is topologically equivalent to R4/Zk at infinity, according to our
discussion in the previous subsection, distinct choices of such flat connections will correspond
to distinct dominant coweights µ = (k, µ¯, j) of Gaff of level k, where j is a number.
Third, recall that in the case of R4/Zk, the k centers coincide with multiplicity k at the
origin such that a Zk-type singularity develops whence we have a Zk-action in the fiber of
the G-bundle at 0. On the other hand, in the case of ˜R4/Zk−l,l, we have instead (i) k − l
centers that coincide at position ~pc with multiplicity k − l; and (ii) l non-coincident centers
at positions ~p1, . . . , ~pl with multiplicity 1 each. In other words, we have instead (i) a Zk−l-
action in the fiber of the G-bundle over ~pc; and (ii) a Z1-action in the fiber of the G-bundle
over ~p1, . . . , ~pl. Since the Zr-action is given by a conjugacy class of the homomorphism
ρ : Zr → G, one can (i) associate a dominant coweight λc = (k− l, λ¯c, ic) of Gaff of level k− l
with the centers at ~pc, where ic is a number; and (ii) associate l distinct dominant coweights
λ(m) = (1, λ¯(m), i(m)) of Gaff of level 1 with the non-coincident centers at ~p1, . . . , ~pl, where
the i(m)’s are numbers. Nonetheless, consistency with the results of §3.1 (where all k centers
coincide) constrains ic and the i
(m)’s to be zero.
Fourth, according to our analysis leading up to (3.4), and the fact that λc and the λ
(m)’s
ought to be linearly-independent of one another, we find that the G-instantons – which again
correspond to D0-branes within the D4-brane worldvolume in the type IIA picture – are such
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that the associated non-negative instanton numbers are
a = −kn′j + b˜(λ¯, λ¯)− b(µ¯, µ¯), (4.30)
where for G = SU(N), SO(3) and SO(N + 1), n′ = 1, 1 and 2 while j is a non-positive
integer divided by 1, 2 and 2, respectively. Also, λ¯ = λ¯c+
∑l
r=1 λ¯
(r); b˜ and b are some positive
real constants; and ( , ) is the scalar product in finite coweight space. For n = 1 whence we
have G = SU(N) with n′ = 1 and j being a non-positive integer, expression (4.30) is indeed
consistent with results from the mathematical literature (which only addresses the case of
simply-connected groups like SU(N)): eqn. (4.30) coincides with [67, below Conjecture 3.2]
after we set b˜ = b = 1/2 and identify a/k with d/k of loc. cit.. (see also footnote 42).
Last but not least, recall that a G-bundle on ˜R4/Zk−l,l is topologically classified by
p2 ∈ H2( ˜R4/Zk−l,l, pi1(G)). In particular, p2 vanishes for simply-connected G = SU(N),
but not for nonsimply-connected G = SO(N + 1); in fact, since pi1(SO(N + 1)) = Z2,
we find that SO(N + 1)-bundles on ˜R4/Zk−l,l are topologically classified by the class w2 ∈
H2( ˜R4/Zk−l,l,Z2). Note also that w2 can be interpreted as a linear sum of Z2-valued non-
abelian magnetic fluxes that pass through the l two-spheres in ˜R4/Zk−l,l [68, 6]; this obser-
vation will be important shortly.
Thus, from the five points above, it is clear that U(MG( ˜R4/Zk−l,l)) ought to be graded
by {λc, λ(1), . . . , λ(l)}, µ and w2 (where a is correspondingly given by (4.30)). We are now
ready to state the generic Hilbert space HBPS of spacetime BPS states in the M-theory com-
pactification (4.28). Let us denote by IH∗U(Mw2,λG,µ ( ˜R4/Zk−l,l)), the intersection cohomology
of the Uhlenbeck compactification U(Mw2,λG,µ ( ˜R4/Zk−l,l)) of the componentMw2,λG,µ ( ˜R4/Zk−l,l)
of the moduli space MG( ˜R4/Zk−l,l) labeled by λ = λc +
∑l
r=1 λ
(r) = (k, λ¯, 0), µ = (k, µ¯, j)
and w2; then, we can write
HBPS =
⊕
w2,λ,µ
Hw2,λ,µBPS =
⊕
w2,λ,µ
IH∗U(Mw2,λG,µ ( ˜R4/Zk−l,l)), (4.31)
where w2 = 0 if n = 1, and λ ≥ µ (since a is non-negative).
The Partition Function of Spacetime BPS States in (4.28) for G = SU(N)
Consider the n = 1 case whence we have G = SU(N), n′ = 1, and −j ∈ Z≥0. By
repeating the arguments that led us to (3.8), and by noting that P in (3.7) is now equal to
−kj+ 1
2
(λ¯, λ¯) while w2 = 0 for SU(N)-instantons, we can write the corresponding partition
92
function of spacetime BPS states in any λ-sector as
ZBPSSU(N),λ = q
mλ
∑
µ¯
∑
m≥0
dim IH∗U(M0,λ,mSU(N),µ¯( ˜R4/Zk−l,l)) qm, (4.32)
where m = −kj is a non-negative integer; q = e2piiτ ; and τ = τ1 + iτ2 is the modulus of the
torus formed by identifying the two ends of of the S1n × Rt worldsheet of the sigma-model.
Here,
mλ = hλ − cλ
24
; (4.33)
the non-negative number
hλ =
(λ¯, λ¯+ 2ρ∨)
2(k + h)
, (4.34)
where ρ∨ and h are the Weyl vector and dual Coxeter number of the Langlands dual group
SU(N)∨, respectively; and the number
cλ = −24b˜(λ¯, λ¯) + 12(λ¯, λ¯+ 2ρ
∨)
(k + h)
, (4.35)
where b˜ = 1/2 in this SU(N) case.
In this instance, λ and µ can also be regarded as dominant weights of the corresponding
Langlands dual affine Kac-Moody group SU(N)∨aff of level k.
The Partition Function of Spacetime BPS States in (4.28) for G = SO(N + 1)
Now consider the n = 2 case with even N whence the theory is “Z2-twisted” as we go
around S1n and G = SO(N + 1); as usual, we would have an untwisted and twisted sector
labeled by ν = 0 and 1, respectively. By repeating the arguments that led us to (3.16)–
(3.18), and by noting that w2 6= 0 for SO(N + 1)-instantons, we can write the corresponding
partition function of spacetime BPS states in any λ-sector as
ZBPSSO(N+1),λ = q
mλ
∑
w2
∑
ν=0,1
∑
µ¯ν
∑
mν≥0
dim IH∗,νU(Mw2,λ,mνSO(N+1),µ¯ν ( ˜R4/Zk−l,l)) qmν . (4.36)
Here, IH∗,νU(M) is generated by physical observables in the fields ϕν and ην which obey
(3.13)–(3.15), that are also invariant under the Z2 transformations ϕν → −ϕν and ην → −ην ;
the non-negative number mν = −kn′jν , where n′ = 1 or 2 if N = 2 or N > 2, respectively;
jν ∈ Z≥0 + ν2 ; and µν = (k, µ¯ν , jν). The phase factor mλ takes the form in (4.33).
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In this instance, λ and µν can also be regarded as (un)twisted dominant weights of the
Z2-twisted affine Kac-Moody group SU(N)(2)aff ; furthermore, SU(N)
(2)
aff is equal to SO(N +
1)∨aff . In other words, λ and µν can also be regarded as dominant weights of the Langlands
dual affine Kac-Moody group SO(N + 1)∨aff of level k.
Additionally, notice that (4.36) also implies that the effective Hilbert space HeffBPS of
spacetime BPS states ought to be given by
HeffBPS =
⊕
w2
⊕
λ
⊕
ν=0,1
⊕
µν
Hw2,λ,µνBPS =
⊕
w2
⊕
λ
⊕
ν=0,1
⊕
µν
IH∗,νU(Mw2,λSO(N+1),µν ( ˜R4/Zk−l,l)),
(4.37)
where ν = 0 or 1 if the sector is untwisted or twisted, respectively.
The Spectrum of Spacetime BPS States in the M-Theory Compactification (4.29)
We shall now describe the spacetime BPS states given by the ground states of the
quantum worldvolume theory of the M5-branes in the physically dual compactification (4.29).
Repeating the arguments in §3.1, we find that the spacetime BPS states will be given by the
states of the I-brane theory in the following type IIA configuration:
IIA : R3 × S1n × Rt × R5︸ ︷︷ ︸
I-brane on S1 × Rt = (l)k − l (non-)coincident D4 ∩ND6
. (4.38)
Here, we have a stack of l non-coincident and k− l coincident D4-branes whose worldvolume
is given by R3×S1n×Rt, and a stack of N coincident D6-branes whose worldvolume is given
by S1n × Rt × R5; the two stacks intersect along S1n × Rt to form a D4-D6 I-brane system.
According to our analysis in the previous subsection, the free fermion bilinear currents
along the I-brane in (4.38) ought to split into the factors u(1)
(n)
aff,kN × (u(1)(n)aff,N)l−1 × su(k −
l)
(n)
aff,N × su(N)(n)aff,k × {su(k)(n)aff,N/[(u(1)(n)aff,N)l−1 × su(k − l)(n)aff,N ]}. As such, the system of kN
complex free fermions with central charge kN will, in this case, give a realization of the total
integrable module over the affine Lie algebra
u(1)
(n)
aff,kN⊗[u(1)(n)aff,N ]l−1⊗su(k−l)(n)aff,N⊗su(N)(n)aff,k⊗
(
su(k)
(n)
aff,N
[u(1)
(n)
aff,N ]
l−1 ⊗ su(k − l)(n)aff,N
)
. (4.39)
The total central charge is still kN – as argued in loc. cit., the central charge does not change
as we move along the Coulomb branch to separate the D-branes. Indeed, it is also invariant
under the exchange k ↔ N .
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Note at this juncture that from (4.13), we also have the following (conformal) equiva-
lence of coset realizations:
su(k)
(n)
aff,N
[u(1)
(n)
aff,N ]
l−1
=
[su(N)
(n)
aff,1]
k ⊗ [u(1)(n)aff,N ]k−l
su(N)
(n)
aff,k
, (4.40)
and
[su(N)
(n)
aff,1]
k−l
su(k − l)(n)aff,N
=
su(N)
(n)
aff,k−l
[u(1)
(n)
aff,N ]
k−l−1
. (4.41)
Substituting this in (4.39), we find that we effectively have the following total integrable
module over the affine Lie algebra
u(1)
(n)
aff,kN ⊗ [u(1)(n)aff,N ]l ⊗ su(k − l)(n)aff,N ⊗
(
[su(N)
(n)
aff,1]
l ⊗ su(N)(n)aff,k−l
)
(4.42)
of central charge kN . This means that the total Fock space FkN of the uncoupled kN
complex free fermions can be realized as
F⊗kN = WZW
û(1)
(n)
kN
⊗ [WZW
û(1)
(n)
N
]l ⊗WZW
ŝu(k−l)(n)N
⊗
(
[WZW
ŝu(N)
(n)
1
]l ⊗WZW
ŝu(N)
(n)
k−l
)
,
(4.43)
where WZW
û(1)
(n)
kN
, [WZW
û(1)
(n)
N
]l, WZW
ŝu(k−l)(n)N
, [WZW
ŝu(N)
(n)
1
]l and WZW
ŝu(N)
(n)
k−l
are the
irreducible integrable modules û(1)
(n)
kN , [û(1)
(n)
N ]
l, ŝu(k − l)(n)N , [ŝu(N)(n)1 ]l and ŝu(N)(n)k−l over
the corresponding affine Lie algebras that can be realized by the spectra of states of the
corresponding chiral WZW models. Consequently, the partition function of the uncoupled
I-brane theory will be expressed in terms of the (product of) chiral characters of û(1)
(n)
kN ,
û(1)
(n)
N , ŝu(k − l)(n)N , ŝu(N)(n)1 and ŝu(N)(n)k−l.
Next, we must couple the free fermions to the gauge fields which are dynamical. Since
only l out of the k D4-branes are non-coincident, the free fermions will generically couple to
the gauge group U(1)× U(1)l × SU(k − l)× SU(N), where the U(1)l × SU(k − l) factor is
associated with the k D4-branes which are distributed as described. As explained in §3.1,
since the radius of the circle fiber of TNR→0N goes to zero at infinity, the free fermions will
couple dynamically to the U(1) gauge field. In addition, because the geometry of TNR→0N
is fixed in our setup (recall that the center-of-mass degrees of freedom of the N NS5-branes
which give rise to the TNR→0N geometry via steps (2.3) and (2.4), are frozen), in contrast to
the gauge fields on the D4-branes, the SU(N) gauge field on the N D6-branes should not
be dynamical. Hence, we conclude that the free fermions couple dynamically only to the
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gauge group U(1)× U(1)l × SU(k − l). Schematically, this means that we are dealing with
the following partially gauged CFT
u(1)
(n)
aff,kN
u(1)
(n)
aff,kN
⊗ [u(1)
(n)
aff,N ]
l
[u(1)
(n)
aff,N ]
l
⊗ su(k − l)
(n)
aff,N
su(k − l)(n)aff,N
⊗ [su(N)(n)aff,1]l ⊗ su(N)(n)aff,k−l. (4.44)
In particular, the u(1)
(n)
aff,kN WZW model, the l number of u(1)
(n)
aff,N WZW models, and the
su(k − l)(n)aff,N WZW model, will be replaced by the corresponding topological G/G models.
Consequently, all chiral characters except those of ŝu(N)
(n)
1 and ŝu(N)
(n)
k−l which appear in the
overall partition function of the uncoupled free fermions system on the I-brane, will reduce
to constant complex factors after coupling to the dynamical U(1) and U(1)l × SU(k − l)
gauge fields. As such, modulo these constant complex factors which serve only to shift the
energy levels of the ground states by numbers dependent on the highest affine weights of
û(1)
(n)
kN , û(1)
(n)
N and ŝu(k− l)(n)N , the effective overall partition function of the I-brane theory
will be expressed solely in terms of the product of l chiral characters of ŝu(N)
(n)
1 and the
chiral characters of ŝu(N)
(n)
k−l; that is, the sought-after spectrum of spacetime BPS states in
the M-theory compactification (4.29) would be realized by WZW
ŝu(N)
(n)
k−l
⊗ [WZW
ŝu(N)
(n)
1
]l.
A Geometric Langlands Duality for ˜R4/Zk−l,l for the AN−1 Groups
Let us now consider n = 1 whence there is no “twist” at all, i.e., ŝu(N)
(n)
kr
is sim-
ply ŝu(N)kr , the integrable module over the untwisted affine Lie algebra su(N)aff,kr of level
kr. Then, the physical duality of the M-theory compactifications (4.28) and (4.29) means
that their respective spacetime BPS spectra ought to be equivalent, i.e., WZW
ŝu(N)
(n)
k−l
⊗
[WZW
ŝu(N)
(n)
1
]l ought to be equal to HBPS of (4.31). Indeed, both HBPS and WZWŝu(N)(n)k−l ⊗
[WZW
ŝu(N)
(n)
1
]l are labeled by k− l and l; moreover, su(N)aff ∼= su(N)∨aff whence we can iden-
tify ŝu(N)kr with the module
Lŝu(N)kr over su(N)
∨
aff. The module WZWLŝu(N)k−l associated
with the unique WZW model, is labeled by a dominant highest weight λ˜c of SU(N)
∨
aff of
level k− l which we can naturally identify as λc in λ = λc +
∑l
r=1 λ
(r) of (4.31). The module
WZWLŝu(N)1 associated with one of the l WZW models, is labeled by a dominant highest
weight λ˜(r) of SU(N)∨aff of level 1 which we can naturally identify as λ
(r) in λ = λc+
∑l
r=1 λ
(r)
of (4.31). Thus, in any {λ, µ}-sector of the spectra of spacetime BPS states, we can write
H0,λ,µBPS =
[
l⊗
r=0
WZWLŝu(N)λ(r)kr
]
µ
, (4.45)
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where λ(0) = λc; k0 = k− l; kr = 1 for r ≥ 1; and the subscript ‘µ’ just refers to the µ-weight
space of the spectrum of states of the total WZW model.
As WZWLŝu(N)λ(r)kr
is furnished by Lŝu(N)λ
(r)
kr
, via (4.31), we can also express (4.45) as
IH∗U(M0,λSU(N),µ( ˜R4/Zk−l,l)) =
[
l⊗
r=0
Lŝu(N)λ
(r)
kr, ~pr
]
µ
(4.46)
where the label ~pr can be interpreted as the position of the r
th center of ˜R4/Zk−l,l that the
module is associated with, and ~p0 = ~pc. This is an ˜R4/Zk−l,l quasi-singular generalization
of [1, Conjecture 4.14(3)] for the simply-connected SU(N) = AN−1 groups!
A More General Statement
Note that the partition function of the spacetime BPS states realized by WZWLŝu(N)k−l⊗
[WZWLŝu(N)1 ]
l 'WZWŝu(N)k−l ⊗ [WZWŝu(N)1 ]l can be written in any λ-sector as [54]
Zλ = q
δ
[
l⊗
r=0
Trλ(r) q
L0−c′r/24
]
= qδ
[
l⊗
r=0
(∑
γ
cλ
(r)
γ Θ
level kr
γ (q)
)]
. (4.47)
Here, δ represents the overall shift in the ground state energy level due to the aforementioned
G/G topological models; L0 ∈ Z≥0 is the general state energy level; cλ(r)γ and Θlevel krγ are
string-functions and theta-functions associated with the underlying dominant highest weight
module over su(N)aff,kr of central charge c
′
r; γ is a weight of su(N)aff,kr ; and in writing the first
equality, we have set ξ =
∑
a uaJ
a
0 = 0 because the Coulomb moduli ua of the N coincident
D6-branes ought to vanish as the corresponding SU(N) gauge group is not broken down to
its Cartan tori associated with the bilinear currents Ja0 .
Once again, the equivalence of the spacetime BPS spectra of the compactifications
(4.28) and (4.29) implies that ZBPSSU(N),λ of (4.32) ought to be equal to Zλ of (4.47), i.e.,
l⊗
r=0
(∑
γ
cλ
(r)
γ Θ
level kr
γ (q)
)
=
∑
µ¯
∑
m′≥0
dim IH∗U(M0,λ,m′G,µ¯ ( ˜R4/Zk−l,l)) qm
′−cδ/24 (4.48)
where G = AN−1 type;
∑
γ c
λ(r)
γ Θ
level kr
γ (q) is the character of the integrable representation
(associated with λ(r)) of the loop group LG at level kr; m′ = m + mλ, where m/k ∈ Z≥0
and mλ is as given in (4.33); and cδ/24 = (
∑l
r=0 c
′
r)/24 = δ.
97
A Geometric Langlands Duality for ˜R4/Zk−l,l for the BN/2 Groups
Let us now restrict ourselves to even N , and consider n = 2 whence there is a “Z2-twist”,
i.e., the relevant module is ŝu(N)
(2)
kr
, the integrable module over the Z2-twisted affine Lie
algebra su(N)
(2)
aff,1 of level kr. Let {λ′c, λ(1)
′
, . . . , λ(l)
′} be a set of dominant highest weights of
this module; λ′ = λ′c +
∑l
r=1 λ
(r)′ = (k, λ¯
′
, 0); and λ¯
′
= λ¯′c +
∑l
r=1 λ¯
(l)′ . Then, by repeating
the arguments that led us to (3.42), bearing in mind that we now have WZW
ŝu(N)
(2)
k−l
⊗
[WZW
ŝu(N)
(2)
1
]l instead of WZW
ŝu(N)
(2)
k
, we find that we can write
WZW
ŝu(N)
(2)
k−l
⊗ [WZW
ŝu(N)
(2)
1
]l =
⊕
w′2
⊕
λ′
⊕
ν=0,1
[
l⊗
r=0
WZW
ŝu(N)
(2), λ(r)
′
kr,ν
]
w′2
, (4.49)
where λ(0)
′
= λ′c, k0 = k − l, kr = 1 for r ≥ 1, and
w′2 =
l∑
b=1
vbα¯b. (4.50)
Here, the l numbers vb correspond to the nonvanishing Coulomb moduli of the l fully sepa-
rated D4-branes whose magnitudes correlate with the sizes of the l two-spheres in ˜R4/Zk−l,l;
α¯b = α¯, where α¯ is the finite part of the dominant highest affine weight α that labels a dom-
inant highest weight module of a chiral u(1)aff WZW model; the overhead bar means that
we project onto Z2-invariant states (as required of twisted CFT’s); ν = 0 or 1 indicates that
the sector is untwisted or twisted, respectively; ŝu(N)
(2), λ(r)
′
kr,ν
is a dominant highest weight
module labeled by the dominant highest weight λ(r)
′
, and whose general state energy level
is hν ∈ Z≥0 + ν2 ; and the subscript ‘w′2’ means that the overall ground state energy level is
further shifted by w′2/τ .
Looking at the RHS of (4.50), we see that we can interpret w′2 as a linear sum of Z2-
valued non-abelian magnetic fluxes through the l two-spheres in ˜R4/Zk−l,l: starting at the
origin, the D4-branes can move either in the positive or negative direction whence the vi’s
can take either positive or negative values, and by a natural identification of the α¯’s as the
standard area of the l two-spheres which define a basis of H2( ˜R4/Zk−l,l,Z), we have our
claim. A somewhat related analysis has also been carried out in [10, §2.4], where it was also
shown that w′2 can indeed be associated with fluxes through the l two-spheres of ˜R4/Zk−l,l.
Thus, let us henceforth identify w′2 as w2 of (4.31).
Now the physical duality of the M-theory compactifications (4.28) and (4.29) means
that their respective spacetime BPS spectra ought to be equivalent, i.e., WZW
ŝu(N)
(2)
k−l
⊗
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[WZW
ŝu(N)
(2)
1
]l ought to be equal to HeffBPS of (4.37). Indeed, both HeffBPS and WZWŝu(N)(2)k−l ⊗
[WZW
ŝu(N)
(2)
1
]l are labeled by k − l and l; moreover, it is clear that one can identify λ′ of
(4.49) with λ of (4.37); it is also clear that as in §3.1, one can identify hν (which is implicit in
(4.49)) with jν (which is implicit in (4.37)). Hence, in any (w2,λ, ν, µν)-sector of the spectra
of spacetime BPS states, we can write
Hw2,λ,µνBPS =
[
l⊗
r=0
WZW
ŝu(N)
(2), λ(r)
kr,ν
]
w2, µν
, (4.51)
where λ(0) = λc, k0 = k − l, kr = 1 for r ≥ 1, and the subscript ‘µν ’ just refers to the
µν-weight space of the spectrum of states of the total WZW model in the ν-sector. As
WZW
ŝu(N)
(2), λ(r)
kr,ν
is furnished by the Z2-invariant projection ŝu(N)(2), λ
(r)
kr,ν
|P2 of ŝu(N)(2), λ
(r)
kr,ν
,
and since su(N)
(2)
aff ' so(N + 1)∨aff whence ŝu(N)(2), λ
(r)
kr,ν
|P2 is isomorphic to the submodule
Lŝo(N + 1)λ
(r)
kr,ν
over so(N + 1)∨aff, via (4.37), we can also express (4.51) as
IH∗,νU(Mw2,λSO(N+1),µν ( ˜R4/Zk−l,l)) =
[
l⊗
r=0
Lŝo(N + 1)λ
(r)
kr, ν, ~pr
]
w2, µν
(4.52)
for ν = 0 and 1, where the label ~pr can be interpreted as the position of the r
th center of
˜R4/Zk−l,l that the module is associated with, and ~p0 = ~pc. This is an ˜R4/Zk−l,l non-singular
generalization of [1, Conjecture 4.14(3)] for the nonsimply-connected SO(N + 1) = BN/2
groups!
A More General Statement
Note that the partition function of the spacetime BPS states realized by WZW
ŝu(N)
(2)
k−l
⊗
[WZW
ŝu(N)
(2)
1
]l 'WZWLŝo(N+1)k−l ⊗ [WZWLŝo(N+1)1 ]l can be written in any (w2,λ, ν)-sector
as
Zw2,λ,ν = q
δ+w˜2
[
l⊗
r=0
Trλ(r) q
L0,ν−c′r/24
]
= qδ+w˜2
[
l⊗
r=0
(∑
γ
cλ
(r)
γ,ν
LΘ
level kr
γ,ν (q)
)]
. (4.53)
Here, δ + w˜2 represents the overall shift in the ground state energy level due to the afore-
mentioned G/G topological models, where w˜2 = w2/τ ; L0,ν ∈ Z≥0 + ν2 is the general state
energy level; cλ
(r)
γ,ν and
LΘlevel krγ,ν are string-functions and theta-functions associated with the
ν-sector of the underlying dominant highest weight module over so(N + 1)∨aff,kr of central
charge c′r; and γ is a weight of so(N + 1)
∨
aff,kr
.
99
Once again, the equivalence of the spacetime BPS spectra of the compactifications
(4.28) and (4.29) implies that ZBPSSO(N+1),λ of (4.36) in the (w2, ν)-sector ought to be equal to
Zw2,λ,ν of (4.53), i.e.,
l⊗
r=0
(∑
γ
cλ
(r)
γ,ν
LΘ
level kr
γ,ν (q)
)
=
∑
µ¯ν
∑
m′ν≥0
dim IH∗,νU(Mw˜2,λ,m′νSO(N+1),µ¯ν ( ˜R4/Zk−l,l))qm
′
ν−w˜2−cδ/24
(4.54)
where G = BN/2 type;
∑
γ c
λ(r)
γ,ν
LΘ
level kr
γ,ν (q) is the character in the ν-sector of the integrable
representation (associated with λ(r)) of the Langlands dual loop group LG∨ at level kr;
m′ν = mν +mλ, where mν/kn
′ ∈ Z≥0 + ν2 and mλ is as given in (4.33); n′ = 1 or 2 if N = 2
or N > 2, respectively; cδ/24 = (
∑l
r=0 c
′
r)/24 = δ.
Blowing Down to the Fully-Singular Case of §3.1
Now let l = 0 so that all k centers are coincident at ~pc = ~p0 whence ˜R4/Zk−l,l blows
down to the fully-singular R4/Zk manifold considered in §3.1. In this instance, k0 = k, and
there are no two-spheres for the non-abelian magnetic fluxes to pass through, i.e., w2 = 0.
As before, to a flat connection at infinity, we can associate a dominant coweight µ = (k, µ¯, j)
of Gaff of level k, where j is a number. Also, since all k centers are coincident at a single
point ~p0, we have a Zk-action in the fiber of the G-bundle only over ~p0; in other words,
associated to this sole Zk-action is λ = λ = (k, λ¯, 0), a dominant highest coweight of Gaff of
level k. It is then clear that all of our above formulas for ˜R4/Zk−l,l indeed reduce to their
R4/Zk-counterpart in §3.1, as expected. In particular, (4.46), (4.48), (4.52) and (4.54), will
reduce to (3.30), (3.33), (3.44) and (3.47), respectively. This serves as a consistency check
of our results herein.
Blowing Up to the Non-Singular Case of §4.1
Now let l = k − 1 so that all k centers are non-coincident at positions ~p0, . . . , ~pk−1
whence ˜R4/Zk−l,l blows up to the non-singular R˜4/Zk manifold considered in §4.1. In this
instance, kr = 1, where 0 ≤ r ≤ k − 1; also, there are k − 1 two-spheres for the non-abelian
magnetic fluxes to pass through, i.e., w2 6= 0, and it is as given in (4.50). As before, to a
flat connection at infinity, we can associate a dominant coweight µ = (k, µ¯, j) of Gaff of level
k, where j is a number. In addition, since all k centers are non-coincident with multiplicity
1 each, we have a Z1-action in the fiber of the G-bundle over the positions ~p0, . . . , ~pk−1; in
other words, associated to these Z1-actions is λ =
∑k−1
r=0 λ
(r) = (k, λ¯, 0), a dominant highest
coweight of Gaff of level k, where λ
(r) = (1, λ¯(r), 0) is a dominant highest coweight of Gaff
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of level 1 (associated with the underlying Z1-action), and λ¯ =
∑k−1
r=0 λ¯
(r). Last but not
least, since R˜4/Zk is a non-singular manifold, intersection cohomology ought to be replaced
by middle-dimensional cohomology throughout. It is then clear – after noting that (i) the
index ‘i’ in §4.1 is such that i = r+ 1; (ii) there is only one string-function cλ(r)
λ(r)
= η(q)−N+1
which can be associated with ŝu(N)1 – that all of our above formulas for ˜R4/Zk−l,l indeed
reduce to their R˜4/Zk-counterpart in §4.1, as expected. In particular, (4.46)), (4.48), (4.52)
and (4.54), will reduce to (4.18), (4.20), (4.25) and (4.27), respectively. This serves as a yet
another consistency check of our results herein.
4.3. 4d Worldvolume Defects and a “Ramified” Geometric Langlands Duality for Surfaces
In this final subsection, we will derive a “ramified” version of the geometric Langlands
duality for surfaces demonstrated in §3.1–§3.2. The “ramification” in our sense, is effected
by the presence of the 4d worldvolume defect of the kind studied in [29] and described in
§2.3. Let us now try to understand, note, discuss and describe a few essential things before
we proceed to derive our main result.
On the Appearance of the Langlands Dual Affine Lie Algebra in §3
First, let us try to understand, from a hitherto unconsidered perspective, why (the
representations of) the Langlands dual affine Lie algebras appear on the RHS of the “un-
ramified” duality relations (3.30), (3.44), (3.94), (3.108) and (3.125) for the A, B, C, D and
G groups.
To this end, recall that we could express the RHS of the duality relations for the
simply-laced A and D groups in terms of (the representations of) the Langlands dual affine
Lie algebra g∨aff , because gaff ' g∨aff for simply-laced Lie algebras g. Also recall that we
could express the RHS of the duality relations for the B, C and G groups in terms of (the
representations of) the Langlands dual affine Lie algebra g∨aff , because su(N)
(2)
aff ' so(N+1)∨aff
(where N is even), so(2N)
(2)
aff ' usp(2N − 2)∨aff and so(8)(3)aff ' g∨2 aff .
Interestingly, the appearance of (the representations of) g∨aff can also be understood
without appealing to the above-stated isomorphism of twisted affine Lie algebras, as follows.
Consider the dual M-theory compactification (3.2) relevant to the RHS of the duality rela-
tions for the A and B groups; mapping this to a strongly-coupled type IIA compactification,
geometric engineering and the Zn-outer-automorphism of TNR→0N (as we go around the S1n
circle) then tell us that the Lie algebra underlying the enhanced gauge symmetry of the 6d su-
pergravity theory along R4×Rt×S1n ought to be su(N)∨ (for any N) or usp(N) = so(N + 1)∨
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(for even N) when n = 1 or 2, respectively [39]. Now consider the dual M-theory compact-
ification (3.58) relevant to the RHS of the duality relations for the C, D and G groups;
mapping this to a strongly-coupled type IIA compactification, geometric engineering and
the Zn-outer-automorphism of SNR→0N (as we go around the S1n circle) then tell us that the
Lie algebra underlying the enhanced gauge symmetry of the 6d supergravity theory along
R4 × Rt × S1n ought to be so(2N)∨, so(2N − 1) = usp(2N − 2)∨, or g∨2 (if N = 4), when
n = 1, 2, or 3, respectively [39]. In sum, this means that in the type IIA limit of the dual
M-theory compactifications (3.2) and (3.58), the symmetries of the 2d theory along S1n×Rt
ought to be rooted in g∨; in particular, we ought to have, along S1n × Rt, a chiral WZW
theory with g∨aff-symmetry. In other words, the appearance of (the representations of) g
∨
aff on
the RHS of the aforementioned “unramified” duality relations, can also be understood to be
a consequence of a (dual) compactification on a “Zn-twisted” TNR→0N or SNR→0N manifold.
The Characterization of the 4d Worldvolume Defect by Nilpotent Orbits
Second, note that the 4d worldvolume defect is characterized by a homomorphism
ρ : sl(2)→ gC [29], where gC is the complexification of g. In turn, via the Jacobson-Morozov
theorem – which states that the classification of such homomorphisms ρ (up to conjugacy) is
equivalent to the classification of nilpotent elements e in gC (also up to conjugacy) through
the correspondence e = ρ(σ+), where ρ(σ+) ∈ sl(2) ⊂ gC – the 4d worldvolume defect would
be characterized by nilpotent orbits Oe of gC.
45
When gC = sl(N), a nilpotent orbitOe can also be labeled by a partition p = [n1, . . . , nM ]
of N , where N = n1 + n2 + · · · + nM . This just reflects the fact pointed out in §2.3, that
the 4d worldvolume defect can be (i) labeled by a partition p of N when n = 1 (i.e., when
gC = sl(N)); (ii) called a defect of type L, where L – which can be related to p – is the
effective gauge group of the underlying SU(N) theory when restricted along the defect.
When gC 6= sl(N), nilpotent orbits can likewise be labeled by some partition p′. How-
ever, it is presently unclear how one can, in this case, relate p′ to L. That said, we expect
such a relation to exist – presumably via the concept of orbit induction – although we would
not need to appeal to it in this paper.
Also, in the theory of nilpotent orbits, there is a Spaltenstein map [69]
d : {nilpotent orbits of gC} → {nilpotent orbits of g∨C}. (4.55)
45The (adjoint) orbit for an element e ∈ gC is the set of elements in gC that are GC-conjugate to e, i.e.,
are of the form, ad(g) · e for some g in GC. We denote the orbit containing e by Oe = GC · e. See [69] for
more details.
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In particular, we have d(Oe) = Oe∨ , where Oe∨ – which is a nilpotent orbit of g
∨
C – is labeled
by a dual partition p∨. For gC = sl(N), p∨ = pt, where pt is the transpose of p.
The Dual 4d Worldvolume Defect
Third, let us discuss the properties of the dual 4d worldvolume defect in the dual M-
theory compactifications (2.31) and (2.35). As the defect spans Rt × S1n and two other
dimensions in TNR→0N and SN
R→0
N , it would also be “Zn-twisted” in the directions along
TNR→0N and SN
R→0
N . From the perspective of the 4d maximally supersymmetric Yang-Mills
theory along M4, where M4 is either TN
R→0
N or SN
R→0
N , the “Zn-twist” of both the 2d defect
and M4 would mean that the gauge group – which is SU(k) (for any k) or SO(k + 1) (for
even k) when n = 1 or 2, respectively – would reduce, along the 2d defect, to a Levi subgroup
thereof. Consequently, from the viewpoint of the directions in M4 which are transverse to
the defect, the defect would be characterized by nilpotent orbits of sl(k).
On the other hand, according to our earlier explanations, in the type IIA limit of the
dual M-theory compactifications (2.31) and (2.35), it is g∨ which underlies the enhanced
gauge symmetry of the 6d supergravity theory along R4 × Rt × S1n. Consequently, from the
viewpoint of the R4-space transverse to the defect, the defect would be characterized by dual
nilpotent orbits Oe∨ .
The Moduli Space of “Ramified” G-Instantons on R4/Zk
Last but not least, let us describe the moduli space of “ramified” G-instantons on
R4/Zk, where G is the Lie group corresponding to g. To this end, note that according
to [1, §4.4], the moduli space Ma,ρ0G,ρ∞(R4/Zk) of “unramified” G-instantons on R4/Zk which
appears throughout §3, can also be interpreted as the Zk-invariant partMa,ρ0G,ρ∞(R4)Zk of the
moduli space MaG(R4) of “unramified” G-instantons on R4 determined by {ρ0, ρ∞}. Here,
the positive number a is the instanton number; the homomorphism ρ∞ : Zk → G determines
– via the G-action on MaG(R4) – the underlying Zk-action on MaG(R4); the homomorphism
ρ0 : Zk → G determines the Zk-action in the fibers of the underlying Zk-equivariant G-
bundles on R4 at the origin.46
Now introduce a “ramification” along the z-plane in R4/Zk ' Cz/Zk × Cw/Zk;47 in
other words, let the gauge group G reduce to a Levi subgroup L along the plane Cz. Then,
according to the previous paragraph, the moduli space Ma′,ρ′0G,L,ρ′∞(R4/Zk) of “ramified” G-
46Recall that a G-bundle on R4/Zk is the same as F – a Zk-equivariant G-bundle on R4, where F ∈
MaG,ρ∞(R4)Zk . Since the origin 0 is a fixed point of the Zk-action, it follows that the Zk-action acts in the
fiber of F at 0 ∈ R4.
47The simultaneous Zk-action on the z- and w-plane is described below (2.17).
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instantons on R4/Zk, can also be interpreted as the Zk-invariant partMa
′,ρ′0
G,L,ρ′∞
(R4)Zk of the
moduli spaceMa′G,L(R4) of “ramified” G-instantons on R4 determined by {ρ′0, ρ′∞}. Here, the
positive number a′ = a+ Trαm is the “ramified” instanton number, where Tr is a quadratic
form on g [42]; α ∈ t is the holonomy parameter that is the commutant of L, where t is the Lie
algebra of the Cartan subgroup T ⊂ G; m ∈ Λcochar is the “magnetic charge”, where Λcochar is
the cocharacter lattice of G; the homomorphism ρ′∞ : Zk → L determines – via the L-action
onMa′G,L(R4) [70] – the underlying Zk-action onMa′G,L(R4), as well as the flat gauge fields at
infinity which ensure the finiteness of the instanton action; the homomorphism ρ′0 : Zk → L
determines the Zk-action in the fibers of the underlying Zk-equivariant “ramified” G-bundles
on R4 at the origin (where G reduces to L).48
A “Ramified” Geometric Langlands Duality for Surfaces for the A–B Groups
Armed with the above facts and observations, we are now ready to derive our main
result for the A–B groups. As the follow-on analysis is largely similar to that in §3.1, we
shall be brief in our exposition.
Recall from (2.23) and (2.31) that the six-dimensional M-theory compactification
M-theory : R5 × Rt × S1n × R4/Zk︸ ︷︷ ︸
N M5-branes with a 4d defect
, (4.56)
where the 4d worldvolume defect wraps Rt×S1n and the z-plane in R4/Zk ' Cz/Zk×Cw/Zk,
is physically dual to the following six-dimensional M-theory compactification
M-theory : TNR→0N × S1n × Rt︸ ︷︷ ︸
k M5-branes with a 4d defect
×R5, (4.57)
where the 4d worldvolume defect wraps S1n×Rt, the S1-fiber of TNR→0N , and a single direction
along the R3 base of TNR→0N .
According to §3.1, the spacetime BPS states in (4.56) and (4.57) – which are annihilated
by eight of the sixteen supercharges of the 6d N = (1, 1) supersymmetry algebra of the
underlying Yang-Mills theories along R5×Rt – ought to have equivalent spectra. As in §3.1,
it is through this equivalence of spectra that we will be able to derive our main result. As
such, let us first ascertain the spacetime BPS states in (4.56).
48Note that a “ramified” G-bundle on R4/Zk is the same as F ′ – a Zk-equivariant “ramified” G-bundle
on R4, where F ′ ∈ Ma′G,L,ρ′∞(R4)Zk . Since the origin 0 is a fixed point of the Zk-action, it follows that the
Zk-action acts in the fiber of F ′ at 0 ∈ R4.
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Via the arguments which led us to (3.5), we find that for the SU(N) = AN−1 groups,
the Hlibert space HLABPS of spacetime BPS states in (4.56) ought to be given by
HLABPS =
⊕
a′,ρ′0,ρ′∞
IH∗U(Ma′,ρ′0SU(N),LA,ρ′∞(R
4)Zk), (4.58)
where IH∗U(M) is the intersection cohomology of the Uhlenbeck compactification of M,
and LA ⊂ SU(N) is a Levi subgroup determined by the defect.
Via the arguments which led us to (3.19), we find that for the SO(N+1) = BN/2 groups
(where N is even), the Hlibert space HLBBPS of spacetime BPS states in (4.56) ought to be
given by
HLBBPS =
⊕
a′,ρ′0,ρ′∞
IH∗U(Ma′,ρ′0SO(N+1),LB ,ρ′∞(R
4)Zk), (4.59)
where IH∗U(M) ⊂ IH∗U(M) is the Z2-invariant subspace of IH∗U(M) (as described in the
paragraphs leading up to (3.19)), and LB ⊂ SO(N + 1) is a Levi subgroup determined by
the defect.
Let us now ascertain the spacetime BPS states in (4.57). Via the arguments which led
us to (3.20), we arrive at the following equivalent type IIA configuration to (4.57):
IIA : R5 × S1n × Rt × R3︸ ︷︷ ︸
I-brane on S1n × Rt = ND6 ∩ kD4 ∩ 3d defect
. (4.60)
Here, we have a stack of N coincident D6-branes whose worldvolume is given by R5×S1n×Rt;
a stack of k coincident D4-branes whose worldvolume is given by S1n × Rt × R3; and a 3d
worldvolume defect which wraps S1n × Rt × R, where R ⊂ R3. The two stacks of branes
and the defect intersect along S1n × Rt to form a D4-D6 “ramified” I-brane system. Via
the arguments following (3.20), we find that the spacetime BPS states in (4.57) ought to be
captured by this “ramified” I-brane system.
Note at this point that according to our preparatory discussion of the (dual) defect
in (4.57), from the affine Lie algebraic perspective of the “ramified” I-brane theory along
S1n × Rt where n = 1 or 2 (with even N), the gauge group associated with the k D4-branes
is Lk ⊂ SU(k), where Lk is a Levi subgroup, while the gauge group associated with the N
D6-branes is L∨A or L∨B, respectively, where G∨ is the Langlands dual of the group G.
Let us now repeat the arguments that enabled us to go from (3.20) to (3.26). Bearing
in mind the statements of the previous paragraph – which tell us that from the affine Lie
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algebraic perspective of the “ramified” I-brane theory along S1n × Rt where n = 1 or 2
(with even N), the dynamical gauge symmetry associated with the D4-branes is now Lk and
not SU(k), while an amount SU(N)∨/L∨A or SO(N + 1)∨/L∨B is being “unfrozen” from the
original non-dynamical SU(N)∨ or SO(N + 1)∨ gauge symmetry associated with the D6-
branes – we find that when n = 1 or 2 (with even N), the free chiral fermions that underlie the
“ramified” I-brane theory will effectively couple to the gauge group U(1)×Lk×SU(N)∨/L∨A
or U(1)× Lk × SO(N + 1)∨/L∨B, respectively.
Therefore, when n = 1, the “ramified” I-brane theory would be given by a partially
gauged CFT that can be schematically expressed as
u(1)aff,kN
u(1)aff,kN
⊗ su(k)aff,N
l(k)aff,N ′
⊗ su(N)
∨
aff,k
[su(N)∨aff,k/l(N)
∨
aff,k′ ]
. (4.61)
Here, gaff,r is the affine Lie algebra of level r associated with the underlying Lie group;
g∨aff,r is its Langlands dual ; l(k) is the Lie algebra of Lk; and l(N) is the Lie algebra of
LA. Note that the chiral fermions on the “ramified” I-brane are actually gauge-anomalous.
Nevertheless, by repeating the arguments in [15, eqn. (4.12)–(4.24)], we find that the overall
system consisting of the chiral fermions on the “ramified” I-brane and the gauge fields in
the bulk of the D-branes, is gauge-invariant and therefore physically consistent, as expected.
Furthermore, N ′ = N and k′ = k, as the simple roots of Lk and L∨A form a subset of the
simple roots of SU(k) and SU(N)∨, respectively. (See [65, §VI.1].)
At any rate, let ĝr and
Lĝr be the integrable modules over the affine Lie algebras gaff,r and
g∨aff,r which can be realized as the spectra of states WZWĝr and WZWLĝr in the corresponding
chiral WZW models. Then, (4.61) would mean that after coupling to the gauge fields, (i) the
original u(1)aff,kN chiral WZW model will be replaced by the corresponding topological G/G
model; (ii) the original su(k)aff,N chiral WZW model will be replaced by an su(k)aff,N/l(k)aff,N
chiral coset model; and (iii) the original su(N)∨aff,k chiral WZW model will be replaced by an
l(N)∨aff,k chiral WZW model. As such, the chiral character of û(1)kN in the overall partition
function of the uncoupled free fermions system on the “ramified” I-brane, will reduce to a
constant complex factor. Modulo this constant complex factor which serves only to shift
the underlying modular anomaly of the remaining chiral characters, the effective overall
partition function of the “ramified” I-brane theory would be expressed solely in terms of
the chiral characters of ŝu(k)N/l̂(k)N and
Ll̂(N)k. Therefore, when n = 1, the sought-after
spectrum of spacetime BPS states in (4.57) would be realized by
(WZWŝu(k)N/WZWl̂(k)N )⊗WZWL l̂(N)k . (4.62)
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When n = 2 (with even N), the “ramified” I-brane theory would be given by a partially
gauged CFT that can be schematically expressed as
u(1)
(2)
aff,kN
u(1)
(2)
aff,kN
⊗ su(k)
(2)
aff,N
l(k)
(2)
aff,N ′′
⊗ so(N + 1)
∨
aff,k
[so(N + 1)∨aff,k/l(N + 1)
∨
aff,k′′ ]
. (4.63)
Here, g
(2)
aff,r is the Z2-twisted affine Lie algebra of level r associated with the underlying Lie
group, and l(N+1) is the Lie algebra of LB. Note that the chiral fermions on the “ramified”
I-brane are actually gauge-anomalous. Nevertheless, by repeating the arguments in [15,
eqn. (4.12)–(4.24)] whilst noting that S12 is topologically equivalent to an ordinary circle,
we find that the overall system consisting of the chiral fermions on the “ramified” I-brane
and the gauge fields in the bulk of the D-branes, is gauge-invariant and therefore physically
consistent, as expected. Furthermore, similar to the n = 1 case, k′′ = k and N ′′ = N , as
the simple roots of L∨B and Lk form a subset of the simple roots of SO(N + 1)∨ and SU(k),
respectively. (See [65, §VI.1] and footnote 24.)
Now note that (4.63) would mean that after coupling to the gauge fields, (i) the original
u(1)
(2)
aff,kN chiral WZW model will be replaced by the corresponding topological G/G model;
(ii) the original su(k)
(2)
aff,N chiral WZW model will be replaced by an su(k)
(2)
aff,N/l(k)
(2)
aff,N chiral
coset model; and (iii) the original so(N + 1)∨aff,k chiral WZW model will be replaced by an
l(N+1)∨aff,k chiral WZW model. As such, the chiral character of û(1)
(2)
kN in the overall partition
function of the uncoupled free fermions system on the “ramified” I-brane, will reduce to a
constant complex factor. Modulo this constant complex factor which serves only to shift
the underlying modular anomaly of the remaining chiral characters, the effective overall
partition function of the “ramified” I-brane theory would be expressed solely in terms of the
chiral characters of ŝu(k)
(2)
N /l̂(k)
(2)
N and
Ll̂(N + 1)k. Therefore, when n = 2 (with even N),
the sought-after spectrum of spacetime BPS states in (4.57) would be realized by
(WZW
ŝu(k)
(2)
N
/WZW
l̂(k)
(2)
N
)⊗WZWL l̂(N+1)k . (4.64)
We are finally ready to state our main result. When n = 1, the equivalence of the
spectra of spacetime BPS states in (4.56) and (4.57) would mean that the Hilbert space
(4.58) ought to be equal to the chiral CFT spectrum in (4.62), i.e.,
⊕
a′,ρ′0,ρ′∞
IH∗U(Ma′,ρ′0SU(N),LA,ρ′∞(R
4)Zk) = WZWL l̂(N)k ⊗
WZWŝu(k)N
WZWl̂(k)N
(4.65)
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This is a “ramified” generalization of the geometric Langlands duality for surfaces for the
SU(N) = AN−1 groups in (3.30).
When n = 2 (with even N), the equivalence of the spectra of spacetime BPS states in
(4.56) and (4.57) would mean that the Hilbert space (4.59) ought to be equal to the chiral
CFT spectrum in (4.64), i.e.,
⊕
a′,ρ′0,ρ′∞
IH∗U(Ma′,ρ′0SO(N+1),LB ,ρ′∞(R
4)Zk) = WZWL l̂(N+1)k ⊗
WZW
ŝu(k)
(2)
N
WZW
l̂(k)
(2)
N
(4.66)
This is a “ramified” generalization of the geometric Langlands duality for surfaces for the
SO(N + 1) = BN/2 groups in (3.44).
Notice that for a trivial defect whence LA = SU(N), LB = SO(N+1) and Lk = SU(k),
(4.65) and (4.66) would simplify to the “unramified” case in (3.30) and (3.44), respectively.
Moreover, (4.65) and (4.66) also agree with and generalize the mathematical results in [70,
§16] (which analyzes the k = 1 case only).
Last but not least, note that because Lk and LA are associated with the dual and
original defect in (4.57) and (4.56), respectively, Lk ought to be “dual” to LA. Indeed, let
us generalize the arguments behind (3.157) to include a defect of the kind considered herein;
one would then get an equivalence relation similar to (3.157) which involves the LHS of
(4.65); in turn, via the RHS of (4.65) and the level-rank duality (3.158), one can conclude
that Lk and LA are “dual” in the sense that l̂(k)N = l̂(N)k, where l(k) and l(N) define Lk
and LA, respectively.
A “Ramified” Geometric Langlands Duality for Surfaces for the C–D–G Groups
Let us now proceed to derive our main result for the C–D–G groups. To this end, recall
from (2.34) and (2.35) that the six-dimensional M-theory compactification
M-theory : R5 × Rt × S1n × R4/Zk︸ ︷︷ ︸
N M5 + OM5 + 4d defect
, (4.67)
where the 4d worldvolume defect wraps Rt×S1n and the z-plane in R4/Zk ' Cz/Zk×Cw/Zk,
is physically dual to the following six-dimensional M-theory compactification
M-theory : SNR→0N × S1n × Rt︸ ︷︷ ︸
k M5 + 4d defect
×R5, (4.68)
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where the 4d worldvolume defect wraps S1n×Rt, the S1-fiber of SNR→0N , and a single direction
along the R3 base of SNR→0N .
According to §3.2, the spacetime BPS states in (4.67) and (4.68) – which are annihilated
by eight of the sixteen supercharges of the 6d N = (1, 1) supersymmetry algebra of the
underlying Yang-Mills theories along R5×Rt – ought to have equivalent spectra. As in §3.2,
it is through this equivalence of spectra that we will be able to derive our main result. As
such, let us first ascertain the spacetime BPS states in (4.67).
Via the arguments which led us to (3.61), we find that for the SO(2N) = DN groups,
the Hlibert space HLDBPS of spacetime BPS states in (4.67) ought to be given by
HLDBPS =
⊕
a′,ρ′0,ρ′∞
IH∗U(Ma′,ρ′0SO(2N),LD,ρ′∞(R
4)Zk), (4.69)
where IH∗U(M) is the intersection cohomology of the Uhlenbeck compactification of M,
and LD ⊂ SO(2N) is a Levi subgroup determined by the defect.
Via the arguments which led us to (3.75), we find that for the USp(2N − 2) = CN−1
groups, the Hlibert space HLCBPS of spacetime BPS states in (4.67) ought to be given by
HLCBPS =
⊕
a′,ρ′0,ρ′∞
IH∗U(Ma′,ρ′0Usp(2N−2),LC ,ρ′∞(R
4)Zk), (4.70)
where IH∗U(M) ⊂ IH∗U(M) is the Z2-invariant subspace of IH∗U(M) (as described in the
paragraphs leading up to (3.75)), and LC ⊂ USp(2N − 2) is a Levi subgroup determined by
the defect.
Via the arguments which led us to (3.83), we find that for the G2 group, the Hlibert
space HLGBPS of spacetime BPS states in (4.67) ought to be given by
HLGBPS =
⊕
a′,ρ′0,ρ′∞
I˜H∗U(Ma′,ρ′0G2,LG,ρ′∞(R4)Zk), (4.71)
where I˜H∗U(M) ⊂ IH∗U(M) is the Z3-invariant subspace of IH∗U(M) (as described in the
paragraphs leading up to (3.83)), and LG ⊂ G2 is a Levi subgroup determined by the defect.
Let us now ascertain the spacetime BPS states in (4.68). Via the arguments which led
us to (3.84), we arrive at the following equivalent type IIA configuration to (4.68):
IIA : R5 × S1n × Rt × R3/I3︸ ︷︷ ︸
I-brane on S1n × Rt = ND6/O6−∩kD4∩3d defect
. (4.72)
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Here, we have a stack of N coincident D6-branes on top of an O6−-plane whose worldvolume
is given by R5 × S1n × Rt; a stack of k coincident D4-branes whose worldvolume is given by
S1n×Rt×R3/I3, where I3 acts as a reflection about the origin in R3; and a 3d worldvolume
defect which wraps S1n × Rt × R, where R ⊂ R3. The two stacks of branes and the defect
intersect along S1n×Rt to form a D4-D6/O6− “ramified” I-brane system. Via the arguments
following (3.84), we find that the spacetime BPS states in (4.68) ought to be captured by
this “ramified” I-brane system.
Note at this point that according to our preparatory discussion of the (dual) defect
in (4.68), from the affine Lie algebraic perspective of the “ramified” I-brane theory along
S1n×Rt where n = 1, 2 or 3 (with N = 4), the gauge group associated with the k D4-branes
is Lk ⊂ SO(k), where Lk is a Levi subgroup, while the gauge group associated with the N
D6-branes is L∨D, L∨C or L∨G, respectively, where G∨ is the Langlands dual of the group G.
Let us now repeat the arguments that enabled us to go from (3.84) to (3.90). Bearing
in mind the statements of the previous paragraph – which tell us that from the affine Lie
algebraic perspective of the “ramified” I-brane theory along S1n × Rt where n = 1, 2 or 3
(with N = 4), the dynamical gauge symmetry associated with the D4-branes is now Lk and
not SO(k), while an amount SO(2N)∨/L∨D, USp(2N−2)∨/L∨C or G∨2 /L∨G is being “unfrozen”
from the original non-dynamical SO(2N)∨, USp(2N−2)∨ or G2 gauge symmetry associated
with the D6-branes – we find that when n = 1, 2 or 3 (with N = 4), the free chiral
fermions that underlie the “ramified” I-brane theory will effectively couple to the gauge
group Lk × SO(2N)∨/L∨D, Lk × USp(2N − 2)∨/L∨C or Lk ×G∨2 /L∨G, respectively.
Therefore, when n = 1, the “ramified” I-brane theory would be given by a partially
gauged CFT that can be schematically expressed as
so(k)aff,2N
l(k)aff,2N ′
⊗ so(2N)
∨
aff,k
[so(2N)∨aff,k/l(2N)
∨
aff,k′ ]
. (4.73)
Here, gaff,r is the affine Lie algebra of level r associated with the underlying Lie group;
g∨aff,r is its Langlands dual ; l(k) is the Lie algebra of Lk; and l(2N) is the Lie algebra of
LD. Note that the chiral fermions on the “ramified” I-brane are actually gauge-anomalous.
Nevertheless, by arguments similar to those in [15, eqn. (4.12)–(4.24)], we find that the
overall system consisting of the chiral fermions on the “ramified” I-brane and the gauge
fields in the bulk of the D-branes, is gauge-invariant and therefore physically consistent, as
expected. Furthermore, 2N ′ = 2N and k′ = k, as the simple roots of Lk and L∨D form a
subset of the simple roots of SO(k) and SO(2N)∨, respectively. (See [65, §VI.1].)
110
At any rate, let ĝr and
Lĝr be the integrable modules over the affine Lie algebras gaff,r and
g∨aff,r which can be realized as the spectra of states WZWĝr and WZWLĝr in the corresponding
chiral WZW models. Then, (4.73) would mean that after coupling to the gauge fields, (i) the
original so(k)aff,2N chiral WZW model will be replaced by an so(k)aff,2N/l(k)aff,2N chiral coset
model; and (ii) the original so(2N)∨aff,k chiral WZW model will be replaced by an l(2N)
∨
aff,k
chiral WZW model. As such, the effective overall partition function of the “ramified” I-brane
theory would be expressed in terms of the chiral characters of ŝo(k)2N/l̂(k)2N and
Ll̂(2N)k.
Therefore, when n = 1, the sought-after spectrum of spacetime BPS states in (4.68) would
be realized by
(WZWŝo(k)2N/WZWl̂(k)2N )⊗WZWL l̂(2N)k . (4.74)
When n = 2, the “ramified” I-brane theory would be given by a partially gauged CFT
that can be schematically expressed as
so(k)
(2)
aff,2N
l(k)
(2)
aff,2N ′′
⊗ usp(2N − 2)
∨
aff,k
[usp(2N − 2)∨aff,k/l(2N − 2)∨aff,k′′ ]
. (4.75)
Here, g
(2)
aff,r is the Z2-twisted affine Lie algebra of level r associated with the underlying Lie
group, and l(2N−2) is the Lie algebra of LC . Note that the chiral fermions on the “ramified”
I-brane are actually gauge-anomalous. Nevertheless, by arguments similar to those in [15,
eqn. (4.12)–(4.24)] whilst noting that S12 is topologically equivalent to an ordinary circle,
we find that the overall system consisting of the chiral fermions on the “ramified” I-brane
and the gauge fields in the bulk of the D-branes, is gauge-invariant and therefore physically
consistent, as expected. Furthermore, similar to the n = 1 case, k′′ = k and 2N ′′ = 2N ,
as the simple roots of L∨C and Lk form a subset of the simple roots of USp(2N − 2)∨ and
SO(k), respectively. (See [65, §VI.1] and footnote 33.)
Now note that (4.75) would mean that after coupling to the gauge fields, (i) the original
so(k)
(2)
aff,2N chiral WZW model will be replaced by an so(k)
(2)
aff,2N/l(k)
(2)
aff,2N chiral coset model;
and (ii) the original usp(2N − 2)∨aff,k chiral WZW model will be replaced by an l(2N − 2)∨aff,k
chiral WZW model. As such, the effective overall partition function of the “ramified” I-
brane theory would be expressed solely in terms of the chiral characters of ŝo(k)
(2)
2N/l̂(k)
(2)
2N
and Ll̂(2N −2)k. Therefore, when n = 2, the sought-after spectrum of spacetime BPS states
in (4.68) would be realized by
(WZW
ŝo(k)
(2)
2N
/WZW
l̂(k)
(2)
2N
)⊗WZWL l̂(2N−2)k . (4.76)
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When n = 3 (with N = 4), the “ramified” I-brane theory would be given by a partially
gauged CFT that can be schematically expressed as
so(k)
(3)
aff,2N
l(k)
(3)
aff,2N ′′′
⊗ g
∨
2 aff,k
[g∨2 aff,k/l(G)
∨
aff,k′′′ ]
. (4.77)
Here, g
(3)
aff,r is the Z3-twisted affine Lie algebra of level r associated with the underlying Lie
group, and l(G) is the Lie algebra of LG. Note that the chiral fermions on the “ramified”
I-brane are actually gauge-anomalous. Nevertheless, by arguments similar to those in [15,
eqn. (4.12)–(4.24)] whilst noting that S13 is topologically equivalent to an ordinary circle,
we find that the overall system consisting of the chiral fermions on the “ramified” I-brane
and the gauge fields in the bulk of the D-branes, is gauge-invariant and therefore physically
consistent, as expected. Furthermore, similar to the n = 1 and 2 cases, k′′′ = k and
2N ′′′ = 2N , as the simple roots of L∨G and Lk form a subset of the simple roots of G∨2 and
SO(k), respectively. (See [65, §VI.1] and footnote 33.)
Now note that (4.77) would mean that after coupling to the gauge fields, (i) the original
so(k)
(3)
aff,2N chiral WZW model will be replaced by an so(k)
(3)
aff,2N/l(k)
(3)
aff,2N chiral coset model;
and (ii) the original g∨2 aff,k chiral WZW model will be replaced by an l(G)
∨
aff,k chiral WZW
model. As such, the effective overall partition function of the “ramified” I-brane theory
would be expressed solely in terms of the chiral characters of ŝo(k)
(3)
2N/l̂(k)
(3)
2N and
Ll̂(G)k.
Therefore, when n = 3 (with N = 4), the sought-after spectrum of spacetime BPS states in
(4.68) would be realized by
(WZW
ŝo(k)
(3)
2N
/WZW
l̂(k)
(3)
2N
)⊗WZWL l̂(G)k . (4.78)
We are finally ready to state our main result. When n = 1, the equivalence of the
spectra of spacetime BPS states in (4.67) and (4.68) would mean that the Hilbert space
(4.69) ought to be equal to the chiral CFT spectrum in (4.74), i.e.,
⊕
a′,ρ′0,ρ′∞
IH∗U(Ma′,ρ′0SO(2N),LD,ρ′∞(R
4)Zk) = WZWL l̂(2N)k ⊗
WZWŝo(k)2N
WZWl̂(k)2N
(4.79)
This is a “ramified” generalization of the geometric Langlands duality for surfaces for the
SO(2N) = DN groups in (3.94).
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When n = 2, the equivalence of the spectra of spacetime BPS states in (4.67) and (4.68)
would mean that the Hilbert space (4.70) ought to be equal to the chiral CFT spectrum in
(4.76), i.e.,
⊕
a′,ρ′0,ρ′∞
IH∗U(Ma′,ρ′0Usp(2N−2),LC ,ρ′∞(R
4)Zk) = WZWL l̂(2N−2)k ⊗
WZW
ŝo(k)
(2)
2N
WZW
l̂(k)
(2)
2N
(4.80)
This is a “ramified” generalization of the geometric Langlands duality for surfaces for the
USp(2N − 2) = CN−1 groups in (3.108).
When n = 3 (with N = 4), the equivalence of the spectra of spacetime BPS states in
(4.67) and (4.68) would mean that the Hilbert space (4.71) ought to be equal to the chiral
CFT spectrum in (4.78), i.e.,
⊕
a′,ρ′0,ρ′∞
I˜H∗U(Ma′,ρ′0G2,LG,ρ′∞(R4)Zk) = WZWL l̂(G)k ⊗
WZW
ŝo(k)
(3)
2N
WZW
l̂(k)
(3)
2N
(4.81)
This is a “ramified” generalization of the geometric Langlands duality for surfaces for the
G2 group in (3.125).
Notice that for a trivial defect whence LD = SO(2N), LC = USp(2N − 2), LG = G2
and Lk = SO(k), (4.79), (4.80) and (4.81) would simplify to the “unramified” case in (3.94),
(3.108) and (3.125), respectively. Moreover, (4.79), (4.80) and (4.81) also agree with and
generalize the mathematical results in [70, §16] (which analyzes the k = 1 case only).
Last but not least, note that because Lk and LD are associated with the dual and
original defect in (4.68) and (4.67), respectively, Lk ought to be “dual” to LD. Indeed,
let us generalize the arguments behind (3.162) and (3.163) to include a defect of the kind
considered herein; one would then get a “ramified” version of (3.162) and (3.163), and
together with (4.79) and (3.164), one can conclude that Lk and LD are “dual” in the sense
that l̂(k)2N = l̂(2N)k, where l(k) and l(2N) define Lk and LD, respectively.
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Part II
The AGT Correspondence
5. An M-Theoretic Derivation of the Pure AGT Correspondence
5.1. Turning on Omega-Deformation
Let k = 1 in (3.1), (3.2), (3.57) and (3.58); in other words, consider the physically dual
six-dimensional M-theory compactifications
R4 × S1n × Rt︸ ︷︷ ︸
N M5-branes
×R5 ⇐⇒ R5 × Rt × S1n × TNR→0N︸ ︷︷ ︸
1 M5-branes
, (5.1)
and
R4 × S1n × Rt︸ ︷︷ ︸
N M5-branes + OM5-plane
×R5 ⇐⇒ R5 × Rt × S1n × SNR→0N︸ ︷︷ ︸
1 M5-branes
. (5.2)
As explained in §2.1 and §2.2, on the LHS of (5.1) and (5.2), there is a Zn-outer-automorphism
of R4 as we go around the S1n circle and identify the circle under an order n translation; on
the RHS of (5.1) and (5.2), there is a Zn-outer-automorphism of the singular multi-Taub-
NUT space TNR→0N and Sen’s singular four-manifold SN
R→0
N (whose circle fibers at infinity
approach zero radius) as we go around the S1n circle.
Recall from our arguments that brought us from (2.1) to (2.8), and from (2.9) to (2.16),
that the above M5-branes and M5-branes + OM5-plane in (5.1) and (5.2) span the following
directions:
0 1 2 3 4 5 6 7 8 9 10
N M5’s/OM5 − − − − − −
1 M5 − − − − − −
(5.3)
Here, the ‘−’ sign in the column labeled by j means that the particular brane extends
along the jth direction with coordinate xj. We take x0 and x1 to be the coordinates on
Rt and S1n, so that (x2, x3, x4, x5) would be the coordinates on R4; then, if z = x2 + ix3
and w = x4 + ix5, R4 can be viewed as a complex surface C2 whose coordinates are (z, w).
On the other hand, (x6, x7, x8, x9) would be the coordinates on TN
R→0
N and SN
R→0
N , and if
u = x6 + ix7 and v = x8 + ix9, TN
R→0
N and SN
R→0
N can likewise be viewed as a complex
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surface whose singularity at the origin would be modeled by C2/ZN and C2/DN , respectively,
where (u, v) are the coordinates on C2.
Omega-Deformation via a Fluxbrane
Now, on the LHS of (5.1) and (5.2), turn on Omega-deformation [9, 4] with real pa-
rameters 1 and 2 along the z- and w-planes, respectively, via a fluxbrane as described
in [36, 37]:
0 1 2 3 4 5 6 7 8 9 10
N M5’s/OM5 − − − − − −
fluxbrane × ⊗ 1 2 3 × × ◦
(5.4)
Here, the ‘×’s denote the fluxbrane directions; ‘⊗’ denotes the S1n circle direction; and ◦
denotes the “eleventh circle”. In addition, there is also a rotation along the u-plane with
rotation parameter 3 = 1 + 2, and it is tantamount to a topological twist (that involves an
R-symmetry) which helps preserve some supersymmetry that would otherwise be completely
broken by the (1, 2) rotations along the (z, w) planes.
In short, the LHS of (5.1) and (5.2) in the presence of the fluxbrane denoted in (5.4),
can be written as
R4|1,2 × S1n × Rt︸ ︷︷ ︸
N M5-branes
×R5|3;x6,7 , and R4|1,2 × S1n × Rt︸ ︷︷ ︸
N M5-branes + OM5-plane
×R5|3;x6,7 , (5.5)
where R4|1,2 is a completely Omega-deformed R4, and R5|3;x6,7 is an R5 that is partially
Omega-deformed along the x6-x7 plane with parameter 3.
Repeating in the presence of this fluxbrane, the chain of arguments that brought us
from (2.1) to (2.8), and from (2.9) to (2.16) – bearing in mind that since we do not perform
a T-duality along the S1n circle in the x1-direction which would convert the fluxbrane into a
fluxtrap, (i) the T-dualities we perform in the directions along the fluxbrane would not induce
additional deformations to the B-field at any step of the duality chain; (ii) in performing
steps (2.6) and (2.14), the R3 base of the TN1 space and the D6-brane normal to it would
be deformed, purely geometrically, such that the ten-dimensional background metric will
(omitting the contributions from TNR→0N and SN
R→0
N ) be given by
49
U(r)1/2
2pi
[
dr2 + r2dω2 + r2(1βdx1 + 2βdx1 + dφ)
2sin2ω
]
+
1
2pi U(r)1/2
[
dx20,...1 + dx
2
8,...,10 + dρ
2
3 + ρ
2
3(dλ3 − 3βdx1)2
]
, (5.6)
49I would like to acknowledge Domenico Orlando’s assistance with the following formula.
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where (r, φ, ω) are the usual spherical coordinates on R3 spanning the x3-x4-x5 directions,
(ρ3, λ3) are the radial-angular coordinates along the u-plane, the function U(r) is the back-
ground contribution of the D6-branes, β is the radius of the S1n circle, and the second term in
(5.6) is the worldvolume metric of the D6-branes; and (iii) according to (5.6), the T-duality
we perform after steps (2.6) and (2.14) in the x10-direction normal to the fluxbrane will not
induce additional deformations to the B-field either – we can, after proceeding with steps
(2.7) and (2.8), and steps (2.15) and (2.16), express the dual configuration on the RHS of
(5.1) and (5.2) in the presence of the now dual fluxbrane, as
0 1 2 3 4 5 6 7 8 9 10
1 M5 − − − − − −
dual fluxbrane × ⊗ 1, 2 3 × × ◦
(5.7)
Here, “1, 2” along the x2-x3-x4-x5 directions means that there are two simultaneous rota-
tions along the x4-x5 plane with rotation parameters 1 and 2.
In short, the RHS of the duality relations (5.1) and (5.2) in the presence of the dual
fluxbrane denoted in (5.7), can be written as
R5|3;x4,5 × Rt × S1n × TNR→0N |3;x6,7︸ ︷︷ ︸
1 M5-branes
and R5|3;x4,5 × Rt × S1n × SNR→0N |3;x6,7︸ ︷︷ ︸
1 M5-branes
, (5.8)
where the subscript in TNR→0N |3;x6,7 and SNR→0N |3;x6,7 indicates that they are partially
Omega-deformed along the x6-x7 plane with parameter 3.
In (5.5), since each independent  parameter breaks 1/2 of the total number of supersym-
metries [37], there are, in the eleven-dimensional background, effectively 32× 1/2× 1/2 = 8
conserved supercharges. Thus, the worldvolume theory of the N M5-branes and N M5-
branes + OM5-plane on R4|1,2 × S1n ×Rt has 8× 1/2 = 4 conserved supercharges, and the
corresponding 6d spacetime theory along Rt ×R5|3;x6,7 (which spans the x0-x6-x7-x8-x9-x10
directions) has N = (1, 0) supersymmetry.
On the other hand in (5.8), because the 3-rotation along the x6-x7 plane in hyperka¨hler
TNR→0N and SN
R→0
N does not break any additional supersymmetries (c.f. [37]), and because
there is a rotation only of a single plane in the x4-x5 directions which, consequently, breaks
just 1/2 of the existing number of supersymmetries, there are, in the eleven-dimensional
background, effectively 32× 1/2× 1/2 = 8 conserved supercharges. Thus, the worldvolume
theory of the single M5-brane on Rt × S1n × TNR→0N |3;x6,7 and Rt × S1n × SNR→0N |3;x6,7 has
8× 1/2 = 4 conserved supercharges, and the dual 6d spacetime theory along Rt × R5|3;x4,5
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(that spans the x0-x2-x3-x4-x5-x10 directions) also has N = (1, 0) supersymmetry, consistent
with the duality of the 6d compactifications (5.5) and (5.8). Moreover, (5.8), like its dual
compactification (5.5), is invariant under the exchange 1 ↔ 2.
Omega-Deformation and Spacetime Half-BPS States in a Variant of (5.5)
The Omega-deformation due to the fluxbrane in (5.4) can also be explained in terms
of the partition function of spacetime half-BPS states in a compactification that is a slight
variant of (5.5).
To this end, first recall from §3.1 and §3.2 that the spacetime quarter-BPS states on
the LHS of (i) (5.1) and (ii) (5.2) will correspond to the quantum states of the worldvolume
theory of the (i) N M5-branes and (ii) N M5-branes + OM5-plane given by the topological
sector of an N = (4, 4) sigma-model with worldsheet Σ = S1n ×Rt and target manifold MG
the moduli space of G-instantons on R4, where (i) for n = 1 or 2 (with even N), G = SU(N)
or SO(N + 1), and (ii) for n = 1, 2 or 3 (with N = 4), G = SO(2N), USp(2N − 2) or G2.
In other words, where the spacetime quarter-BPS states on the LHS of (5.1) and (5.2) are
concerned, we can regard the sigma-model to be topological whence we are free to deform
Σ into a short cylinder S1n × It, where It is an interval whose length is much smaller than β.
Since the far past and far future are now brought to finite distances whence the eleven-
dimensional fields no longer decay to zero at the beginning and end of time, one would
need to specify nontrivial boundary conditions at the ten-dimensional ends of It. Therefore,
let us pick, for our purpose, a physically consistent common half-BPS boundary condition
that preserves only a certain one-half of the sixteen worldvolume supersymmetries, such
that the remaining eight worldvolume supersymmetries continue to define the N = (4, 4)
supersymmetry of the underlying sigma-model whose worldsheet is now Σn,t = S
1
n × It,
whence the spacetime quarter-BPS states mentioned in the last paragraph – which, at the
tips of It, are now spacetime half-BPS states due to the supersymmetry-breaking boundary
condition we picked – would again be captured by the topological sector of the sigma-model.
This common half-BPS boundary condition can, for example, be effected by inserting a
pair of M9-branes [38] whose worldvolumes at the tips of It span the ten directions along
S1n × R4 × R5, whence the M5-branes/OM5-plane would intersect them along S1n × R4.
If Omega-deformation is now turned on via a fluxbrane as shown in (5.4), i.e., if we
consider instead of (5.5) the following compactifications
R4|1,2 × Σn,t︸ ︷︷ ︸
N M5-branes
×R5|3;x6,7 , and R4|1,2 × Σn,t︸ ︷︷ ︸
N M5-branes + OM5-plane
×R5|3;x6,7 , (5.9)
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our discussion hitherto would mean in particular that as one traverses around the S1n circle,
the x2-x3 and the x4-x5 planes in R4|1,2 would be rotated by angles 1 and 2 together
with an SU(2)R-symmetry rotation of the G gauge theory along R4|1,2 ,50 such that at low-
energy distances much larger than It, the partition function of spacetime half-BPS states
in (5.9) (which a priori is defined as a trace that is tantamount to gluing the two ends of
Σn,t = S
1
n × It into a two-torus S1n × St) would be given by the following 5d (since St  β)
worldvolume expression (c.f. [71, eqns. (29) and (43)])
ZBPS(1, 2,~a, β) =
∑
m
TrHm exp β(1J1 + 2J2 + ~a · ~T ), (5.10)
where ~T = (T1 . . . , TrankG) are the generators of the Cartan subgroup ofG; ~a = (a1, . . . , arankG)
are the corresponding purely imaginary Coulomb moduli of the G gauge theory on R4|1,2 ;
J1,2 are the rotation generators of the x2-x3 and x4-x5 planes, respectively, corrected with an
appropriate amount of the SU(2)R-symmetry to commute with the two surviving worldvol-
ume supercharges; and Hm is the space of holomorphic functions on the moduli spaceMG,m
of G-instantons on R4 with instanton number m.
In fact, as g = exp β(1J1+2J2+~a · ~T ) is a symmetry group ofMG,m, the appearance of
g ∈ U(1)×U(1)×T in (5.10) means that Omega-deformation also effects a g-automorphism
of MG,m as we traverse around the S1n circle, where T ⊂ G is the Cartan subgroup. This
point will be important in the next two subsections.
Omega-Deformation in the Dual of (5.9) and Rotations in the Type IIA Spacetime Theory
According to the duality of the six-dimensional compactifications (5.5) and (5.8), the
dual of (5.9) would be given by
R5|3;x4,5 × Σn,t × TNR→0N |3;x6,7︸ ︷︷ ︸
1 M5-branes
and R5|3;x4,5 × Σn,t × SNR→0N |3;x6,7︸ ︷︷ ︸
1 M5-branes
, (5.11)
where we have the same common half-BPS boundary condition as in (5.9) at the tips of It,
that is effected by a pair of M9-branes whose worldvolumes at the tips of It span the ten
directions transverse to it.
Let us for a moment turn off Omega-deformation in (5.11), i.e., set 3 = 0. Notice then
that (5.11) is equivalent to a (strongly-coupled) type IIA compactification where geomet-
ric engineering and the Zn-outer-automorphism of the compactification four-manifolds (i)
50Here, the R-symmetry is that of a 4d N = 2 supersymmetry algebra that underlies the G gauge theory
along R4|1,2 which the surviving worldvolume supercharges are supposed to be associated with.
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TNR→0N and (ii) SN
R→0
N (as we go around the S
1
n circle) tell us [39] that the Lie algebra un-
derlying the enhanced gauge symmetry of the resulting 6d spacetime theory along R4×Σn,t
ought to be (i) the Langlands dual Lie algebra su(N)∨ or so(N + 1)∨ when n = 1 or 2 (with
even N), and (ii) the Langlands dual Lie algebra so(2N)∨ or usp(2N−2)∨ or g∨2 when n = 1
or 2 or 3 (with N = 4). In particular, the symmetries of the 2d theory along Σn,t ought to
be rooted in g∨, where g is the Lie algebra of G.
Now turn Omega-deformation back on. Then, as one traverses around the S1n circle,
among other things, the x4-x5 plane in R4|3;x4,5 would be rotated by an angle of 1 + 2 = 3
together with an SU(2)R-symmetry rotation of the gauge theory along R4|3;x4,5 .51 This
type IIA spacetime perspective of the Omega-deformation would be relevant in the next two
subsections.
5.2. An Equivalence of Spacetime BPS Spectra and a Pure AGT Correspondence for the
A–B Groups
We shall now derive, purely physically, a pure AGT correspondence for the A–B groups.
To this end, recall from (5.9) and (5.11) that we have the following physically dual M-theory
compactifications
R4|1,2 × Σn,t︸ ︷︷ ︸
N M5-branes
×R5|3;x6,7 ⇐⇒ R5|3;x4,5 × C × TNR→0N |3;x6,7︸ ︷︷ ︸
1 M5-branes
, (5.12)
where we have a common half-BPS boundary condition at the tips of It ⊂ Σn,t = S1n× It; the
radius of S1n is β; It  β; and C is a priori the same as Σn,t. As usual, there is a Zn-outer-
automorphism of R4|1,2 and TNR→0N |3;x6,7 as we go around the S1n circle and identify the
circle under an order n translation, and the i’s are parameters of the Omega-deformation
along the indicated planes described in detail in the last subsection.
The Spectrum of Spacetime BPS States on the LHS of (5.12)
Let us first ascertain the spectrum of spacetime BPS states on the LHS of (5.12) that
define ZBPS(1, 2,~a, β) in (5.10). In the absence of Omega-deformation whence i = 0,
according to our discussion in the previous subsection, the spacetime BPS states would be
captured by the topological sector of the N = (4, 4) sigma-model on Σn,t with target the
moduli space MG of G-instantons on R4, where for n = 1 or 2 (with even N), G = SU(N)
51Here, the R-symmetry is that of a 4d N = 2 supersymmetry algebra that underlies the gauge theory
along R4|3; x4,5 which the surviving worldvolume supercharges are supposed to be associated with.
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or SO(N + 1), respectively. However, in the presence of Omega-deformation, recall from
our discussion immediately after (5.10) that as one traverses a closed loop in Σn,t, there
would be a g-automorphism of MG, where g ∈ U(1)× U(1)× T , and T ⊂ G is the Cartan
subgroup. Consequently, the spacetime BPS states of interest would, in the presence of
Omega-deformation, be captured by the topological sector of a non-dynamically g-gauged
version of the aforementioned sigma-model.52 Hence, according to [72] and our arguments
in §3.1 which led us to (3.5), we can express the Hilbert space HΩBPS of spacetime BPS states
on the LHS of (5.12) as
HΩBPS =
⊕
m
HΩBPS,m =
⊕
m
IH∗U(1)2×T U(MG,m), (5.13)
where IH∗U(1)2×T U(MG,m) is the Zn-invariant (in the sense of (3.19) when n = 2) U(1)2 ×
T -equivariant intersection cohomology of the Uhlenbeck compactification U(MG,m) of the
(singular) moduli space MG,m of G-instantons on R4 with instanton number m.
The Spectrum of Spacetime BPS States on the RHS of (5.12)
Let us next ascertain the corresponding spectrum of spacetime BPS states on the RHS
of (5.12). Bearing in mind footnote 39 which tells us that the underlying worldvolume
theory of the single M5-brane is conformal along TNR→0N |3;x6,7 in (5.12), by repeating our
arguments in §3.1 which led us to (3.20) and beyond, and from our discussion surrounding
(5.6), we find that the spacetime BPS states would be furnished by the I-brane theory in
the following type IIA configuration:
IIA : R5|3;x4,5 × C × R3|3;x6,7︸ ︷︷ ︸
I-brane on C = ND6 ∩ 1D4
. (5.14)
52The relation between g-automorphisms of the sigma-model target space and a non-dynamical g-gauging
of its worldsheet theory, is explained in [52, §2.4 and §5]. For self-containment, let us review the idea
here. Consider a sigma-model with worldsheet Σn,t, target space MG, and bosonic scalar fields Φ. In the
usual case where there is no action on MG as we traverse a closed loop in Σn,t, one would consider in the
sigma-model path-integral, the space of maps Φ : Σn,t →MG, which can be viewed as the space of trivial
sections of a trivial bundle X = MG × Σn,t. If however there is a g-automorphism of MG as we traverse
a closed loop in Σn,t, X would have to be a nontrivial bundle given by MG ↪→ X → Σn,t; then, Φ(z, z¯)
will not represent a map Σn,t →MG, but rather, it will be a nontrivial section of X. Thus, since Φ is no
longer a function but a nontrivial section of a nontrivial bundle, its ordinary derivatives must be replaced
by covariant derivatives. As the nontrivial structure group of X is now g, replacing ordinary derivatives by
covariant derivatives would mean introducing on Σn,t gauge fields A
a, which, locally, can be regarded as
(Lieg)-valued one-forms with the usual gauge transformation law Aa′ = g−1Aag+g−1dg, where g ∈ g. This
is equivalent to gauging the sigma-model non-dynamically by g.
120
Here, we have a stack of N coincident D6-branes whose worldvolume is given by R5|3;x4,5×C,
and a single D4-brane whose worldvolume is given by C × R3|3;x6,7 .
Let us for a moment turn off Omega-deformation in (5.14), i.e., let 3 = 1 + 2 = 0.
Then, by applying to (5.14) our analysis in §3.1 which eventually led us to (3.30) and (3.44)
from (3.20), we learn that the spacetime BPS states would be furnished by chiral fermions on
C which couple to the dynamical U(1) gauge degrees of freedom on the single D4-brane that,
in turn, can be effectively represented by a chiral WZW model at level 1 on C, WZWlevel 1g∨aff ,
where g∨aff is the Langlands dual of the affine G-algebra gaff . This is consistent with our
observation after (5.11) that the symmetries of the 2d theory along C ought to be rooted in
the Langlands dual Lie algebra g∨ (and therefore g∨aff).
Now turn Omega-deformation back on. As indicated in (5.14), as one traverses around a
closed loop in C, the x4-x5 plane in R4|3;x4,5 ⊂ R5|3;x4,5 would be rotated by an angle of 3 to-
gether with an SU(2)R-symmetry rotation of the supersymmetric SU(N) gauge theory along
R4|3;x4,5 . According to our discussion in the last subsection which led us to (5.10) and slightly
beyond, we find that Omega-deformation in this instance would effect a g′-automorphism of
MSU(N),m as we traverse around a closed loop in C, where MSU(N),m is the moduli space of
SU(N)-instantons on R4 with instanton number m; g′ = exp β(3J3 +~a · ~T ′); J3 is the rota-
tion generator of the x4-x5 plane corrected with an appropriate amount of SU(2)R-symmetry
to commute with the D6-brane worldvolume supercharges; ~T ′ = (T ′1 . . . , T
′
rankSU(N)) are the
generators of the Cartan subgroup T ′ ⊂ SU(N); and ~a = (a1, . . . , arankSU(N)) are the cor-
responding purely imaginary Coulomb moduli of the SU(N) gauge theory on R4|3;x4,5 . In
fact, since MSU(N),m is also the space of self-dual connections of an SU(N)-bundle on R4,
and since these self-dual connections correspond to differential one-forms valued in the Lie
algebra su(N), Omega-deformation also means that there is a g′-automorphism of the space
of elements of su(N) and thus SU(N), as we traverse a closed loop in C.
Note at this point that in the above, g∨aff ' su(N)(n)aff , where su(N)(n)aff is a Zn-twisted
affine SU(N)-algebra. What this means is that WZWlevel 1g∨aff can be regarded as a (chiral half
of a) SU(N) WZW model at level 1 that is Zn-twisted on C. Since a G WZW model on Σ
is a bosonic sigma-model on Σ with target the G-manifold, according to the last paragraph,
it would mean that Omega-deformation would effect a g′-automorphism of the target space
of WZWlevel 1g∨aff as we traverse a closed loop in C, where g′ ∈ U(1)× T ′. In turn, according to
footnote 52, it would mean that in the presence of Omega-deformation, we would have to
non-dynamically gauge WZWlevel 1g∨aff by U(1)× T ′.
That being said, notice also from (5.14) that as one traverses around a closed loop
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in C, the x6-x7 plane in R3|3;x6,7 would be rotated by an angle of 3 together with an R-
symmetry rotation of the supersymmetric U(1) gauge theory living on the single D4-brane,
i.e., Omega-deformation is also being turned on along the D4-brane. Now recall from our
arguments leading up to (3.26) that because the U(1) gauge field on the D4-brane – unlike
the SU(N) gauge field on the D6-branes – is dynamical, one has to reduce away in the I-brane
system the U(1) WZW model associated with the D4-brane. Similarly, the aforedescribed
Omega-deformation along the D4-brane would act not to enlarge but to reduce the U(1)×T ′
Omega-deformation factor in the previous paragraph by R = U(1) × T, where U(1) ⊂ R
is associated with the 3-rotation of the x6-x7 plane in R3|3;x6,7 , and T ⊂ R is the Cartan
of the gauge group on the D4-brane, i.e., T = U(1). In short, we would in fact have to
non-dynamically gauge WZWlevel 1g∨aff not by U(1)× T ′ but by T ⊂ T ′.
At any rate, because SU(N)/T ′ ' SL(N,C)/B+, where B+ is a Borel subgroup, it
would mean that SU(N)/T ' (SL(N,C)/B+) × (T ′/T ). Also, T ′/T is never bigger than
the Cartan subgroup C ⊂ B+ = C × N+, where N+ is the subgroup of strictly upper
triangular matrices which are nilpotent and traceless whose Lie algebra is n+. Altogether,
this means that our gauged WZW model which corresponds to the coset model SU(N)/T ,
can also be studied as an S-gauged SL(N,C) WZW model which corresponds to the coset
model SL(N,C)/S, where N+ ⊆ S ⊂ B+. As physically consistent H-gauged G WZW
models are such that H is necessarily a connected subgroup of G, it will mean that S = N+.
Therefore, what we ought to ultimately consider is an N+-gauged SL(N,C) WZW model.
Before we proceed any further, let us make a slight deviation to highlight an important
point regarding the effective geometry of C. As the simple roots of N+ form a subset of the
simple roots of SL(N,C), the level of the affine N+-algebra ought to be the equal to the
level of the affine SL(N,C)-algebra [65] which is 1. However, it is clear from our discussion
hitherto that the affine N+-algebra, in particular its level, will depend nontrivially on the
Omega-deformation parameters which may or may not take integral values; in other words,
its level will not be equal to 1. A resolution to this conundrum is as follows. A deviation of
the level of the affine N+-algebra from 1 would translate into a corresponding deviation of
its central charge; since a central charge arises due to an introduction of a macroscopic scale
in the 2d system which results from a curvature along C [54], it would mean that Omega-
deformation ought to deform the a priori flat C = Σn,t into a curved Riemann surface
with the same topology – that is, a Riemann sphere with two punctures – such that the
anomalous deviation in the central charge and thus level, can be consistently “absorbed”
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in the process.53 Thus, we effectively have C = S2/{0,∞}, so C can be viewed as an S1n
fibration of It whose fiber has zero radius at the two end points z = 0 and z =∞, where ‘z’
is a holomorphic coordinate on C.
Coming back to our main discussion, it is clear that in the schematic notation of §3.1,
our N+-gauged SL(N,C) WZW model can be expressed as the partially gauged chiral CFT
sl(N)
(n)
aff,1/n+
(n)
aff,p (5.15)
on C, where the level p would, according to our discussions hitherto, necessarily depend on
the Omega-deformation parameters ′1 = β1 and 
′
2 = β2. (p, being a purely real number,
should not depend on the purely imaginary parameter ~a′ = β~a).
In sum, the sought-after spacetime BPS states ought to be given by the states of the
partially gauged chiral CFT in (5.15), and via §B and [73, eqn. (6.67)], we find that this chiral
CFT realizesW(g∨aff) – a Zn-twisted version of the affineW-algebraW(ŝl(N)) obtained from
sl(N)aff via a quantum Drinfeld-Sokolov reduction. In other words, the states of the chiral
CFT would be furnished by a Verma module Ŵ(g∨aff) over W(g∨aff), and the Hilbert space
HΩ′BPS of spacetime BPS states on the RHS of (5.12) can be expressed as
HΩ′BPS = Ŵ(g∨aff). (5.16)
A Pure AGT Correspondence for the A–B Groups
Clearly, the physical duality of the compactifications in (5.12) will mean that HΩBPS in
(5.13) is equivalent to HΩ′BPS in (5.16), i.e.,
⊕
m
IH∗U(1)2×T U(MG,m) = Ŵ(g∨aff) (5.17)
Thus, we have a 4d-2d duality relation in the sense of (3.30) and (3.44).
According to footnote 24 and (B.34) – bearing in mind that (i) dim sl(N) = N2 − 1;
(ii) rank sl(N) = N − 1; and (iii) h∨sl(N) = N – the central charge of W(g∨aff) is
cA = (N − 1)− (N3 −N) (α+ + α−)2 , (5.18)
53A geometrical modification of C due to Omega-deformation has also been justified in [37].
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where α+α− = −1; α+ = 1/
√
k′ +N ; and k′ ∈ R is the effective level of the underlying
affine Lie algebra sl(N)aff . Note at this point that (5.15) means that we can also write
cA = c(sl(N)
(n)
aff,1) − c(n+(n)aff,p), and since the central charge c(sl(N)(n)aff,1) = N − 1, according
to (5.18), we can also write c(n+
(n)
aff,p) = (N
3 −N) (α+ + α−)2.
As mentioned, p would depend on the Omega-deformation parameters ′1 = β1 and
′2 = β2; thus, so would α±. Because α+α− = −1, it would mean that we can write
α+ = if(
′
1, 
′
2) and α− = if
−1(′1, 
′
2), where f(
′
1, 
′
2) is some possibly complex function.
Because (5.12) is symmetric under the exchange ′1 ↔ ′2, so must cA; in particular, we ought
to have f(′1, 
′
2) + f
−1(′1, 
′
2) = f(
′
2, 
′
1) + f
−1(′2, 
′
1). Because α+ = 1/
√
k′ +N = if(′1, 
′
2)
would go from positive real to negative purely complex as we vary k′, it would mean that
f(′1, 
′
2) must also go from negative purely complex to negative real as we vary the 
′
i’s.
Because we have a geometrical g′′ = exp[(′1 + 
′
2)J3] = exp[(λ
′
1 + λ
′
2)λ
−1J3] automorphism
associated with the Omega-deformation in (5.14), and since cA is only a function of 
′
1,2 and
not of J3, we ought to have cA(
′
1, 
′
2) = cA(λ
′
1, λ
′
2); in other words, α+ + α− ought to be
invariant under ′i → λ′i, where λ is some real constant. Altogether therefore, it would mean
that we can write α+ = −i
√
′1/
′
2 = −i
√
1/2 and α− = −i
√
′2/
′
1 = −i
√
2/1; in turn,
(5.18) would be given by
cA,1,2 = (N − 1) + (N3 −N)
(1 + 2)
2
12
(5.19)
where in addition, we would have
k′ = −N − b−2 and b =
√
1/2 (5.20)
so that one can also write
cA,1,2 = c(su(N)
(n)
aff,1) + c(Ω1,2), (5.21)
where
c(Ω1,2) = h
∨
su(N)dim su(N)
(
b+
1
b
)2
(5.22)
can be regarded as an Omega-deformation-induced central charge. (Notice that there is no β-
dependence in the formulas (5.19)–(5.22); this is consistent with the fact that these formulas
are supposed to be globally-defined on C independent of the varying radius of S1n ⊂ C.)
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The Verma module Ŵ(g∨aff) is generated by the application of creation operators W (si)m<0
on its Zn-twisted highest weight state |∆〉, where the W (si)m<0’s are the negative modes of
the spin-si fields W
(si)(z) on C which span W(g∨aff), and m ∈ Z/n. On the other hand,
|∆〉 is annihilated by the annihilation operators W (si)m>0, where the W (si)m>0’s are the positive
modes of the W (si)(z) fields on C which also span W(g∨aff). Nonetheless, we have W (si)0 |∆〉 =
∆(si)|∆〉, where the ∆(si)’s are Weyl-invariant polynomials in a = J0 + (α+ + α−)ρ; J0 =
(J10 , . . . , J
rank sl(N)
0 ) are the zeroth modes of the rank sl(N) untwisted scalar bosonic fields in
the free-field realization of W(g∨aff); and ρ is the Weyl vector of sl(N) [73]. For example,
W
(2)
0 |∆〉 = L0|∆〉 = ∆(2)|∆〉, where L0 is the zeroth mode of the stress tensor T (z) = W (2)(z),
and ∆(2) = (a2 − (α+ + α−)2ρ2) /2 = a2/2+(N3−N)(1 +2)2/2412. (See [73, eqn. (6.18)],
and note that just like the quantities in (5.19)–(5.22), ∆(2) should be β-independent, as is
the case.)
Recall at this point that L0 generates translations along the S
1
n fiber in C, and since the
presence of Omega-deformation means that there is a rotation of an R4 space and the gauge
field over it as we go around the S1n (c.f. our earlier discussion on a g
′-automorphism), L0
should be related to the rotation parameters (1, 2,~a). Indeed, we saw in the last paragraph
that L0 has eigenvalues which depend on (1, 2, a), and since a, like ~a, is a vector whose
number of components even coincides with that of ~a when G = SU(N), we can naturally
identify a with −i~a, where a factor of −i is needed because ~a is purely imaginary while a is
purely real. That said, because of (5.17), it would mean that the symmetries of ∆(2) ought
to be compatible with the symmetries of the partition function ZBPS(1, 2,~a, β) of HΩBPS in
(5.10); in particular, since ZBPS(1, 2,~a, β) is invariant under the simultaneous rescalings
(β, 1, 2,~a) → (ζ−1β, ζ1, ζ2, ζ~a), where ζ is some real constant, the β-independent ∆(2)
must be invariant under the simultaneous rescalings (1, 2,~a)→ (ζ1, ζ2, ζ~a). Furthermore,
because (5.12) is symmetric under the exchange 1 ↔ 2, so must ∆(2). In sum, we ought to
have a ∼ −i~a/√12, whence we can write
W
(2)
0 |∆〉 = ∆(2)|∆〉 (5.23)
where
∆(2) =
(N3 −N)
24
(1 + 2)
2
12
− γ~a
2
12
(5.24)
for some real constant γ.
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In the limit that β → 0, it is well-known [74] that
ZBPS(1, 2,~a, β) =
∑
m
ZBPS,m(1, 2,~a, β) (5.25)
of (5.10) behaves such that ZBPS,m(1, 2,~a, β → 0) ∼ β−2mh∨g Z4dBPS,m(1, 2,~a), whence the
Nekrasov instanton partition function Zinst(Λ, 1, 2,~a) =
∑
m Λ
2mh∨g Z4dBPS,m(1, 2,~a) can be
written as
Zinst(Λ, 1, 2,~a) =
∑
m
Λ2mh
∨
g Z ′BPS,m(1, 2,~a, β → 0), (5.26)
where Z ′BPS,m = lmβ
2mh∨gZBPS,m; lm is some constant; and Λ can be interpreted as the inverse
of the observed scale of the R4|1,2 space on the LHS of (5.12).
The expression for Zinst in (5.26) is indeed consistent with (a) its original definition
in [9] as a sum of weighted integrals over U(MG,m) of the exponent of the Hamiltonian of
a U(1)2 × T action against the symplectic measure,54 and (b) the fact that Z ′BPS,m counts
(with weights) the states in HΩBPS,m = IH∗U(1)2×T U(MG,m). To see this, first note that from
(a), we can also write
Zinst(Λ, 1, 2,~a) =
∑
m
Λ2mh
∨
g
∫
U(MG,m)
exp [ω + µ(1, 2,~a)], (5.27)
where ω is a symplectic form on U(MG,m), invariant under the U(1)2 × T action, and
µ : U(MG,m)→ ξ∗ is a moment map, where ξ = Lie(U(1)2 × T ) = (1, 2,~a).55
Next, note that ω˜ = ω + µ is a U(1)2 × T -equivariant symplectic form on (singular)
U(MG,m) [75], and moreover, it is a class in IH∗U(1)2×T U(MG,m); thus, by the Duistermaat-
Heckmann theorem, we can write the terms on the RHS of (5.27) as [75]
∫
U(MG,m)
exp [ω + µ(~a, 1, 2)] = (2pi)
d
∑
~pm
eµ~pm (ξ)
Πdi=1 αi,~pm(ξ)
, (5.28)
54More precisely, it is the Gieseker compactification G(MG,m) of MG,m that is considered in [9], where
G(MG,m) is just a smooth resolution of the singular Uhlenbeck compactification U(MG,m). However, we
will continue to formulate our results in terms of U(MG,m) to be consistent with the earlier parts of the
paper, and to also make contact with the mathematical literature [20, 21] on the subject.
55The expression for Zinst was originally stated in [9] in terms of the smooth Geiseker compactification
G(MG,m) instead of U(MG,m). Nevertheless, since the equivariant cohomology H∗U(1)2×T G(MG,m) is equal
to the equivariant intersection cohomology IH∗U(1)2×T U(MG,m) (c.f. footnote 54 and [20, §4]), we can also
state Zinst in terms of U(MG,m), as was done mathematically in [20, §6].
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where d = dimC U(MG,m); the set {~pm} are the fixed-points of the U(1)2 × T -action on
U(MG,m); µ~pm is the restriction of µ to ~pm; and αi,~pm(ξ) are the weights of the U(1)2 × T -
action on the tangent space to ~pm.
Last but not least, note that equivariant localization [76] implies that IH∗U(1)2×T U(MG,m)
must be endowed with an orthogonal basis {|~pm〉} that is in one-to-one correspondence with
the fixed-point set {~pm}.56 Thus, since according to (b), Z ′BPS,m is a weighted count of the
states in HΩBPS,m = IH∗U(1)2×T U(MG,m), it would mean that one can write
Z ′BPS,m(1, 2,~a, β → 0) =
∑
~pm
l2~pm(1, 2,~a)〈~pm|~pm〉, (5.29)
where l~pm(1, 2,~a) ∈ R, and the dependence on 1, 2 and ~a arises because the energy level
of each state (given by the eigenvalue of the L0 operator which generates translation along
S1n ⊂ Σn,t in (5.12) whence there is an Omega-deformation twist of the theory along the or-
thogonal spaces indicated therein) ought to depend on these Omega-deformation parameters.
Comparing (5.27) with (5.26), and then comparing (5.28) with (5.29), we get
(2pi)d eµ~pm (1,2,~a)
Πdi=1 αi,~pm(1, 2,~a)
= l2~pm(1, 2,~a)〈~pm|~pm〉. (5.30)
Thus, we find our assertion that the expression for Zinst in (5.26) is indeed consistent with
facts (a) and (b), to be true.
Notice that (5.29) also means that
Z ′BPS,m(1, 2,~a, β → 0) = 〈Ψm|Ψm〉, (5.31)
where
|Ψm〉 =
⊕
~pm
l~pm|~pm〉. (5.32)
Here, the state |Ψm〉 ∈ IH∗U(1)2×T U(MG,m), and 〈·|·〉 is a Poincare´ pairing in the sense of [28,
§2.6].
Now consider the state
|Ψ〉 =
⊕
m
Λmh
∨
g |Ψm〉. (5.33)
56See [27, eqn. (3.10)] where this fact was also exploited.
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Figure 1: C and its N -fold cover ΣSW with the states 〈q,∆| and |q,∆〉 at z = 0 and ∞
By substituting (5.31) in the RHS of (5.26), and by noting that 〈Ψm|Ψn〉 = δmn, one can
immediately see that
Zinst(Λ, 1, 2,~a) = 〈Ψ|Ψ〉, (5.34)
where |Ψ〉 ∈⊕m IH∗U(1)2×T U(MG,m). In turn, the duality relation (5.17) would mean that
|Ψ〉 = |q,∆〉 (5.35)
whence
Zinst(Λ, 1, 2,~a) = 〈q,∆|q,∆〉 (5.36)
where |q,∆〉 ∈ Ŵ(g∨aff). (The meaning of the label ‘q’ will be clear shortly.) Since the RHS
of (5.36) is defined at β → 0 (see the RHS of (5.26)), and since we have in C a common
boundary condition at z = 0 and z = ∞, |q,∆〉 and 〈q,∆| ought to be a state and its dual
associated with the puncture at z = 0 and z = ∞, respectively (as z = 0,∞ are the points
in C where the S1n fiber has zero radius). This is depicted in fig. 1.
At any rate, since we have N D6-branes and 1 D4-brane wrapping C (see (5.14)), we
effectively have an N×1 = N -fold cover ΣSW of C. This is also depicted in fig. 1. Incidentally,
ΣSW is also the Seiberg-Witten curve which underlies Zinst(Λ, 1, 2,~a)! Moreover, it is by
now well-established (see [77] and references therein) that for n = 1, i.e., G = SU(N), ΣSW
can be described in terms of the algebraic relation
ΣSW : λ
N + φ2(z)λ
N−2 + · · ·+ φN(z) = 0, (5.37)
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where λ = ydz/z (for some complex variable y) is a section of T ∗C; the φs(z)’s are (s, 0)-
holomorphic differentials on C given by
φj(z) = uj
(
dz
z
)j
and φN(z) =
(
z + uN +
ΛN
z
)(
dz
z
)N
, (5.38)
where j = 2, 3, . . . , N − 1; while for weights λ1, . . . , λN of the N -dimensional representation
of SU(N), and for s = 2, 3, . . . , N ,
us = (−1)s+1
∑
k1 6=···6=ks
eλk1eλk2 . . . eλks (~a) and eλr = ~a · λr. (5.39)
This is consistent with our results established in §B that for G = SU(N), we have, on C,
the following (si, 0)-holomorphic differentials
W (si)(z) =
(∑
l∈Z
W
(si)
l
zl
)(
dz
z
)si
, where si = ei + 1 = 2, 3, . . . , N, (5.40)
whence we can naturally identify, up to some constant factor, φs(z) with W
(s)(z). (In fact,
a U(1) R-symmetry of the 4d theory along R4|1,2 on the LHS of (5.12) which underlies
Zinst(Λ, 1, 2,~a) and ΣSW , can be identified with the rotational symmetry of S
1
n; the duality
relation (5.12) then means that the corresponding U(1) R-charge of the φs(z) operators
that define ΣSW , ought to match, up to a constant, the conformal dimension of the W
(s)(z)
operators on C, which is indeed the case.)
At z = 0 where we have the state |q,∆〉, we find, after comparing (5.38) with (5.40),
that
W
(s)
l≥2 |q,∆〉 = 0, for s = 2, 3, . . . , N (5.41)
W
(s)
0 |q,∆〉 ∼ us|q,∆〉, and W (N)1 |q,∆〉 = q|q,∆〉 ∼ ΛN |q,∆〉. To determine the exact form
of the relation involving W
(s)
0 , note that as in our derivation of (5.24), i.e., the eigenvalue
∆(2) of W
(2)
0 , the eigenvalues of W
(s)
0 must be invariant under the simultaneous rescalings
(1, 2,~a) → (ζ1, ζ2, ζ~a) and the exchange 1 ↔ 2; since (5.39) tells us that us is of order
s in ~a, it must be that
W
(s)
0 |q,∆〉 =
us
(12)s/2
|q,∆〉, for s = 2, 3, . . . , N (5.42)
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To determine the exact form of the relation involving W
(N)
1 , recall that since the under-
lying worldvolume theory of the N M5-branes on the LHS of (5.12) is scale-invariant, it
would mean that in addition to possessing the symmetries of ZBPS(1, 2,~a, β) in (5.10),
the W
(N)
1 -eigenvalue q ∼ ΛN ought to also be invariant under the rescaling (Λ, β) →
(ζ−1Λ, ζβ); thus, as the rescaling (β, 1, 2,~a) → (ζβ, ζ−11, ζ−12, ζ−1~a) is a symmetry
of ZBPS(1, 2,~a, β), the β- and ~a-independent q must be invariant under the rescaling
(Λ, 1, 2) → (ζ−1Λ, ζ−11, ζ−12). Furthermore, because (5.12) is symmetric under the ex-
change 1 ↔ 2, so must q. In sum, it must be that
W
(N)
1 |q,∆〉 = q|q,∆〉, q =
ΛN
(12)N/2
(5.43)
Recall here that the W
(si)
l ’s generate W(su(N)∨aff), and that on Ŵ(su(N)∨aff), the W (si)l<0 ’s
and W
(si)
l>0 ’s act as creation and annihilation operators, respectively; in particular, W
(N)
1 is
an annihilation operator, so (5.43) means that |q,∆〉 is actually a coherent state, i.e., an
eigenstate of an annihilation operator.
What about when n = 2 (with even N) whence we have G = SO(N + 1)? According
to [18], instead of (5.38), we now have
φs(z) = us
(
dz
z
)s
, φ˜j(z) = 0, φ˜N(z) =
(
z1/2 +
ΛN
z1/2
)(
dz
z
)N
, (5.44)
where the φ˜s(z)’s are also (s, 0)-holomorphic differentials on C with modes in Z and Z+ 1/2.
This is again consistent with our results established in §B and after (5.15) that for n = 2
(with even N), we have, on C, the following (si, 0)-holomorphic differentials
W (si)(z) =
(∑
l∈Z
W
(si)
l
zl
)(
dz
z
)si
, W˜ (si)(z) =
(∑
l∈Z
W˜
(si)
l+1/2
zl+1/2
)(
dz
z
)si
, si = 2, 3, . . . , N,
(5.45)
whence we can naturally identify, up to some constant factor, φs(z) with W
(s)(z) and φ˜s(z)
with W˜ (s)(z).
At z = 0 where the state |q,∆〉 is, we find, after comparing (5.44) with (5.45), that
instead of (5.41), we have
W
(s)
l≥1 |q,∆〉 = 0, for s = 2, 3, . . . , N (5.46)
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We also have (5.42), and
W˜
(s)
l≥3/2 |q,∆〉 = 0, for s = 2, 3, . . . , N (5.47)
and instead of (5.43), we have W˜
(N)
1/2 |q,∆〉 = q|q,∆〉 ∼ ΛN |q,∆〉. By employing the same
reasoning used to derive (5.43), we find that
W˜
(N)
1/2 |q,∆〉 = q|q,∆〉, q =
ΛN
(12)N/2
(5.48)
Recall here that the W
(si)
l ’s and W˜
(si)
l+1/2’s generateW(su(N)(2)aff ) =W(so(N + 1)∨aff), and that
on Ŵ(so(N + 1)∨aff), the {W (si)l<0 , W˜ (si)l<0 } and {W (si)l>0 , W˜ (si)l>0 } act as creation and annihilation
operators, respectively; in particular, W˜
(N)
1/2 is an annihilation operator, so (5.48) means that
|q,∆〉 is again a coherent state.
Thus, in arriving at the above boxed relations (i) (5.17), (5.19), (5.20), (5.23), (5.24),
(5.35), (5.36), (5.41), (5.42), (5.43) and (ii) (5.17), (5.19), (5.20), (5.23), (5.24), (5.35), (5.36),
(5.42), (5.46), (5.47), (5.48), we have just furnished a fundamental physical derivation of the
pure AGT correspondence for the (i) AN−1 and (ii) BN/2 groups!
5.3. An Equivalence of Spacetime BPS Spectra and a Pure AGT Correspondence for the
C–D–G Groups
We shall now derive, purely physically, a pure AGT correspondence for the C–D–G
groups. To this end, recall from (5.9) and (5.11) that we have the following physically dual
M-theory compactifications
R4|1,2 × Σn,t︸ ︷︷ ︸
N M5-branes + OM5-plane
×R5|3;x6,7 ⇐⇒ R5|3;x4,5 × C × SNR→0N |3;x6,7︸ ︷︷ ︸
1 M5-branes
, (5.49)
where we have a common half-BPS boundary condition at the tips of It ⊂ Σn,t = S1n× It; the
radius of S1n is β; It  β; and C is a priori the same as Σn,t. As usual, there is a Zn-outer-
automorphism of R4|1,2 and SNR→0N |3;x6,7 as we go around the S1n circle and identify the
circle under an order n translation, and the i’s are parameters of the Omega-deformation
along the indicated planes described in detail in §5.1.
The Spectrum of Spacetime BPS States on the LHS of (5.49)
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Let us first ascertain the spectrum of spacetime BPS states on the LHS of (5.49) that
define ZBPS(1, 2,~a, β) in (5.10). In the absence of Omega-deformation whence i = 0,
according to our discussion in §5.1, the spacetime BPS states would be captured by the
topological sector of the N = (4, 4) sigma-model on Σn,t with target the moduli space MG
of G-instantons on R4, where for n = 1, 2 or 3 (with N = 4), G = SO(2N), USp(2N −
2) or G2, respectively. However, in the presence of Omega-deformation, recall from our
discussion immediately after (5.10) that as one traverses a closed loop in Σn,t, there would
be a g-automorphism of MG, where g ∈ U(1) × U(1) × T , and T ⊂ G is the Cartan
subgroup. Consequently, the spacetime BPS states of interest would, in the presence of
Omega-deformation, be captured by the topological sector of a non-dynamically g-gauged
version of the aforementioned sigma-model (c.f. footnote 52). Hence, according to [72] and
our arguments in §3.2 which led us to (3.61), we can express the Hilbert space HΩBPS of
spacetime BPS states on the LHS of (5.49) as
HΩBPS =
⊕
m
HΩBPS,m =
⊕
m
IH∗U(1)2×T U(MG,m), (5.50)
where IH∗U(1)2×T U(MG,m) is the Zn-invariant (in the sense of (3.75) and (3.83) when n = 2
and 3, respectively) U(1)2 × T -equivariant intersection cohomology of the Uhlenbeck com-
pactification U(MG,m) of the (singular) moduli space MG,m of G-instantons on R4 with
instanton number m.
The Spectrum of Spacetime BPS States on the RHS of (5.49)
Let us next ascertain the corresponding spectrum of spacetime BPS states on the RHS
of (5.49). Bearing in mind footnote 39 which tells us that the underlying worldvolume theory
of the single M5-brane is conformal along SNR→0N |3;x6,7 in (5.49), by repeating our arguments
in §3.2 which led us to (3.84) and beyond, and from our discussion surrounding (5.6), we
find that the spacetime BPS states would be furnished by the I-brane theory in the following
type IIA configuration:
IIA : R5|3;x4,5 × C × R3/I3|3;x6,7︸ ︷︷ ︸
I-brane on C = ND6/O6− ∩ 1D4
. (5.51)
Here, we have a stack of N coincident D6-branes on top of an O6−-plane whose worldvolume
is given by R5|3;x4,5×C, and a single D4-brane whose worldvolume is given by C×R3/I3|3;x6,7 ,
where I3 acts as ~r → −~r in R3.
Let us for a moment turn off Omega-deformation in (5.51), i.e., let 3 = 1 + 2 = 0.
Then, by applying to (5.51) our analysis in §3.2 which eventually led us to (3.94), (3.108)
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and (3.125) from (3.84), we learn that the spacetime BPS states would be furnished by
chiral fermions on C which couple to the dynamical gauge degrees of freedom on the single
D4-brane that, in turn, can be effectively represented by a chiral WZW model at level 1 on
C, WZWlevel 1g∨aff , where g∨aff is the Langlands dual of the affine G-algebra gaff . This is consistent
with our observation after (5.11) that the symmetries of the 2d theory along C ought to be
rooted in the Langlands dual Lie algebra g∨ (and therefore g∨aff).
Now turn Omega-deformation back on. As indicated in (5.51), as one traverses around
a closed loop in C, the x4-x5 plane in R4|3;x4,5 ⊂ R5|3;x4,5 would be rotated by an angle of
3 together with an SU(2)R-symmetry rotation of the supersymmetric SO(2N) gauge the-
ory along R4|3;x4,5 . According to our discussion in §5.1 which led us to (5.10) and slightly
beyond, we find that Omega-deformation in this instance would effect a g′-automorphism of
MSO(2N),m as we traverse around a closed loop in C, whereMSO(2N),m is the moduli space of
SO(2N)-instantons on R4 with instanton number m; g′ = exp β(3J3 +~a · ~T ′); J3 is the rota-
tion generator of the x4-x5 plane corrected with an appropriate amount of SU(2)R-symmetry
to commute with the D6/O6− worlvolume supercharges; ~T ′ = (T ′1 . . . , T
′
rankSO(2N)) are the
generators of the Cartan subgroup T ′ ⊂ SO(2N); and ~a = (a1, . . . , arankSO(2N)) are the
corresponding purely imaginary Coulomb moduli of the SO(2N) gauge theory on R4|3;x4,5 .
In fact, since MSO(2N),m is also the space of self-dual connections of an SO(2N)-bundle on
R4, and since these self-dual connections correspond to differential one-forms valued in the
Lie algebra so(2N), Omega-deformation also means that there is a g′-automorphism of the
space of elements of so(2N) and thus SO(2N), as we traverse a closed loop in C.
Note at this point that in the above, g∨aff ' so(2N)(n)aff , where so(2N)(n)aff is a Zn-twisted
affine SO(2N)-algebra. What this means is that WZWlevel 1g∨aff can be regarded as a (chiral half
of a) SO(2N) WZW model at level 1 that is Zn-twisted on C. Since a G WZW model on Σ
is a bosonic sigma-model on Σ with target the G-manifold, according to the last paragraph,
it would mean that Omega-deformation would effect a g′-automorphism of the target space
of WZWlevel 1g∨aff as we traverse a closed loop in C, where g′ ∈ U(1)× T ′. In turn, according to
footnote 52, it would mean that in the presence of Omega-deformation, we would have to
non-dynamically gauge WZWlevel 1g∨aff by U(1)× T ′.
That being said, notice also from (5.51) that as one traverses around a closed loop
in C, the x6-x7 plane in R3/I3|3;x6,7 would be rotated by an angle of 3 together with an
R-symmetry rotation of the supersymmetric gauge theory living on the single D4-brane, i.e.,
Omega-deformation is also being turned on along the D4-brane. Now recall from our argu-
ments leading up to (3.90) that because the gauge field on the D4-brane – unlike the gauge
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field on the D6-branes – is dynamical, one has to reduce away in the I-brane system the WZW
model associated with the D4-brane. Similarly, the aforedescribed Omega-deformation along
the D4-brane would act not to enlarge but to reduce the U(1)× T ′ Omega-deformation fac-
tor in the previous paragraph by R = U(1) × T, where U(1) ⊂ R is associated with the
3-rotation of the x6-x7 plane in R3/I3|3;x6,7 , and T ⊂ R is the Cartan of the gauge group
on the D4-brane. In short, we would in fact have to non-dynamically gauge WZWlevel 1g∨aff not
by U(1)× T ′ but by T ⊂ T ′.
At any rate, because SO(2N)/T ′ ' SO(2N,C)/B+, where B+ is a Borel subgroup,
it would mean that SO(2N)/T ' (SO(2N,C)/B+) × (T ′/T ). Also, T ′/T is never bigger
than the Cartan subgroup C ⊂ B+ = C × N+, where N+ is the subgroup of strictly upper
triangular matrices which are nilpotent and traceless whose Lie algebra is n+. Altogether,
this means that our gauged WZW model which corresponds to the coset model SO(2N)/T ,
can also be studied as an S-gauged SO(2N,C) WZW model which corresponds to the coset
model SO(2N,C)/S, where N+ ⊆ S ⊂ B+. As physically consistent H-gauged G WZW
models are such that H is necessarily a connected subgroup of G, it will mean that S = N+.
Therefore, what we ought to ultimately consider is an N+-gauged SO(2N,C) WZW model.
Before we proceed any further, let us make a slight deviation to highlight an important
point regarding the effective geometry of C. As the simple roots of N+ form a subset of the
simple roots of SO(2N,C), the level of the affine N+-algebra ought to be the equal to the
level of the affine SO(2N,C)-algebra [65] which is 1. However, it is clear from our discussion
hitherto that the affine N+-algebra, in particular its level, will depend nontrivially on the
Omega-deformation parameters which may or may not take integral values; in other words,
its level will not be equal to 1. A resolution to this conundrum is as follows. A deviation of
the level of the affine N+-algebra from 1 would translate into a corresponding deviation of
its central charge; since a central charge arises due to an introduction of a macroscopic scale
in the 2d system which results from a curvature along C [54], it would mean that Omega-
deformation ought to deform the a priori flat C = Σn,t into a curved Riemann surface with
the same topology – that is, a Riemann sphere with two punctures – such that the anomalous
deviation in the central charge and thus level, can be consistently “absorbed” in the process
(see also footnote 53). Thus, we effectively have C = S2/{0,∞}, so C can be viewed as an
S1n fibration of It whose fiber has zero radius at the two end points z = 0 and z =∞, where
‘z’ is a holomorphic coordinate on C.
Coming back to our main discussion, it is clear that in the schematic notation of §3.2,
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our N+-gauged SO(2N,C) WZW model can be expressed as the partially gauged chiral CFT
so(2N)
(n)
aff,1/n+
(n)
aff,p (5.52)
on C, where the level p would, according to our discussions hitherto, necessarily depend on
the Omega-deformation parameters ′1 = β1 and 
′
2 = β2. (p, being a purely real number,
should not depend on the purely imaginary parameter ~a′ = β~a).
In sum, the sought-after spacetime BPS states ought to be given by the states of the
partially gauged chiral CFT in (5.52), and via §B and [73, eqn. (6.67)], we find that this chiral
CFT realizes W(g∨aff) – a Zn-twisted version of the affine W-algebra W(ŝo(2N)) obtained
from so(2N)aff via a quantum Drinfeld-Sokolov reduction. In other words, the states of the
chiral CFT would be furnished by a Verma module Ŵ(g∨aff) over W(g∨aff), and the Hilbert
space HΩ′BPS of spacetime BPS states on the RHS of (5.49) can be expressed as
HΩ′BPS = Ŵ(g∨aff). (5.53)
A Pure AGT Correspondence for the C–D–G Groups
Clearly, the physical duality of the compactifications in (5.49) will mean that HΩBPS in
(5.50) is equivalent to HΩ′BPS in (5.53), i.e.,
⊕
m
IH∗U(1)2×T U(MG,m) = Ŵ(g∨aff) (5.54)
Thus, we have a 4d-2d duality relation in the sense of (3.94), (3.108) and (3.125).
According to footnote 33 and (B.34) – bearing in mind that (i) dim so(2N) = 2N2−N ;
(ii) rank so(2N) = N ; and (iii) h∨so(2N) = 2N − 2 – the central charge of W(g∨aff) is
cD = N − (2N − 2)(2N2 −N) (α+ + α−)2 , (5.55)
where α+α− = −1; α+ = 1/
√
k′ + 2N − 2; and k′ ∈ R is the effective level of the underlying
affine Lie algebra so(2N)aff . Note at this point that (5.52) means that we can also write
cD = c(so(2N)
(n)
aff,1) − c(n+(n)aff,p), and since the central charge c(so(2N)(n)aff,1) = N , according
to (5.55), we can also write c(n+
(n)
aff,p) = (2N − 2)(2N2 −N) (α+ + α−)2.
As p will depend on ′1 = β1 and 
′
2 = β2, so would α±. Because α+α− = −1, it
would mean that we can write α+ = if(
′
1, 
′
2) and α− = if
−1(′1, 
′
2), where f(
′
1, 
′
2) is some
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possibly complex function. Because (5.49) is symmetric under the exchange ′1 ↔ ′2, so must
cD; in particular, we ought to have f(
′
1, 
′
2) + f
−1(′1, 
′
2) = f(
′
2, 
′
1) + f
−1(′2, 
′
1). Because
α+ = 1/
√
k′ + 2N − 2 = if(′1, ′2) would go from positive real to negative purely complex
as we vary k′, it would mean that f(′1, 
′
2) must also go from negative purely complex to
negative real as we vary the ′i’s. Because we have a geometrical g
′′ = exp[(′1 + 
′
2)J3] =
exp[(λ′1 + λ
′
2)λ
−1J3] automorphism associated with the Omega-deformation in (5.51), and
since cD is only a function of 
′
1,2 and not of J3, we ought to have cD(
′
1, 
′
2) = cD(λ
′
1, λ
′
2);
in other words, α+ +α− ought to be invariant under ′i → λ′i, where λ is some real constant.
Altogether therefore, it would mean that we can write α+ = −i
√
′1/
′
2 = −i
√
1/2 and
α− = −i
√
′2/
′
1 = −i
√
2/1; in turn, (5.55) would be given by
cD,1,2 = N + (2N − 2)(2N2 −N)
(1 + 2)
2
12
(5.56)
where in addition, we would have
k′ = −2N + 2− b−2 and b =
√
1/2 (5.57)
so that one can also write
cD,1,2 = c(so(2N)
(n)
aff,1) + c(Ω1,2), (5.58)
where
c(Ω1,2) = h
∨
so(2N)dim so(2N)
(
b+
1
b
)2
(5.59)
can be regarded as an Omega-deformation-induced central charge. (Notice that there is no β-
dependence in the formulas (5.56)–(5.59); this is consistent with the fact that these formulas
are supposed to be globally-defined on C independent of the varying radius of S1n ⊂ C.)
The Verma module Ŵ(g∨aff) is generated by the application of creation operators W (si)m<0
on its Zn-twisted highest weight state |∆〉, where the W (si)m<0’s are the negative modes of
the spin-si fields W
(si)(z) on C which span W(g∨aff), and m ∈ Z/n. On the other hand,
|∆〉 is annihilated by the annihilation operators W (si)m>0, where the W (si)m>0’s are the positive
modes of the W (si)(z) fields on C which also span W(g∨aff). Nonetheless, we have W (si)0 |∆〉 =
∆(si)|∆〉, where the ∆(si)’s are Weyl-invariant polynomials in a = J0 + (α+ + α−)ρ; J0 =
(J10 , . . . , J
rank so(2N)
0 ) are the zeroth modes of the rank so(2N) untwisted scalar bosonic fields
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in the free-field realization ofW(g∨aff); and ρ is the Weyl vector of so(2N) [73]. For example,
W
(2)
0 |∆〉 = L0|∆〉 = ∆(2)|∆〉, where L0 is the zeroth mode of the stress tensor T (z) =
W (2)(z), and ∆(2) = (a2 − (α+ + α−)2ρ2) /2 = a2/2 + (2N − 2)(2N2 − N)(1 + 2)2/2412.
(See [73, eqn. (6.18)], and note that just like the quantities in (5.56)–(5.59), ∆(2) should be
β-independent, as is the case.)
Recall at this point that L0 generates translations along the S
1
n fiber in C, and since the
presence of Omega-deformation means that there is a rotation of an R4 space and the gauge
field over it as we go around the S1n (c.f. our earlier discussion on a g
′-automorphism), L0
should be related to the rotation parameters (1, 2,~a). Indeed, we saw in the last paragraph
that L0 has eigenvalues which depend on (1, 2, a), and since a, like ~a, is a vector whose
number of components even coincides with that of ~a when G = SO(2N), we can naturally
identify a with −i~a, where a factor of −i is needed because ~a is purely imaginary while a is
purely real. That said, because of (5.54), it would mean that the symmetries of ∆(2) ought
to be compatible with the symmetries of the partition function ZBPS(1, 2,~a, β) of HΩBPS in
(5.10); in particular, since ZBPS(1, 2,~a, β) is invariant under the simultaneous rescalings
(β, 1, 2,~a) → (ζ−1β, ζ1, ζ2, ζ~a), where ζ is some real constant, the β-independent ∆(2)
must be invariant under the simultaneous rescalings (1, 2,~a)→ (ζ1, ζ2, ζ~a). Furthermore,
because (5.49) is symmetric under the exchange 1 ↔ 2, so must ∆(2). In sum, we ought to
have a ∼ −i~a/√12, whence we can write
W
(2)
0 |∆〉 = ∆(2)|∆〉 (5.60)
where
∆(2) =
(2N − 2)(2N2 −N)
24
(1 + 2)
2
12
− γ
′~a2
12
(5.61)
for some real constant γ′.
In the limit that β → 0, it is well-known [74] that
ZBPS(1, 2,~a, β) =
∑
m
ZBPS,m(1, 2,~a, β) (5.62)
of (5.10) behaves such that ZBPS,m(1, 2,~a, β → 0) ∼ β−2mh∨g Z4dBPS,m(1, 2,~a), whence the
Nekrasov instanton partition function Zinst(Λ, 1, 2,~a) =
∑
m Λ
2mh∨g Z4dBPS,m(1, 2,~a) can be
written as
Zinst(Λ, 1, 2,~a) =
∑
m
Λ2mh
∨
g Z ′BPS,m(1, 2,~a, β → 0), (5.63)
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where Z ′BPS,m = lmβ
2mh∨gZBPS,m; lm is some constant; and Λ can be interpreted as the inverse
of the observed scale of the R4|1,2 space on the LHS of (5.49).
Note at this point that equivariant localization [76] implies that IH∗U(1)2×T U(MG,m)
must be endowed with an orthogonal basis {|~pm〉} that is in one-to-one correspondence with
the fixed-point set {~pm} of the U(1)2 × T -action on U(MG,m). Thus, since Z ′BPS,m is a
weighted count of the states in HΩBPS,m = IH∗U(1)2×T U(MG,m), it would mean that one can
write
Z ′BPS,m(1, 2,~a, β → 0) =
∑
~pm
l2~pm(1, 2,~a)〈~pm|~pm〉, (5.64)
where l~pm(1, 2,~a) ∈ R, and the dependence on 1, 2 and ~a arises because the energy level of
each state (given by the eigenvalue of the L0 operator which generates translation along S
1
n ⊂
Σn,t in (5.49) whence there is an Omega-deformation twist of the theory along the orthogonal
spaces indicated therein) ought to depend on these Omega-deformation parameters.
Notice that (5.64) also means that
Z ′BPS,m(1, 2,~a, β → 0) = 〈Ψm|Ψm〉, (5.65)
where
|Ψm〉 =
⊕
~pm
l~pm |~pm〉. (5.66)
Here, the state |Ψm〉 ∈ IH∗U(1)2×T U(MG,m), and 〈·|·〉 is a Poincare´ pairing in the sense of [28,
§2.6].
Now consider the state
|Ψ〉 =
⊕
m
Λmh
∨
g |Ψm〉. (5.67)
By substituting (5.65) in the RHS of (5.63), and by noting that 〈Ψm|Ψn〉 = δmn, one can
immediately see that
Zinst(Λ, 1, 2,~a) = 〈Ψ|Ψ〉, (5.68)
where |Ψ〉 ∈⊕m IH∗U(1)2×T U(MG,m). In turn, the duality relation (5.54) would mean that
|Ψ〉 = |q,∆〉 (5.69)
whence
Zinst(Λ, 1, 2,~a) = 〈q,∆|q,∆〉 (5.70)
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Figure 2: C and its 2N -fold cover ΣSW with the states 〈q,∆| and |q,∆〉 at z = 0 and ∞
where |q,∆〉 ∈ Ŵ(g∨aff). (The meaning of the label ‘q’ will be clear shortly.) Since the RHS
of (5.70) is defined at β → 0 (see the RHS of (5.63)), and since we have in C a common
boundary condition at z = 0 and z = ∞, |q,∆〉 and 〈q,∆| ought to be a state and its dual
associated with the puncture at z = 0 and z = ∞, respectively (as z = 0,∞ are the points
in C where the S1n fiber has zero radius). This is depicted in fig. 2.
At any rate, note that if we only have N D6-branes and 1 D4-brane wrapping C in (5.51),
we would (as explained in the last subsection) just have an N × 1 = N -fold cover of C. In
the presence of the O6−-plane however, there will be a mirror image of this configuration
on the “opposite side” whence this cover is doubled, i.e., in (5.51), we effectively have a
2(N × 1) = 2N -fold cover ΣSW of C. This is also depicted in fig. 2. Incidentally, ΣSW
is also the Seiberg-Witten curve which underlies Zinst(Λ, 1, 2,~a)! Moreover, it is by now
well-established (see [77] and references therein) that for n = 1, i.e., G = SO(2N), ΣSW can
be described in terms of the algebraic relation
ΣSW : λ
2N + φ2(z)λ
2N−2 + · · ·+ φ2N−2(z)λ2 + φ2N(z) = 0, (5.71)
where λ = ydz/z (for some complex variable y) is a section of T ∗C; the φs(z)’s are (s, 0)-
holomorphic differentials on C given by
φj(z) = uj
(
dz
z
)j
and φ2N−2(z) =
(
z + u2N−2 +
Λ2N−2
z
)(
dz
z
)2N−2
, (5.72)
where j = 2, 4, . . . , 2N −4, N ; while for weights λ1, . . . , λ2N of the 2N -dimensional represen-
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tation of SO(2N), and for s = 2, 4, . . . , 2N − 2, N ,
us = (−1)s+1
∑
k1 6=···6=ks
eλk1eλk2 . . . eλks (~a) and eλr = ~a · λr. (5.73)
This is consistent with our results established in §B that for G = SO(2N), we have, on C,
the following (si, 0)-holomorphic differentials
W (si)(z) =
(∑
l∈Z
W
(si)
l
zl
)(
dz
z
)si
, where si = ei + 1 = 2, 4, . . . , 2N − 2, N, (5.74)
whence we can naturally identify, up to some constant factor, φs(z) with W
(s)(z). (In fact,
a U(1) R-symmetry of the 4d theory along R4|1,2 on the LHS of (5.49) which underlies
Zinst(Λ, 1, 2,~a) and ΣSW , can be identified with the rotational symmetry of S
1
n; the duality
relation (5.49) then means that the corresponding U(1) R-charge of the φs(z) operators
that define ΣSW , ought to match, up to a constant, the conformal dimension of the W
(s)(z)
operators on C, which is indeed the case.)
At z = 0 where we have the state |q,∆〉, we find, after comparing (5.72) with (5.74),
that
W
(s)
l≥2 |q,∆〉 = 0, for s = 2, 4, . . . , 2N − 2, N (5.75)
W
(s)
0 |q,∆〉 ∼ us|q,∆〉 and W (2N−2)1 |q,∆〉 = q|q,∆〉 ∼ Λ2N−2|q,∆〉. To determine the exact
form of the relation involving W
(s)
0 , note that as in our derivation of (5.61), i.e., the eigenvalue
∆(2) of W
(2)
0 , the eigenvalues of W
(s)
0 must be invariant under the simultaneous rescalings
(1, 2,~a) → (ζ1, ζ2, ζ~a) and the exchange 1 ↔ 2; since (5.73) tells us that us is of order
s in ~a, it must be that
W
(s)
0 |q,∆〉 =
us
(12)s/2
|q,∆〉, for s = 2, 4, . . . , 2N − 2, N (5.76)
To determine the exact form of the relation involving W
(2N−2)
1 , recall that since the un-
derlying worldvolume theory of the N M5-branes on the LHS of (5.49) is scale-invariant,
it would mean that in addition to possessing the symmetries of ZBPS(1, 2,~a, β) in (5.10),
the W
(N)
1 -eigenvalue q ∼ Λ2N−2 ought to also be invariant under the rescaling (Λ, β) →
(ζ−1Λ, ζβ); thus, as the rescaling (β, 1, 2,~a) → (ζβ, ζ−11, ζ−12, ζ−1~a) is a symmetry
of ZBPS(1, 2,~a, β), the β- and ~a-independent q must be invariant under the rescaling
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(Λ, 1, 2) → (ζ−1Λ, ζ−11, ζ−12). Furthermore, because (5.49) is symmetric under the ex-
change 1 ↔ 2, so must q. In sum, it must be that
W
(2N−2)
1 |q,∆〉 = q|q,∆〉, q =
Λ2N−2
(12)N−1
(5.77)
Recall here that the W
(si)
l ’s generate W(so(2N)∨aff), and that on Ŵ(so(2N)∨aff), the W (si)l<0 ’s
and W
(si)
l>0 ’s act as creation and annihilation operators, respectively; in particular, W
(N)
1 is
an annihilation operator, so (5.77) means that |q,∆〉 is actually a coherent state, i.e., an
eigenstate of an annihilation operator.
What about when n = 2 whence we have G = USp(2N−2)? According to [18], instead
of (5.72), we now have
φs(z) = us
(
dz
z
)s
, φ˜j(z) = 0, φ˜2N−2(z) =
(
z1/2 +
Λ2N−2
z1/2
)(
dz
z
)2N−2
, (5.78)
where the φ˜s(z)’s are also (s, 0)-holomorphic differentials on C with modes in Z and Z+ 1/2.
This is again consistent with our results established in §B and after (5.52) that for n = 2,
we have, on C, the following (si, 0)-holomorphic differentials
W (si)(z) =
(∑
l∈Z
W
(si)
l
zl
)(
dz
z
)si
and W˜ (si)(z) =
(∑
l∈Z
W˜
(si)
l+1/2
zl+1/2
)(
dz
z
)si
, (5.79)
where si = 2, 4 . . . , 2N − 2, N , whence we can naturally identify, up to some constant factor,
φs(z) with W
(s)(z) and φ˜s(z) with W˜
(s)(z).
At z = 0 where the state |q,∆〉 is, we find, after comparing (5.78) with (5.79), that
instead of (5.75), we have
W
(s)
l≥1 |q,∆〉 = 0, for s = 2, 4, . . . , 2N − 2, N (5.80)
We also have (5.76), and
W˜
(s)
l≥3/2 |q,∆〉 = 0, for s = 2, 4, . . . , 2N − 2, N (5.81)
and instead of (5.77), we have W˜
(2N−2)
1/2 |q,∆〉 = q|q,∆〉 ∼ Λ2N−2|q,∆〉. By employing the
same reasoning used to derive (5.77), we find that
W˜
(2N−2)
1/2 |q,∆〉 = q|q,∆〉, q =
Λ2N−2
(12)N−1
(5.82)
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Recall here that the W
(si)
l ’s and W˜
(si)
l+1/2’s generate W(so(2N)(2)aff ) =W(usp(2N − 2)∨aff), and
that on Ŵ(usp(2N − 2)∨aff), the {W (si)l<0 , W˜ (si)l<0 } and {W (si)l>0 , W˜ (si)l>0 } act as creation and anni-
hilation operators, respectively; in particular, W˜
(2N−2)
1/2 is an annihilation operator, so (5.82)
means that |q,∆〉 is again a coherent state.
What about when n = 3 (with N = 4) whence we have G = G2? According to [18],
instead of (5.72), we now have
φs(z) = us
(
dz
z
)s
, φ˜j(z) = 0, φ˜6(z) =
(
z1/3 +
Λ6
z1/3
)(
dz
z
)6
, (5.83)
where s = 2, 4, 6; j = 2, 4; and the φ˜s(z)’s are (s, 0)-holomorphic differentials on C with
modes in Z, Z+ 1/3 and Z+ 2/3. This is again consistent with our results established in §B
and after (5.52) that for n = 3 (with N = 4), we have, on C, the following (si, 0)-holomorphic
differentials
W (si)(z) =
(∑
l∈Z
W
(si)
l
zl
)(
dz
z
)si
, W˜ (si)(z) =
(
2∑
k=1
∑
l∈Z
W˜
(si)
l+k/3
zl+k/3
)(
dz
z
)si
, (5.84)
where si = 2, 4, 6, whence we can naturally identify, up to some constant factor, φs(z) with
W (s)(z) and φ˜s(z) with W˜
(s)(z).
At z = 0 where the state |q,∆〉 is, we find, after comparing (5.83) with (5.84), that
instead of (5.75), we have
W
(s)
l≥1 |q,∆〉 = 0, for s = 2, 4, 6 (5.85)
We also have (5.76) (where N = 4), and
W˜
(s)
l≥2/3 |q,∆〉 = 0, for s = 2, 4, 6 (5.86)
and instead of (5.77), we have W˜
(6)
1/3|q,∆〉 = q|q,∆〉 ∼ Λ6|q,∆〉. By employing the same
reasoning used to derive (5.77), we find that
W˜
(6)
1/3|q,∆〉 = q|q,∆〉, q =
Λ6
(12)3
(5.87)
Recall here that the W
(si)
l ’s, W˜
(si)
l+1/3’s and W˜
(si)
l+2/3’s generate W(so(2N)(3)aff ) = W(g∨2 aff), and
that on Ŵ(g∨2 aff), the {W (si)l<0 , W˜ (si)l<0 } and {W (si)l>0 , W˜ (si)l>0 } act as creation and annihilation
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operators, respectively; in particular, W˜
(6)
1/3 is an annihilation operator, so (5.87) means that
|q,∆〉 is also a coherent state.
Thus, in arriving at the above boxed relations (i) (5.54), (5.56), (5.57), (5.60), (5.61),
(5.69), (5.70), (5.75), (5.76), (5.77), (ii) (5.54), (5.56), (5.57), (5.60), (5.61), (5.69), (5.70),
(5.76), (5.80), (5.81), (5.82) and (iii) (5.54), (5.56), (5.57), (5.60), (5.61), (5.69), (5.70),
(5.76), (5.85), (5.86), (5.87), we have just furnished a fundamental physical derivation of the
pure AGT correspondence for the (i) DN , (ii) CN−1 and (iii) G2 groups!
6. Generalizations of the Pure AGT Correspondence and the Case with Matter
6.1. A “Ramified” Generalization of the Pure AGT Correspondence
Let us now derive, purely physically, a “ramified” generalization of the pure AGT
correspondence for the A, B, C, D and G groups. To this end, recall from (2.23) and (2.31)
that the 4d worldvolume defect is equivalent to a geometric background of the underlying
M-theory compactification, just like R4/Zk and TNR→0N ; the same can be said about the
4d worldvolume defect in (2.34) and (2.35) – it is equivalent to a geometric background of
the underlying M-theory compactification, just like R4/Zk and SNR→0N . Recall also that
our discussion in §5.1 about turning on Omega-deformation is independent of the geometric
background of the underlying M-theory/string compactification. Altogether therefore, in the
presence of the 4d worldvolume defect, our arguments hitherto which led us to (5.12) and
(5.49) would mean that in place of them, we ought to have the following physically dual
compactifications
R4|1,2 × Σn,t︸ ︷︷ ︸
N M5-branes + 4d defect
×R5|3;x6,7 ⇐⇒ R5|3;x4,5 × C × TNR→0N |3;x6,7︸ ︷︷ ︸
1 M5-branes + 4d defect
, (6.1)
and
R4|1,2 × Σn,t︸ ︷︷ ︸
N M5-branes + OM5-plane + 4d defect
×R5|3;x6,7 ⇐⇒ R5|3;x4,5 × C × SNR→0N |3;x6,7︸ ︷︷ ︸
1 M5-branes + 4d defect
, (6.2)
respectively, where we have a common half-BPS boundary condition at the tips of It ⊂ Σn,t =
S1n × It; the radius of S1n is β; It  β; C is a priori the same as Σn,t; the 4d worldvolume
defect on the LHS of (6.1) and (6.2) wraps Σn,t and the z-plane in R4|1,2 ' Cz|1×Cw|2 ; the
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dual 4d worldvolume defect on the RHS of (6.1) and (6.2) wraps C and the x8-x9 directions
in TNR→0N |3;x6,7 and SNR→0N |3;x6,7 , and here, the x9-direction is spanned by the S1-fiber of
TNR→0N |3;x6,7 and SNR→0N |3;x6,7 , while the x6-x7-x8-directions are spanned by their R3|3;x6,7
base. As usual, there is a Zn-outer-automorphism of R4|1,2 , TNR→0N |3;x6,7 and SNR→0N |3;x6,7
as we go around the S1n circle and identify the circle under an order n translation, and the
i’s are parameters of the Omega-deformation along the indicated planes described in detail
in §5.1.
The Spectrum of Spacetime BPS States on the LHS of (6.1) and (6.2)
Let us now determine the spectrum of spacetime BPS states on the LHS of (i) (6.1)
and (ii) (6.2) that define a “ramified” generalization of the partition function in (5.10). In
the absence of Omega-deformation whence i = 0, according to our discussions in §5.1 and
§4.3, the spacetime BPS states would be captured by the topological sector of the N = (4, 4)
sigma-model on Σn,t with target the moduli space MG,L of “ramified” G-instantons on R4,
where (i) for n = 1 or 2 (with even N), G = SU(N) or SO(N + 1); (ii) for n = 1, 2 and
3 (with N = 4), G = SO(2N), USp(2N − 2) and G2; while L ⊂ G is a Levi subgroup
which characterizes the 4d worldvolume defect (as explained in §2.3 and §4.3). However, in
the presence of Omega-deformation, our discussion immediately after (5.10) now means that
as one traverses a closed loop in Σn,t, there would be a g-automorphism of MG,L, where
g ∈ U(1) × U(1) × T , and T ⊂ G is the Cartan subgroup. Consequently, the spacetime
BPS states of interest would, in the presence of Omega-deformation, be captured by the
topological sector of a non-dynamically g-gauged version of the aforementioned sigma-model
(see footnote 52). Hence, according to [72] and our arguments in §4.3 which led us to (i)
(4.58) and (4.59), (ii) (4.69), (4.70) and (4.71), we can express the Hilbert space HΩBPS of
spacetime BPS states on the LHS of (i) (6.1) and (ii) (6.2) as
HΩBPS =
⊕
a′
HΩBPS,a′ =
⊕
a′
IH∗U(1)2×T U(MG,L,a′), (6.3)
where IH∗U(1)2×T U(MG,a′) is the Zn-invariant (in the sense of (i) (3.19) and (ii) (3.75) and
(3.83), when (i) n = 2 and (ii) n = 2 and 3) U(1)2 × T -equivariant intersection cohomology
of the Uhlenbeck compactification U(MG,L,a′) of the (singular) moduli space MG,L,a′ of
“ramified” G-instantons on R4 with “ramified” instanton number a′. Here, the positive
number a′ = a + Trαm, where a is the ordinary instanton number; Tr is a quadratic form
on g; α ∈ t is the holonomy parameter that is the commutant of L; t is the Lie algebra of
T ; m ∈ Λcochar is the “magnetic charge”; and Λcochar is the cocharacter lattice of G.
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The Spectrum of Spacetime BPS States on the RHS of (6.1) and (6.2)
Let us next ascertain the corresponding spectrum of spacetime BPS states on the RHS
of (i) (6.1) and (ii) (6.2). Bearing in mind footnote 39 which tells us that the underlying
worldvolume theory of the single M5-brane (plus 4d worldvolume defect) is conformal along
(i) TNR→0N |3;x6,7 and (ii) SNR→0N |3;x6,7 in (i) (6.1) and (ii) (6.2), by repeating our arguments
in §3.1 and §3.2 which led us beyond (i) (3.20) and (ii) (3.84), and from our discussion sur-
rounding (5.6), we find that the spacetime BPS states would be furnished by the “ramified”
I-brane theory in
(i) IIA : R5|3;x4,5 × C × R3|3;x6,7︸ ︷︷ ︸
I-brane on C = ND6 ∩ 1D4 ∩ 3d defect
, (6.4)
and
(ii) IIA : R5|3;x4,5 × C × R3/I3|3;x6,7︸ ︷︷ ︸
I-brane on C = ND6 ∩ 1D4 ∩ 3d defect
. (6.5)
Here, we have a stack of N coincident D6-branes whose worldvolume is given by R5|3;x4,5×C;
a single D4-brane whose worldvolume is given by (i) C × R3|3;x6,7 and (ii) C × R3/I3|3;x6,7 ;
and a 3d worldvolume defect which wraps C and the x8-direction in (i) R3|2;x6,7 = R×R2|3
and (ii) R3/I3|3;x6,7 = (R× R2|3)/I3.
If the 4d worldvolume defect is absent or trivial whence L = G, our arguments that
took us from (i) (5.14) to (5.15) and (ii) (5.51) to (5.52), would mean that the spacetime
BPS states ought to be furnished by the states of a partially gauged chiral CFT on C which,
in the schematic notation of §3.1 and §3.2, can be expressed as57
(i) g∨C aff,1/n
∨
+ aff,p1
, g∨C aff = sl(N)
∨
aff , so(N + 1)
∨
aff (with even N) if n = 1, 2, (6.6)
and
(ii) g∨C aff,1/n
∨
+ aff,p2
, g∨C aff = so(2N)
∨
aff , usp(2N − 2)∨aff , g∨2 aff (with N = 4) if n = 1, 2, 3.
(6.7)
Here, C is effectively S2/{0,∞}, i.e., it can be regarded as an S1n fibration of It whose fiber
has zero radius at the two end points z = 0 and z = ∞; ‘z’ is a holomorphic coordinate
on C; n∨+ aff ⊂ g∨C aff is a Langlands dual affine Lie subalgebra whose associated nilpotent Lie
algebra consists of strictly upper-traingular matrices; and the level pi necessarily depends
57To arrive at the following expressions, we recall that sl(N)
(1)
aff ' sl(N)∨aff , sl(N)(2)aff ' so(N + 1)∨aff (for
even N), so(2N)
(1)
aff ' so(2N)∨aff , so(2N)(2)aff ' usp(2N − 2)∨aff and so(2N)(3)aff ' g∨2 aff (with N = 4).
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on the relevant Omega-deformation parameters ′1 = β1 and 
′
2 = β2, although pi, being a
purely real number, should not depend on the purely imaginary parameter ~a′ = β~a.
However, if the 4d worldvolume defect is nontrivial whence L 6= G, then, our arguments
which led us to (i) (4.61) and (4.63) and (ii) (4.73), (4.75) and (4.77), would mean that in
place of (6.6) and (6.7), we ought to have
(i)
g∨C aff,r
n∨+ aff,p′1 ⊗ [g
∨
C aff,r/p
∨
aff,r]
, g∨C aff = sl(N)
∨
aff , so(N + 1)
∨
aff (with even N) if n = 1, 2, (6.8)
and
(ii)
g∨C aff,q
n∨+ aff,p′2 ⊗ [g
∨
C aff,q/p
∨
aff,q]
, g∨C aff = so(2N)
∨
aff , usp(2N − 2)∨aff , g∨2 aff (with N = 4) if n = 1, 2, 3,
(6.9)
where p∨aff ⊂ g∨C aff is a (semi-lower triangular) parabolic Langlands dual affine Lie subalge-
bra that is associated with L; the second factor in the denominator is due to the dual 4d
worldvolume defect; and the levels {p′i, r, q} ∈ R.58
Note that one can also regard the entire factor in the denominator of (6.8) and (6.9)
as being due to an Omega-deformed dual 4d worldvolume defect which (i) effects a pure
Omega-deformation that brings us back to (6.6) and (6.7), respectively, when the defect is
trivial, i.e., when L = G whence p∨ = g∨C; (ii) effects a trivial Omega-deformation – so that
the entire factor in the denominator of (6.8) and (6.9) is equal to identity – when the defect
is full, i.e., when L = T (as we shall explain later).
A “Ramified” Generalization of the Pure AGT Correspondence for the A Groups
Let us now focus on (6.8) with n = 1 whence g∨C aff = sl(N)
∨
aff . Note that the factor
in the denominator of (6.8) means that we are gauging the sl(N)∨aff WZW model on C by a
subgroup S whose Lie algebra is s = n∨+ ⊕ [sl(N)∨ 	 p∨]. Since the second nilpotent factor
[sl(N)∨ 	 p∨] is due to the dual 4d worldvolume defect which, in turn, is characterized by
dual nilpotent orbits Oe∨ (c.f. §4.3), according to §2.3, §4.3, and the fact that n∨+ ' n+ for
simply-laced Lie algebras, we can also write
S = N+ × P[N ]t/P[nI ]t , (6.10)
58We have, for convenience, replaced the levels {1, p1} and {1, p2} in (6.6) and (6.7) with the levels {r, p′1}
and {q, p′2} in (6.8) and (6.9), keeping the overall central charge of the underlying partially gauged chiral
CFT the same.
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where N+ ⊂ SL(N,C) is the nilpotent subgroup of strictly upper triangular matrices, and
P[m]t ⊂ SL(N,C) is a semi-lower triangular parabolic subgroup defined by the partition [m]t
(see §2.3) that is a transpose of the partition [m] of N (in the sense of a Young diagram
defined in the British convention). Since P[N ]t = P[1,...,1] = B−, where B− ⊂ SL(N,C) is a
lower-triangular Borel subgroup, (6.10) would mean that S is a nilpotent subgroup of strictly
upper-triangular matrices, i.e., we can also write
s = a+, (6.11)
where a+ ⊂ sl(N) is a nilpotent Lie subalgebra of strictly upper triangular matrices.
Thus, in this case, we find (bearing in mind the isomorphism relations in footnote 57)
that the sought-after spacetime BPS states ought to be given by the states of the partially
gauged chiral CFT
sl(N)aff,r/a+ aff,pA , (6.12)
where the levels pA and r may not be the same, as the central charge of a+ aff,pA , like that of
n∨+ aff,p1 ' n+ aff,p1 in (6.6), must also contribute to an anomalous shift in the overall central
charge which can then be “absorbed” by the curvature of C, as explained in §5.2. This
partially gauged chiral CFT, like the one in (5.15), can be realized as a gauged SL(N,C)
WZW model, although the Lie algebra of the gauge group is now a+ instead of n+.
Note that a+ is such that in an appropriate basis of sl(N), one can always find an
element δ of the Cartan subalgebra of sl(N) whereby
[δ, x] = lx (6.13)
for some x ∈ a+ and positive integer l. Take for example N = 3 and [nI ] = [2, 1]; let Eij
denote an N × N matrix whose (i, j) component is one while the rest are zero; then, from
(6.10), we have x = α1E13+α2E23, where the αi’s are real constants, and as explicitly verified
in [78], x indeed satisfies (6.13). As another example, one can take N = 4 and [nI ] = [2, 1, 1],
[2, 2] or [3, 1]; again, one can, for each case, compute x using (6.10), and as explicitly verified
in [78], it will always satisfy (6.13).
Hence, if we were to repeat the computation in Appendix B with gauge group S instead
of N+, we would physically realize the general BRST algorithm in [79]. What this means is
that the chiral CFT would realizeW(su(N)aff , ρA) – an untwisted affineW-algebra obtained
from sl(N)aff via a quantum Drinfeld-Sokolov reduction that is associated with the embed-
ding ρA : sl(2) → sl(N) (which, through the Jacobson-Morozov theorem, is determined by
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a+ and therefore, the partition [nI ] which characterizes the underlying 4d worldvolume de-
fect). In other words, the states of the chiral CFT would be furnished by a Verma module
Ŵ(su(N)aff , ρA) over W(su(N)aff , ρA), and the Hilbert space HΩ′BPS of spacetime BPS states
on the RHS of (6.1) when n = 1, can be expressed as
HΩ′BPS = Ŵ(su(N)aff , ρA). (6.14)
Clearly, the physical duality of the compactifications in (6.1) will mean that HΩBPS in
(6.3) (when n = 1) is equivalent to HΩ′BPS in (6.14), i.e.,
⊕
a′
IH∗U(1)2×T U(MSU(N),L,a′) = Ŵ(su(N)aff , ρA) (6.15)
Thus, we have a “ramified” generalization of the duality relation (5.17) for G = SU(N).
Accordingly, cA in (5.18) ought to be replaced by [79]
cA = dim sl(N)0 − 1
2
dim sl(N) 1
2
− 12 |α+ρ+ α−t0|2 . (6.16)
Here, sl(N)j = {x ∈ sl(N) | [t0, x] = jx}; t0 = ρA(σ3), where σ3 ∈ sl(2) is a Cartan element;
ρ is the Weyl vector of sl(N); α+ = 1/
√
kA +N , where α+α− = −1; and kA ∈ R is the
effective level of the underlying affine Lie algebra sl(N)aff .
If we have a trivial 4d worldvolume defect whence L = SU(N) so [nI ] = [N ], from
(6.10), we find that a+ = n+ whence ρA would be principal; in this case, t0 = ρ∨ = ρ,
dim sl(N)0 − 12dim sl(N) 12 = rank sl(N) = N − 1, so cA coincides with (B.34) (for the A
groups). As such, when the defect is trivial (i.e. absent), W(su(N)aff , ρA) = W(su(N)aff)
with central charge cA = cA, consistent with our “unramified” results in §5.2. As further
explained in §5.2, cA would also depend on the Omega-deformation parameters 1,2 through
α+ = −i
√
1/2 and α− = −i
√
2/1.
Since Omega-deformation is independent of the choice of 4d worldvolume defect, the
manner in which cA depends on 1,2 would not change as we vary ρA away from being
principal, i.e., we have α+ = −i
√
1/2 and α− = −i
√
2/1 in (6.16) for all ρA. Therefore,
we can also write cA as
cA,1,2 = dim sl(N)0 −
1
2
dim sl(N) 1
2
+ 12
∣∣∣∣√12 ρ+
√
2
1
t0
∣∣∣∣2 (6.17)
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Notice that consistent with the LHS of (6.1), cA,1,2 is also asymmetric under the exchange
1 ↔ 2 whenever we have a nontrivial defect. In addition, we also have
kA = −N − 2
1
(6.18)
Note at this point that a rigorous definition of a “ramified” generalization of the
Nekrasov instanton partition function in [20, §6.6] means that we can actually “ramify”
the arguments which took us from (5.25) to (5.36). As such, in the presence of a nontrivial
4d worldvolume defect whose nature is encoded in ρA, we can, via (6.15), write the “ramified”
Nekrasov instanton partition function as
Zinst(SU(N), 1, 2,~a,L) = 〈ρA,∆|ρA,∆〉 (6.19)
where
|ρA,∆〉 =
⊕
a′
Aa
′|Ψa′,LA〉 (6.20)
Here, |ρA,∆〉 ∈ Ŵ(su(N)aff , ρA); Aa′ is some real number; |Ψa′,LA〉 ∈ IH∗U(1)2×T U(MSU(N),L,a′)
is also a state in Ŵ(su(N)aff , ρA) with energy level na′ determined by the “ramified” instan-
ton number a′ (as one recalls that na′ is a constant shift of the eigenvalue a′ of the L0
operator which generates translations along the S1n circle in (6.1)); and 〈·|·〉 is a Poincare´
pairing in the sense of [28, §2.6]. The label ∆ just means that Ŵ(su(N)aff , ρA) is gener-
ated by the application of creation operators (furnished by the negative-mode elements of
W(su(N)aff , ρA)) on the highest weight state |∆〉.
As in the “unramified” case, since the RHS of (6.19) is defined in the limit that the S1n
fiber in C has zero radius, and since we have in C a common boundary condition at z = 0
and z =∞ (where the radius of the S1n fiber is zero), |ρA,∆〉 and 〈ρA,∆| ought to be a state
and its dual associated with the puncture at z = 0 and z = ∞, respectively. Furthermore,
as the RHS of (6.20) is a sum over states of all possible energy levels, it would mean that
|ρA,∆〉 is actually a coherent state.
Thus, in arriving at the boxed relations (6.15), (6.17), (6.18), (6.19) and (6.20), we have
just furnished a fundamental physical derivation of a “ramified” pure AGT correspondence
for the AN−1 groups! (Given a specific L and hence [nI ], the “ramified” version of the
relations (5.41)–(5.43) can be straightforwardly obtained, albeit rather tediously, via the
computational technique introduced in [27, §3.3].)
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A “Ramified” Generalization of the Pure AGT Correspondence for the B Groups
Let us now focus on (6.8) with n = 2 and even N whence g∨C aff = so(N + 1)
∨
aff . Recall
at this point from footnote 57 that so(N + 1)∨aff = sl(N)
(2)
aff = sl(N)
∨ (2)
aff , which means that
our proceeding analysis would be exactly the same as that for the A groups above, except
that the affine Lie algebras involved are now Z2-twisted. As such, the Hilbert space HΩ′BPS of
spacetime BPS states on the RHS of (6.1) when n = 2 with even N , can be expressed as
HΩ′BPS = Ŵ(so(N + 1)∨aff , ρA), (6.21)
where Ŵ(so(N+1)∨aff , ρA) is a Verma module overW(so(N+1)∨aff , ρA) – a Z2-twisted version
of the affine W-algebra W(su(N)aff , ρA) obtained from sl(N)aff via a quantum Drinfeld-
Sokolov reduction that is associated with the embedding ρA : sl(2) → sl(N) (which, as
explained above, encodes the nature of the underlying 4d worldvolume defect).
Clearly, the physical duality of the compactifications in (6.1) will mean that HΩBPS in
(6.3) (when n = 2 with even N) is equivalent to HΩ′BPS in (6.21), i.e.,
⊕
a′
IH∗U(1)2×T U(MSO(N+1),L,a′) = Ŵ(so(N + 1)∨aff , ρA) (6.22)
where the equivariant intersection cohomology is Z2-invariant in the sense explained below
(6.3). Thus, we have a “ramified” generalization of the duality relation (5.17) for G =
SO(N + 1).
According to footnote 24, the central charge of a twistedW-algebra (obtained as a coset
theory of twisted affine Lie algebras, such as in our case) would be the same as its untwisted
version. As such, the central charge cB in this case would be the same as cA, i.e.,
cB,1,2 = dim sl(N)0 −
1
2
dim sl(N) 1
2
+ 12
∣∣∣∣√12 ρ+
√
2
1
t0
∣∣∣∣2 (6.23)
Likewise, the level of the underlying Z2-twisted affine Lie algebra so(N + 1)∨aff is
kB = −N − 2
1
(6.24)
and
Zinst(SO(N + 1), 1, 2,~a,L) = 〈ρA,∆2|ρA,∆2〉 (6.25)
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where
|ρA,∆2〉 =
⊕
a′
Ba
′|Ψa′,LB〉 (6.26)
Here, |ρA,∆2〉 ∈ Ŵ(so(N+1)∨aff , ρA); Ba′ is some real number; |Ψa′,LB〉 ∈ IH∗U(1)2×T U(MSO(N+1),L,a′)
is also a state in Ŵ(so(N + 1)∨aff , ρA) with energy level na′ determined by the “rami-
fied” instanton number a′; and the label ∆2 just means that Ŵ(so(N + 1)∨aff , ρA) is gen-
erated by the application of creation operators (furnished by the negative-mode elements of
W(so(N + 1)∨aff , ρA)) on the Z2-twisted highest weight state |∆〉.
As in the n = 1 case, |ρA,∆2〉 and 〈ρA,∆2| ought to be a state and its dual associated
with the puncture at z = 0 and z =∞ on C, respectively. Furthermore, as the RHS of (6.26)
is a sum over states of all possible energy levels, it would mean that |ρA,∆2〉 is actually a
coherent state.
Thus, in arriving at the boxed relations (6.22), (6.23), (6.24), (6.25) and (6.26), we have
just furnished a fundamental physical derivation of a “ramified” pure AGT correspondence
for the BN/2 groups! (The “ramified” version of the relations (5.41)–(5.43) can be obtained
via a Z2-twisted generalization of the computational technique introduced in [27, §3.3].)
A “Ramified” Generalization of the Pure AGT Correspondence for the D Groups
Let us now focus on (6.9) with n = 1 whence g∨C aff = so(2N)
∨
aff . Note that the factor
in the denominator of (6.9) means that we are gauging the so(2N)∨aff WZW model on C by
a subgroup S whose Lie algebra is s = n∨+ ⊕ [so(2N)∨ 	 p∨]. Notice that the second factor
[so(2N)∨	p∨] is spanned by strictly upper triangular matrices which are thus nilpotent like
the matrices that span the first factor n∨+; this just reflects the fact that the second factor
is due to the dual 4d worldvolume defect which is in turn characterized by dual nilpotent
orbits Oe∨ (c.f. §4.3). As such, we find that S would be a nilpotent subgroup of strictly
upper-triangular matrices, i.e., we can also write
s = d∨+, (6.27)
where d∨+ ⊂ so(2N)∨ is a nilpotent Lie subalgebra of strictly upper triangular matrices.
Thus, in this case, we see (bearing in mind the isomorphism relations in footnote 57)
that the sought-after spacetime BPS states ought to be given by the states of the partially
gauged chiral CFT
so(2N)aff,q/d+ aff,pD , (6.28)
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where the levels pD and q may not be the same, as the central charge of d+ aff,pD , like that of
n∨+ aff,p2 ' n+ aff,p2 in (6.7), must also contribute to an anomalous shift in the overall central
charge which can then be “absorbed” by the curvature of C, as explained in §5.3. This
partially gauged chiral CFT, like the one in (5.52), can be realized as a gauged SO(2N,C)
WZW model, although the Lie algebra of the gauge group S is now d+ instead of n+.
In an appropriate basis of so(2N), one can always find an element H of the Cartan
subalgebra of so(2N) such that
[H, x] = kx (6.29)
for some x ∈ d+ and positive integer k.59 Hence, if we were to repeat the computation in
Appendix B with gauge group S instead of N+, we would physically realize the general BRST
algorithm in [79]. What this means is that the chiral CFT would realize W(s0(2N)aff , ρD)
– an untwisted affine W-algebra obtained from so(2N)aff via a quantum Drinfeld-Sokolov
reduction that is associated with the embedding ρD : sl(2) → so(2N) (which, through the
Jacobson-Morozov theorem, is determined by d+ that is in turn determined by the underlying
4d worldvolume defect). In other words, the states of the chiral CFT would be furnished
by a Verma module Ŵ(so(2N)aff , ρD) over W(so(2N)aff , ρD), and the Hilbert space HΩ′BPS of
spacetime BPS states on the RHS of (6.2) when n = 1, can be expressed as
HΩ′BPS = Ŵ(so(2N)aff , ρD). (6.30)
Clearly, the physical duality of the compactifications in (6.2) will mean that HΩBPS in
(6.3) (when n = 1) is equivalent to HΩ′BPS in (6.30), i.e.,
⊕
a′
IH∗U(1)2×T U(MSO(2N),L,a′) = Ŵ(so(2N)aff , ρD) (6.31)
Thus, we have a “ramified” generalization of the duality relation (5.54) for G = SO(2N).
Accordingly, cD in (5.55) ought to be replaced by [79]
cD = dim so(2N)0 − 1
2
dim so(2N) 1
2
− 12 |α+ρ+ α−t0|2 . (6.32)
59Note that this claim is only true if we restrict ourselves to the subset of 4d worldvolume defects whereby
there exists a nilpotent element e = ρD(σ3) ∈ d+ (where σ3 ∈ sl(2)) such that the embedding ρD : sl(2) →
so(2N) realizes the conditions for an H-compatible halving as spelt out in [80, Appendix C, after eqn. (C.10)]
(for the D series). For simplicity and brevity of discussion, we shall henceforth assume our 4d worldvolume
defects to be such.
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Here, so(2N)j = {x ∈ so(2N) | [t0, x] = jx}; t0 = ρD(σ3), where σ3 ∈ sl(2) is a Cartan
element; ρ is the Weyl vector of so(2N); α+ = 1/
√
kD + 2N − 2, where α+α− = −1; and
kD ∈ R is the effective level of the underlying affine Lie algebra so(2N)aff .
If we have a trivial 4d worldvolume defect whence L = SO(2N) so p∨ = so(2N)∨ (and
the second factor in s is trivial), we have d+ = n+ whence ρD would be principal; in this case,
t0 = ρ
∨ = ρ, dim so(2N)0 − 12dim so(2N) 12 = rank so(2N) = N , so cD coincides with (B.34)
(for the D groups). As such, when the defect is trivial (i.e. absent), W(so(2N)aff , ρD) =
W(so(2N)aff) with central charge cD = cD, consistent with our “unramified” results in §5.3.
As further explained in §5.3, cD would also depend on the Omega-deformation parameters
1,2 through α+ = −i
√
1/2 and α− = −i
√
2/1.
Since Omega-deformation is independent of the choice of 4d worldvolume defect, the
manner in which cD depends on 1,2 would not change as we vary ρD away from being
principal, i.e., we have α+ = −i
√
1/2 and α− = −i
√
2/1 in (6.32) for all ρD. Therefore,
we can also write cD as
cD,1,2 = dim so(2N)0 −
1
2
dim so(2N) 1
2
+ 12
∣∣∣∣√12 ρ+
√
2
1
t0
∣∣∣∣2 (6.33)
Notice that consistent with the LHS of (6.2), cD,1,2 is also asymmetric under the exchange
1 ↔ 2 whenever we have a nontrivial defect. In addition, we also have
kD = −2N + 2− 2
1
(6.34)
Note at this point that a rigorous definition of a “ramified” generalization of the
Nekrasov instanton partition function in [20, §6.6] means that we can actually “ramify”
the arguments which took us from (5.62) to (5.70). As such, in the presence of a nontrivial
4d worldvolume defect whose nature is encoded in ρD, we can, via (6.31), write the “ramified”
Nekrasov instanton partition function as
Zinst(SO(2N), 1, 2,~a,L) = 〈ρD,∆|ρD,∆〉 (6.35)
where
|ρD,∆〉 =
⊕
a′
Da
′ |Ψa′,LD〉 (6.36)
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Here, |ρD,∆〉 ∈ Ŵ(so(2N)aff , ρD); Da′ is some real number; |Ψa′,LD〉 ∈ IH∗U(1)2×T U(MSO(2N),L,a′)
is also a state in Ŵ(so(2N)aff , ρD) with energy level na′ determined by the “ramified” in-
stanton number a′ (as one recalls that na′ is a constant shift of the eigenvalue a′ of the L0
operator which generates translations along the S1n circle in (6.2)); and 〈·|·〉 is a Poincare´
pairing in the sense of [28, §2.6]. The label ∆ just means that Ŵ(so(2N)aff , ρD) is gener-
ated by the application of creation operators (furnished by the negative-mode elements of
W(so(2N)aff , ρD)) on the highest weight state |∆〉.
As in the “unramified” case, since the RHS of (6.35) is defined in the limit that the S1n
fiber in C has zero radius, and since we have in C a common boundary condition at z = 0
and z =∞ (where the radius of the S1n fiber is zero), |ρD,∆〉 and 〈ρD,∆| ought to be a state
and its dual associated with the puncture at z = 0 and z = ∞, respectively. Furthermore,
as the RHS of (6.36) is a sum over states of all possible energy levels, it would mean that
|ρD,∆〉 is actually a coherent state.
Thus, in arriving at the boxed relations (6.31), (6.33), (6.34), (6.35) and (6.36), we have
just furnished a fundamental physical derivation of a “ramified” pure AGT correspondence
for the DN groups! (The “ramified” version of the relations (5.41)–(5.43) can be obtained
via an SO(2N) generalization of the computational technique introduced in [27, §3.3].)
A “Ramified” Generalization of the Pure AGT Correspondence for the C–G Groups
Let us now focus on (6.9) for n = 2 and 3 (with N = 4) whence g∨C aff = usp(2N − 2)∨aff
and g∨2 aff , respectively. Recall at this point from footnote 57 that usp(2N − 2)∨aff = so(2N)(2)aff =
so(2N)
∨ (2)
aff and g
∨
2 aff = so(2N)
(3)
aff = so(2N)
∨ (3)
aff (where N = 4), which means that our pro-
ceeding analysis would be exactly the same as that for the D groups above, except that the
affine Lie algebras involved are now Z2- and Z3-twisted, accordingly. As such, the Hilbert
space HΩ′BPS of spacetime BPS states on the RHS of (6.2) can be expressed as
HΩ′BPS = Ŵ(g∨aff , ρD), (6.37)
where Ŵ(g∨aff , ρD) is a Verma module overW(g∨aff , ρD) – a Zn-twisted version of the affineW-
algebraW(so(2N)aff , ρD) obtained from so(2N)aff via a quantum Drinfeld-Sokolov reduction
that is associated with the embedding ρD : sl(2) → so(2N) (which, as explained above,
encodes the nature of the underlying 4d worldvolume defect).
Clearly, the physical duality of the compactifications in (6.2) will mean that HΩBPS in
(6.3) (when n = 2, and when n = 3 with N = 4) is equivalent to HΩ′BPS in (6.37) (when
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n = 2, and when n = 3 with N = 4), i.e.,
⊕
a′
IH∗U(1)2×T U(MG,L,a′) = Ŵ(g∨aff , ρD) (6.38)
where the equivariant intersection cohomology is Zn-invariant in the sense explained below
(6.3). Thus, we have a “ramified” generalization of the duality relation (5.54) for G =
USp(2N − 2) and G2.
According to footnote 33, the central charge of a twistedW-algebra (obtained as a coset
theory of twisted affine Lie algebras, such as in our case) would be the same as its untwisted
version. As such, the central charge cG in this case would be the same as cD, i.e.,
cG,1,2 = dim so(2N)0 −
1
2
dim so(2N) 1
2
+ 12
∣∣∣∣√12 ρ+
√
2
1
t0
∣∣∣∣2 (6.39)
Likewise, the level of the underlying Zn-twisted affine Lie algebra g∨aff is
kG = −2N + 2− 2
1
(6.40)
and
Zinst(G, 1, 2,~a,L) = 〈ρD,∆n|ρD,∆n〉 (6.41)
where
|ρD,∆n〉 =
⊕
a′
Ga
′|Ψa′,LG〉 (6.42)
Here, |ρD,∆n〉 ∈ Ŵ(g∨aff , ρD); Ga′ is some real number; |Ψa′,LG〉 ∈ IH∗U(1)2×T U(MG,L,a′) is also
a state in Ŵ(g∨aff , ρD) with energy level na′ determined by the “ramified” instanton number
a′; and the label ∆n just means that Ŵ(g∨aff , ρD) is generated by the application of creation
operators (furnished by the negative-mode elements ofW(g∨aff , ρD)) on the Zn-twisted highest
weight state |∆〉.
As in the n = 1 case, |ρD,∆n〉 and 〈ρD,∆n| ought to be a state and its dual associated
with the puncture at z = 0 and z =∞ on C, respectively. Furthermore, as the RHS of (6.42)
is a sum over states of all possible energy levels, it would mean that |ρD,∆n〉 is actually a
coherent state.
Thus, in arriving at the boxed relations (6.38), (6.39), (6.40), (6.41) and (6.42), we have
just furnished a fundamental physical derivation of a “ramified” pure AGT correspondence
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for the CN−1 and G2 groups! (The “ramified” version of the relations (5.41)–(5.43) can be
obtained via a Zn-twisted, SO(2N) generalization of the computational technique introduced
in [27, §3.3].)
The “Fully-Ramified” Pure AGT Correspondence for the A–B Groups
Let us now specialize our above discussion to the case of a full 4d worldvolume defect
whence L = T . For the A–B groups, this means that [nI ] = [1, . . . , 1] in (6.10). As such, a+
in (6.11) is trivial. Hence, the full defect “undoes” the quantum Drinfeld-Sokolov reduction,
and in place of (6.12), we have
sl(N)
(n)
aff,kAB , (6.43)
where n = 1 and 2 (with even N) for the AN−1 and BN/2 groups, respectively.
Thus, in place of (6.15) and (6.22), we have
⊕
a′
IH∗U(1)2×T U(MG,T,a′) = ĝ∨aff,kAB (6.44)
where G = SU(N) and SO(N + 1) (with even N), and ĝ∨aff,kAB is a Verma module over the
Langlands dual affine Lie algebra g∨aff,kAB at level kAB.
From (6.18) and (6.24), we get
kAB = −N − 2
1
(6.45)
In turn, the central charge is
cAB,1,2 =
1
2
(N3 −N) +N2 − 1 (6.46)
Recall at this point that if the defect were to be trivial, (i) g∨aff,kAB would be replaced by
W(g∨aff , ρA) with principal ρA; (ii) the Zn-twisted highest weight state |~j,∆〉 ∈ ĝ∨aff,kAB would
be replaced by the Zn-twisted highest weight state |∆〉 ∈ Ŵ(g∨aff , ρA); (iii) the zeroth modes
J = (J10 , . . . , J
N−1
0 ) of the N − 1 untwisted scalar bosonic fields in the free-field realization
of W(g∨aff , ρA) would be given by J = a + i(b+ b−1)ρ, where b =
√
1/2; (iv) the conformal
dimension ∆(2) of |∆〉 would be given by ∆(2) = (a2 +(b+ b−1)2ρ2)/2. Notice that since both
J and ∆(2) are ρA-independent, we can expect them to take the same form at ρA = 0, i.e.,
when we actually have a full defect.
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That being said, the “unramified” configuration (5.12) – which underlies the above-
stated expressions for J and ∆(2) – is symmetric under the exchange 1 ↔ 2; on the other
hand, the “ramified” configuration (6.1) – which underlies the story with the full defect – is
not; in other words, unlike the above-stated expressions for J and ∆(2) for when the defect
is trivial, the expressions for J and ∆(2) for when the defect is full should not be symmetric
under the exchange 1 ↔ 2. Thus, the expressions for J and ∆(2) for when the defect is full
should be given by the above-stated expressions for J and ∆(2) less the b- or b−1-dependent
term. In turn, this means that (i) the expression for the conformal dimension ∆
(2)
~j
of |~j,∆〉
ought to be given by the above-stated expression for ∆(2) less the b- or b−1-dependent term;
(ii) the highest weight ~j = ib−1J′ associated with |~j,∆〉 is such that the expression for J′
ought to be given by the above-stated expression for J less the b- or b−1-dependent term.60
Therefore, as ∆
(2)
~j
= −~j · (~j+2ρ)/2b−2 by definition, a consistent solution would involve
dropping the b−1-dependent term in J and ∆(2) such that ~j = ib−1a − ρ and ∆(2)~j = (a2 +
b2ρ2)/2. Since we can identify a with −i~a/√12 (see §5.2), we can write
~j =
~a
1
− ρ (6.47)
and
L0|~j,∆〉 = ∆(2)~j |~j,∆〉 where ∆
(2)
~j
=
1
22
[
ρ2 − ~a
2
21
]
(6.48)
Hence, in place of (6.19) and (6.25), and in place of (6.20) and (6.26), we have
Zinst(G, 1, 2,~a, T ) = 〈0,∆n|0,∆n〉 (6.49)
and
|0,∆n〉 =
⊕
a′
Ga′ |Ψa′,TAB〉 (6.50)
Here, |0,∆n〉 ∈ ĝ∨aff,kAB ; Ga
′
is some real number; and |Ψa′,TAB〉 ∈ IH∗U(1)2×T U(MG,T,a′) is also
a state in ĝ∨aff,kAB with energy level na′ determined by the “ramified” instanton number a
′.
The label ∆n just means that ĝ
∨
aff,kAB is generated by the application of creation operators
60Note that according to [19, Appendix C], the relation between ~j and J′ is actually ~j = −b−1J′; in other
words, there is an extra factor of ‘−i’ in our definition of the relation. The reason for our deviation is as
follows. Recall that the vector a in §5.2 is purely real in our conventions; this implies that 1 and 2 must
be opposite in sign whence b−1 is purely imaginary; thus, since ~j (like J′) must also be purely real, one has
to insert an extra factor of ‘−i’ in the relation.
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(furnished by the negative-mode elements of g∨aff,kAB) on the Zn-twisted highest weight state
|~j,∆〉.
As before, |0,∆n〉 and 〈0,∆n| ought to be a state and its dual associated with the
puncture at z = 0 and z =∞ in C, respectively. Furthermore, as the RHS of (6.50) is a sum
over states of all possible energy levels, it would mean that |0,∆n〉 is actually a coherent
state.
Thus, in arriving at the boxed relations (6.44), (6.45), (6.46), (6.47), (6.48), (6.49) and
(6.50), we have just furnished a fundamental physical derivation of a “fully-ramified” pure
AGT correspondence for the AN−1 and (for even N) the BN/2 groups! (The “ramified”
version of the relations (5.41)–(5.43) can be obtained via a Zn-twisted generalization of the
computational technique introduced in [27, §3.3].)
The “Fully-Ramified” Pure AGT Correspondence for the C–D–G Groups
Let us now turn our attention to the C–D–G groups. Unlike a+ in (6.12) for the A–B
groups, we do not have, for the C–D–G groups, an explicit description of d+ in (6.28) in
terms of some partition [nI ] which describes L, i.e., apart from the obvious case of a trivial
4d worldvolume defect where L = G whence d+ = n+, we cannot determine the exact form
of d+ in all generality. Nevertheless, one can still deduce the exact form of d+ for when the
4d worldvolume defect is full.
To this end, first note that by shifting the center-of-mass of the N M5-branes + 4d
defect system in (6.2) away from the OM5-plane, the SO(2N) gauge group which underlies
the original N M5-branes + OM5-plane + 4d defect system would reduce to an SU(N)
gauge group which underlies the now effective N M5-branes + 4d defect system. Second,
note that shifting the center-of-mass of the N M5-branes + 4d defect system in (6.2) will
not modify the intrinsic properties of distinguished defects, i.e., a full or trivial defect will
remain as such, regardless. Third, note that the action of Omega-deformation, as effected
by a background fluxbrane, is also independent of this shift in the center-of-mass of the N
M5-branes + 4d defect system. Altogether, this means that if we start with configuration
(6.2) with a full defect and shift the center-of-mass of the N M5-branes + 4d defect system
away from the OM5-plane, we will end up with configuration (6.1) with a full defect, and
vice-versa. Therefore, since our above “fully-ramified” analysis for the A–B groups is also
independent of the center-of-mass of the N M5-branes + 4d defect system, we can conclude
that the “fully-ramified” analysis for the C–D–G groups ought to be the same, except that
one has to replace sl(N) with so(2N) everywhere. In particular, instead of (6.43), we now
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have
so(2N)
(n)
aff,kCDG , (6.51)
where n = 1, 2 and 3 (with N = 4) for the DN , CN−1 and G2 groups, respectively. Hence,
we deduce that d+ is actually trivial, like a+ was.
Also, in place of (6.44) is
⊕
a′
IH∗U(1)2×T U(MG,T,a′) = ĝ∨aff,kCDG (6.52)
whereG = SO(2N), USp(2N−2) andG2, and ĝ∨aff,kCDG is a Verma module over the Langlands
dual affine Lie algebra g∨aff,kCDG at level kCDG.
From (6.34) and (6.40), we get
kCDG = −2N + 2− 2
1
(6.53)
In turn, the central charge is
cCDG,1,2 =
1
2
(4N3 − 6N2 + 2N) + 2N2 −N (6.54)
By the same arguments which led us to (6.47) and (6.48), we can also state the following.
The highest weight ~l associated with the highest weight state |~l,∆〉 ∈ ĝ∨aff,kCDG , can be written
as
~l =
~a
1
− ρ (6.55)
and moreover,
L0|~l,∆〉 = ∆(2)~l |~l,∆〉 where ∆
(2)
~l
=
1
22
[
ρ2 − ~a
2
21
]
(6.56)
Hence, in place of (6.35) and (6.41), and in place of (6.36) and (6.42), we have
Zinst(G, 1, 2,~a, T ) = 〈0,∆n|0,∆n〉 (6.57)
and
|0,∆n〉 =
⊕
a′
G a
′|Ψa′,TCDG〉 (6.58)
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Here, |0,∆n〉 ∈ ĝ∨aff,kCDG ; G a
′
is some real number; and |Ψa′,TCDG〉 ∈ IH∗U(1)2×T U(MG,T,a′) is
also a state in ĝ∨aff,kCDG with energy level na′ determined by the “ramified” instanton number
a′. The label ∆n just means that ĝ∨aff,kCDG is generated by the application of creation operators
(furnished by the negative-mode elements of g∨aff,kCDG) on the Zn-twisted highest weight state
|~l,∆〉.
Again, |0,∆n〉 and 〈0,∆n| ought to be a state and its dual associated with the puncture
at z = 0 and z = ∞ in C, respectively. Furthermore, as the RHS of (6.58) is a sum over
states of all possible energy levels, it would mean that |0,∆n〉 is actually a coherent state.
Thus, in arriving at the boxed relations (6.52), (6.53), (6.54), (6.55), (6.56), (6.57)
and (6.58), we have just furnished a fundamental physical derivation of a “fully-ramified”
pure AGT correspondence for the DN , CN−1 and G2 groups! (The “ramified” version of
the relations (5.41)–(5.43) can be obtained via a Zn-twisted, SO(2N) generalization of the
computational technique introduced in [27, §3.3].)
6.2. An ALE Generalization of the Pure AGT Correspondence
Let us now derive, purely physically, an ALE generalization of the pure AGT correspon-
dence for the A, B, C, D and G groups. For brevity, we shall consider only the fully-resolved
ALE space of A-type with k centers, R˜4/Zk.
An ALE Generalization of the Pure AGT Correspondence for the A–B Groups
To this end, first note that according to our analysis in §4.1, replacing R4 on the LHS
of (5.12) with R˜4/Zk would mean that we have to replace (5.15) with the Omega-deformed
version of (4.16). Bearing in mind the relation (4.13), and the fact that Omega-deformation
effectively acts only on the Zn-twisted affine CFT associated with the stack of N D6-branes
in (4.11) (whence our result at k = 1 would indeed be the same as that found in §5.2), we
find that (5.15) has to be replaced by
su(k)
(n)
aff,N
[u(1)
(n)
aff,N ]
k−1
⊗ sl(N)
(n)
aff,k
n+
(n)
aff,l
. (6.59)
Here, the level l ∈ R, and n+ is a nilpotent subalgebra of strictly upper triangular matrices.
Recall at this point that the central charge due to the Omega-deformation factor n+
(n)
aff,l
in (6.59), is given by (5.22) when we have a single D4-brane intersecting the N D6-branes,
i.e., when k = 1, as shown in (5.14). Recall also that this central charge is proportional to the
curvature of C induced by Omega-deformation; thus, when we have k D4-branes intersecting
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the N D6-branes whence the curvature of C would be “diluted” over k D4-branes, we ought
to divide its value by k. This means that the second factor in (6.59) ought to obey the
following (conformal) equivalence of coset realizations:
sl(N)
(n)
aff,k
n+
(n)
aff,p
=
su(N)
(n)
aff,k
[u(1)
(n)
aff,k]
N−1
⊗ [u(1)(n)aff,k]N−1Toda, (6.60)
where the subscript “Toda” indicates that the affine CFT is realized by a Zn-twisted Toda
field theory with rank su(N) scalar fields and central charge
cToda(1, 2) = rank su(N) +
h∨su(N)dim su(N)
k
(
b+
1
b
)2
. (6.61)
Here, h∨su(N) is the dual Coxeter number of su(N), and b =
√
1/2.
Therefore, via (6.60), we can also express (6.59) as[
su(k)
(n)
aff,N
[u(1)
(n)
aff,N ]
k−1
]
⊗
[
su(N)
(n)
aff,k
[u(1)
(n)
aff,k]
N−1
⊗ [u(1)(n)aff,k]N−1Toda
]
. (6.62)
The first factor in the above product is a Zn-twisted parafermionic coset theory of SU(k) at
level N , and from (6.61), one can see that the second factor is a Zn-twisted version of the
kth paratoda theory of SU(N) described in [81, §2]. In light of the isomorphism relations in
footnote 57, we can also write the affine algebras associated with (6.62) as
G∨para,N ⊗Wk(g∨aff). (6.63)
Here, G∨para,N is the parafermionic coset of the Langlands dual affine Lie algebra G∨aff at
level N , where Gaff = su(k)aff or so(k + 1)aff when n = 1 or 2 (with even k), and Wk(g∨aff)
is the k-th para-W-algebra derived from the Langlands dual affine Lie algebra g∨aff , where
gaff = su(N)aff or so(N + 1)aff when n = 1 or 2 (with even N).
Hence, in place of (5.17), we have
⊕
m,w2
IH∗U(1)2×T U(Mw2G,m(R˜4/Zk)) = Ĝ∨para,N ⊗ Ŵk(g∨aff) (6.64)
Here, U(Mw2G,m(R˜4/Zk)) is the Uhlenbeck compactification of the moduli spaceMw2G,m(R˜4/Zk)
of G-instantons of instanton number m on R˜4/Zk of class w2 ∈ H2(R˜4/Zk, pi1(G)); G =
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SU(N) or SO(N + 1) when n = 1 or 2 (with even N); and Ĝ∨para,N and Ŵk(g∨aff) are Verma
modules over G∨para,N and Wk(g∨aff), respectively.
From (6.62), (6.61), and footnote 24, we find that the central charge of the affine algebra
which underlies the RHS of (6.64) is
ckA,1,2 = k(N − 1) +
(N3 −N)
k
(1 + 2)
2
12
(6.65)
When k = 1, ckA,1,2 indeed reduces to (5.19), as expected.
Since we can straightforwardly generalize from R4 to R˜4/Zk the arguments which took
us from (5.25) to (5.36), via (6.64), we can write the R˜4/Zk Nekrasov instanton partition
function as
Zinst(G, 1, 2,~a, k) = 〈k,∆|k,∆〉 (6.66)
where
|k,∆〉 =
⊕
m
Am|Ψm,k〉 (6.67)
Here, |k,∆〉 ∈ Ĝ∨para,N⊗Ŵk(g∨aff); Am is some real number; |Ψm,k〉 ∈
⊕
w2
IH∗U(1)2×T U(Mw2G,m(R˜4/Zk))
is also a state in Ĝ∨para,N ⊗ Ŵk(g∨aff) with energy level nm determined by the instanton num-
ber m (as one recalls that nm is a constant shift of the eigenvalue m of the L0 operator
which generates translations along the S1n circle in (5.12)); and 〈·|·〉 is a Poincare´ pairing in
the sense of [28, §2.6]. The label ∆ just means that Ĝ∨para,N ⊗ Ŵk(g∨aff) is generated by the
application of creation operators on the highest weight state |∆〉.
As in the R4 case, since the RHS of (6.66) is defined in the limit that the S1n fiber in C
has zero radius, and since we have in C a common boundary condition at z = 0 and z =∞
(where the radius of the S1n fiber is zero), |k,∆〉 and 〈k,∆| ought to be a state and its dual
associated with the puncture at z = 0 and z =∞, respectively. Furthermore, as the RHS of
(6.67) is a sum over states of all possible energy levels, it would mean that |k,∆〉 is actually
a coherent state.
Thus, in arriving at the boxed relations (6.64), (6.65), (6.66) and (6.67), we have just
furnished a fundamental physical derivation of an R˜4/Zk pure AGT correspondence for the
AN−1 and (for even N) the BN/2 groups!
An ALE Generalization of the Pure AGT Correspondence for the C–D–G Groups
Similarly, if we replace R4 on the LHS of (5.49) with R˜4/Zk, it would mean that we
have to replace (5.52) with an Omega-deformed D-type version of (4.16).
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A D-type version of (4.16) would be given by an R˜4/Zk generalization of (3.90). Such
a generalization would be furnished by the I-brane system in (3.84), but now with k non-
coincident D4-branes; in other words, the original SO(k) gauge symmetry associated with the
stack of D4-branes would now be reduced to a U(1)k/2 gauge symmetry. In turn, according
to our explanations in §3.2, since the gauge groups on the D4- and D6-branes must be of
the same type, it would mean that we ought to associate a U(1)N gauge symmetry with
the D6-branes, i.e., the D6-branes would be pulled apart and away from the O6−-plane by
the 6-4 strings as the D4-branes become non-coincident. Thus, via the arguments which
led us to (4.16), and the fact that only the U(1)k/2 gauge symmetry associated with the
non-coincident D4-branes is dynamical, we find that a D-type version of (4.16) would be
given by
[u(1)
(n)
aff,2N ]
k/2
[u(1)
(n)
aff,2N ]
k/2
⊗ so(k)
(n)
aff,2N
[u(1)
(n)
aff,2N ]
k/2
⊗
[
so(2N)
(n)
aff,k
[u(1)
(n)
aff,k]
N
⊗ [u(1)(n)aff,k]N
]
. (6.68)
Bearing in mind the fact that Omega-deformation effectively acts only on the Zn-twisted
affine CFT associated with the set of N D6-branes (whence our result at k = 1 would indeed
be the same as that found in §5.3), we find that an Omega-deformed version of (6.68) would
be given by
[u(1)
(n)
aff,2N ]
k/2
[u(1)
(n)
aff,2N ]
k/2
⊗ so(k)
(n)
aff,2N
[u(1)
(n)
aff,2N ]
k/2
⊗
[
so(2N)
(n)
aff,k
n+
(n)
aff,q ⊗ [u(1)(n)aff,k]N
⊗ [u(1)(n)aff,k]N
]
, (6.69)
where the level q ∈ R, and n+ is a nilpotent subalgebra of strictly upper triangular matrices.
Therefore, we have to replace (5.52) with (6.69).
Recall at this point that the central charge due to the Omega-deformation factor n+
(n)
aff,q
in (6.69), is given by (5.59) when we have a single D4-brane intersecting the N D6-branes,
i.e., when k = 1, as shown in (5.51). Recall also that this central charge is proportional to the
curvature of C induced by Omega-deformation; thus, when we have k D4-branes intersecting
the N D6-branes whence the curvature of C would be “diluted” over k D4-branes, we ought
to divide its value by k. This means that the last factor in (6.69) ought to obey the following
(conformal) equivalence of coset realizations:
so(2N)
(n)
aff,k
n+
(n)
aff,q ⊗ [u(1)(n)aff,k]N
⊗ [u(1)(n)aff,k]N =
so(2N)
(n)
aff,k
[u(1)
(n)
aff,k]
N
⊗ [u(1)(n)aff,k]NToda, (6.70)
where the subscript “Toda” indicates that the affine CFT is realized by a Zn-twisted Toda
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field theory with rank so(2N) scalar fields and central charge
cToda(1, 2) = rank so(2N) +
h∨so(2N)dim so(2N)
k
(
b+
1
b
)2
. (6.71)
Here, h∨so(2N) is the dual Coxeter number of so(2N), and b =
√
1/2.
Therefore, via (6.70), we can also express (6.69) as
[
so(k)
(n)
aff,2N
[u(1)
(n)
aff,2N ]
k/2
]
⊗
[
so(2N)
(n)
aff,k
[u(1)
(n)
aff,k]
N
⊗ [u(1)(n)aff,k]NToda
]
. (6.72)
The first factor in the above product is a Zn-twisted generalized parafermionic coset theory of
SO(k) at level 2N , and from (6.71), one can see that the second factor is a Zn-twisted version
of the kth paratoda theory of SO(2N) described in [81, §2]. In light of the isomorphism
relations in footnote 57, we can also write the affine algebras associated with (6.72) as
G ∨para,2N ⊗Wk(g∨aff). (6.73)
Here, G ∨para,2N is the generalized parafermionic coset of the Langlands dual affine Lie algebra
G ∨aff at level 2N , where Gaff = so(k)aff , usp(k − 2)aff or g2 aff when n = 1, 2 or 3 (with k = 8),
and Wk(g∨aff) is the k-th para-W-algebra derived from the Langlands dual affine Lie algebra
g∨aff , where gaff = so(2N)aff , usp(2N − 2)aff or g2 aff when n = 1, 2 or 3 (with N = 4).
Hence, in place of (5.54), we have
⊕
m,w2
IH∗U(1)2×T U(Mw2G,m(R˜4/Zk)) = Ĝ ∨para,2N ⊗ Ŵk(g∨aff) (6.74)
Here, U(Mw2G,m(R˜4/Zk)) is the Uhlenbeck compactification of the moduli spaceM w2G,m(R˜4/Zk)
of G-instantons of instanton number m on R˜4/Zk of class w2 ∈ H2(R˜4/Zk, pi1(G)); G =
SO(2N), USp(2N − 2) or G2 when n = 1, 2 or 3 (with N = 4); and Ĝ ∨para,2N and Ŵk(g∨aff)
are Verma modules over G ∨para,2N and Wk(g∨aff), respectively.
From (6.72), (6.71), and footnote 33, it is clear that the central charge of the affine alge-
bra which underlies the RHS of (6.74) is ckD,1,2 = kN−c([u(1)(n)aff,2N ]k/2)+(2N − 2)(2N2 −N)
(1 + 2)
2/k12, where c(. . . ) is the central charge of the indicated affine algebra. That said,
when k = 1, ckD,1,2 should reduce to (5.56); this implies that c([u(1)
(n)
aff,2N ]
1/2) = 0; in turn,
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this means that c([u(1)
(n)
aff,2N ]
k/2) = k × c([u(1)(n)aff,2N ]1/2) = 0. Thus, the central charge of the
affine algebra which underlies the RHS of (6.74) is actually
ckD,1,2 = kN +
(2N − 2)(2N2 −N)
k
(1 + 2)
2
12
(6.75)
Since we can straightforwardly generalize from R4 to R˜4/Zk the arguments which took
us from (5.62) to (5.70), via (6.74), we can write the R˜4/Zk Nekrasov instanton partition
function as
Zinst(G, 1, 2,~a, k) = 〈k,∆|k,∆〉 (6.76)
where
|k,∆〉 =
⊕
m
Dm|Ψm,k〉 (6.77)
Here, |k,∆〉 ∈ Ĝ ∨para,2N⊗Ŵk(g∨aff); Dm is some real number; |Ψm,k〉 ∈
⊕
w2
IH∗U(1)2×T U(Mw2G,m(R˜4/Zk))
is also a state in Ĝ ∨para,2N ⊗Ŵk(g∨aff) with energy level nm determined by the instanton num-
ber m (as one recalls that nm is a constant shift of the eigenvalue m of the L0 operator
which generates translations along the S1n circle in (5.49)); and 〈·|·〉 is a Poincare´ pairing in
the sense of [28, §2.6]. The label ∆ just means that Ĝ ∨para,2N ⊗ Ŵk(g∨aff) is generated by the
application of creation operators on the highest weight state |∆〉.
As in the R4 case, since the RHS of (6.76) is defined in the limit that the S1n fiber in C
has zero radius, and since we have in C a common boundary condition at z = 0 and z =∞
(where the radius of the S1n fiber is zero), |k,∆〉 and 〈k,∆| ought to be a state and its dual
associated with the puncture at z = 0 and z =∞, respectively. Furthermore, as the RHS of
(6.77) is a sum over states of all possible energy levels, it would mean that |k,∆〉 is actually
a coherent state.
Thus, in arriving at the boxed relations (6.74), (6.75), (6.76) and (6.77), we have just
furnished a fundamental physical derivation of an R˜4/Zk pure AGT correspondence for the
DN , CN−1 and the G2 groups!
6.3. The AGT Correspondence with Matter
Let us now extend our derivation of the pure AGT correspondence in §5 to include
matter. For concreteness, we shall restrict ourselves to the A-type superconformal quiver
gauge theories described by Gaiotto in [16].
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From Gaiotto’s construction in [16], it is clear that in order to obtain the correspond-
ing Nekrasov instanton partition function with matter of mass m and Coulomb moduli ~a,
i.e., Zinst(G, 1, 2, ~a,m), we would need to insert, along R4|1,2 on the LHS of (5.12), 4d
worldvolume defects of the type studied in [29]. These defects are characterized by Young
diagrams.
We considered such 4d worldvolume defects in our derivation of a “ramified” pure AGT
correspondence in §6.1. There, the original defect spanned a complex plane in R4|1,2 and
wrapped Σn,t = S
1
n× It, whence we could appeal to the chain of dualities described in §2.3 to
write down the duality relation (6.1). However, if the original defect were to span the entire
R4|1,2 , as in the case at hand, it is no longer clear how one can appeal to duality arguments
of the kind furnished in §2.3 to arrive at a duality relation like (6.1).
Nevertheless, recall from §5.1–§5.2 that we actually have a pair of M9-branes at the
ends of Σn,t and C = S2/{0,∞} in (5.12), whereby the M9-branes at the ends of C at
z = {0,∞} have a nine-dimensional worldvolume which spans the directions transverse to
C (as the S1n-fiber of C that their underlying ten-dimensional worldvolumes wrap has zero
radius at those points). Also, according to Gaiotto’s generalization [3] of the analysis in [16]
to asymptotically-free theories, and our discussions leading up to (5.36), one ought to asso-
ciate to each puncture at z = {0,∞} in C, a 4d worldvolume defect (which would underlie
the coherent state in (5.36)). Last but not least, note that the 4d worldvolume defects that
Gaiotto had considered, can be realized by intersecting M-branes in the M-theoretic picture
of his story [82]. Altogether therefore, this means that instead of inserting 4d worldvolume
defects along R4|1,2 on the LHS of (5.12), one can also obtain Zinst(G, 1, 2, ~a,m) by insert-
ing appropriate M9-branes which intersect the M5-branes along S1n × R4|1,2 whilst taking
the radius β of S1n to zero (recall this from §5.2). In the limit that β → 0, on the dual side,
we would have instantonic M9-branes which sit at specific points in C – the “time” degree of
freedom of the M9-branes along the S1n-fiber in C is effectively reduced to a point as β → 0.
In the pure case with Nekrasov instanton partition function Zinst(G, 1, 2,~a), the M9-
branes in the original compactification in the limit β → 0 and the corresponding CFT on C
in the dual compactification that are behind our derivation of the pure AGT correspondence
in §5.2, are depicted in fig. 3. In fig. 3, the vertical planes represent the spatial part of the
M9-branes; X9|i = R4|1,2 ×R5|3;x6,7 , where four of the spatial directions of the M5-branes
are along R4|1,2 ⊂ X9|i ; 3 = 1 + 2; l and ~a are the instanton number and Coulomb
moduli of the underlying 4d gauge theory along R4|1,2 ; Vq,∆ and V ∗q,∆ is a vertex operator
and its dual with higher order poles that represent the coherent state |q,∆〉 and its dual
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Figure 3: A pair of M9-branes in the original compactification in the limit β → 0 and the
corresponding CFT on C in the dual compactification that are behind our derivation of the
pure AGT correspondence in §5.2.
〈q,∆| in (5.36) of the CFT on C; and the two points on C where the vertex operators are
located are also where the two instantonic M9-branes which are dual to the two original M9-
branes, sit. Note that each of the two planes in fig. 3 along which l ∈ Z+, can be thought
of as a coalescence of the planes in fig. 4 along which l takes its minimum value lmin; this is
consistent with the fact [3] that the class of punctures in fig. 3 arise from a coalescence of
the class of punctures in fig. 4.
In the case with matter with Nekrasov instanton partition function Zinst(G, 1, 2, ~a,m),
the AGT correspondence can be constructed out of the sphere with a small hole and the
cylinder depicted in fig. 4. In fig. 4, lmin and ~ai are the minimal instanton number and the
Coulomb moduli of the underlying 4d gauge theory along R4|1,2 ; V Q~α is a vertex operator
associated with the unshaded plane that represents the state |V Q~α 〉 of the CFT on C whose
conformal weight depends on Q = (1 + 2)/
√
12 and ~α (or its relevant mass substitute, as
we shall explain below); V~ai,~ai+1 is a vertex operator which is associated with the shaded plane
that transforms the theory with parameter ~ai to the adjacent theory with parameter ~ai+1;
and the second correspondence, which is actually a conformal equivalence, arises because
we are dealing with a CFT on C. As the 4d gauge theory along R4|1,2 in the original
compactification in fig. 4b (like the one in fig. 3) is asymptotically-free, the observed scale of
the eleven-dimensional spacetime Σn,t × R4|1,2 × R5|3;x6,7 would be inversely proportional
to g2, its gauge coupling squared; in turn, this means that the length of the cylinder on the
dual side ought to be proportional to 1/g2, as indicated. As l = lmin along the planes, the
4d-2d correspondence between l and the conformal weight of CFT states on C that we have
derived hitherto, means that the vertex operators in fig. 4 are all primary operators. Last
but not least, note that the CFT on C with W-algebra symmetry can be thought of as a
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Figure 4: Building blocks of our derivation of the AGT correspondence with matter. (a) a
sphere with vertex operators V Q~ai and V~ai,~ai+1 at z =∞ and 1, respectively, and a small hole
at z = 0 with corresponding boundary state |V Q~ai+1〉; (b) a cylinder of length ∼ 1/g2, with
boundary states 〈V Q~ai+1 | and |V
Q
~ai+1
〉.
conformal Toda field theory with background charge Q; with an appropriate metric on C,
one can localize Q to the poles [65]; in other words, one can regard Q to be zero at the point
where V~ai,~ai+1 is inserted (which explains the absence of the superscript ‘Q’).
The AGT Correspondence for a Conformal Linear Quiver of n SU(N) Gauge Groups
Let us now consider an illuminating example of a conformal linear quiver of n SU(N)
gauge groups, where N > 2. The linear quiver diagram (in the formulation of [16]) and the
various steps that lead us to the overall Riemann surface Σ on which our 2d CFT lives, are
depicted in fig. 5. In fig. 5, the circles and boxes denote the gauge and flavor symmetry
groups, respectively; in the second step, we strip away the circles and boxes, use a filled
and circled dot to indicate the two different types of external legs corresponding to different
flavor symmetry groups, and represent the gauge group with a bounded line; in the third
step, we depict the correspondence with Riemann surfaces (in accordance with [16]), where
gr is the gauge coupling associated with the SU(N)r gauge group; and in the final step,
we glue together the individual Riemann surfaces to form the overall Riemann surface Σ on
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which our 2d CFT lives.
Comparing the individual Riemann surfaces in fig. 5 with the building blocks in fig. 4,
whilst noting that one can, for our present purpose, replace the primary operator V Q~ai
in fig. 4(a) with a small hole and the state 〈V Q~ai |, it is clear that we have to glue the
eleven-dimensional theories in fig. 4 along the unshaded boundary planes in order to ob-
tain Zinst(G, 1, 2, ~a,m) on the 4d gauge theory side. On the 2d CFT side, notice that the
overall Riemann surface Σ is actually conformally equivalent to a sphere; in other words,
the efffective Riemann surface Ceff on which our 2d CFT lives, is S2. Thus, the effective
correspondence in this case which replaces fig. 3 in the pure case, would be as depicted in
fig. 6. In fig. 6, the mk’s are the mass parameters associated with the flavor groups; Φ~α,mi,~β
is an operator representing the shaded plane which transforms the theory with parameter
~α to the adjacent theory with parameter ~β; the subscript ‘~jp’ is the highest weight that
defines the primary operators V Q~jp
and V~jp ; qr = e
2piiτr , where τr = 4pii/g
2
r + θr/2pi; and the
points where the V~jp ’s are inserted are z = 1, q1, q1q2, . . . , q1q2 . . . qn because the insertion
point z = 1 is propagated along the tube of length ∼ 1/g21 in fig. 5 to the insertion point
z = 1 · q1 = q1, the insertion point z = q1 is propagated along the tube of length ∼ 1/g22 in
fig. 5 to the insertion point z = q1q2, and so on. Note also that in order to arrive at fig. 6,
we have chosen the normalization 〈V Q~ak |V
Q
~ak
〉 = 1 so that pairs of unshaded boundary planes
associated with the same ~ak in fig. 4, upon being glued together, become identity planes
which therefore effectively disappear.
Clearly, the operator Φ~α,mi,~β also transforms the space (5.13) of BPS states of the
theory with parameter ~α to that of the adjacent theory with parameter ~β. Thus, we can
also describe Φ as the following map:
Φ~α,mi,~β : H~α → H~β, where H~ap =
⊕
l
IH∗U(1)2×T U(MSU(N),l)⊗ C(1, 2,~ap) (6.78)
is the space of BPS states of the theory with parameter ~ap.
At any rate, in the case of a linear quiver of n SU(N) gauge groups, the expression
(5.26) for the Nekrasov instanton partition function ought to be replaced by
Z lininst(q, 1, 2, ~a,m) =
∑
l1,l2...,ln
ql11 q
l2
2 · · · qlnn Z linBPS,l1,l2,...,ln(1, 2, ~a,m, β → 0), (6.79)
where li is the instanton number associated with the SU(N)i gauge group, and Z
lin
BPS,l1,l2,...,ln
is the partition function of the aforementioned BPS states associated with the left diagram
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Figure 5: The linear quiver diagram and the various steps that lead us to the overall Riemann
surface Σ on which our 2d CFT lives.
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Figure 6: The effective correspondence when the 4d theory is a conformal linear quiver with
n SU(N) gauge groups.
in fig. 6. This partition function can be viewed as a sum over BPS states that propagate
from the rightmost to the leftmost end of the diagram which undergo transformations of the
kind described in (6.78) due to the presence of the shaded planes; in other words, one can
also write
Z lininst(q, 1, 2, ~a,m) = m1〈∅|Φ~a1,m2,~a1 ql11 Φ~a1,m3,~a2 ql22 · · ·Φ~an−1,mn+1,~an qlnn Φ~an,mn+2,~an|∅〉mn+3 ,
(6.80)
where m1〈∅| and |∅〉mn+3 are the minimum energy BPS states at the leftmost and rightmost
end of the diagram that are associated withm1 andmn+3, respectively, while li is an instanton
number operator whose eigenvalue is the instanton number li associated with the BPS states.
Note at this point that the duality relation in (5.17), the self-Langlands-duality of
simply-laced affine Lie algebras, the discussion following (5.17), and the map (6.78), also
mean that
Φ~α,mi,~β : Vj(~α) → Vj(~β), (6.81)
where Vj(~ap) is the Verma module over the W-algebra W(su(N)aff) of central charge
c = (N − 1) + (N3 −N)(1 + 2)
2
12
(6.82)
and highest weight
j(~ap) =
−i~ap√
12
+ iQ~ρ, (6.83)
with ~ρ being the Weyl vector of su(N). Consequently, Φ can also be interpreted as a primary
vertex operator V acting on V ; this underlies the correspondence between Φ~α,mi,~β and V~ji in
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Figure 7: Ceff and its N -fold cover ΣSW with primary operators inserted at the n+3 punctures
z =∞, 1, q1, q1q2, . . . , q1q2 . . . qn, 0.
fig. 6. Similarly, the duality relation in (5.17), and the discussion following it, underlie the
correspondence between m1〈∅| and |∅〉mn+3 and 〈V Q~j1 | and |V
Q
~jn+3
〉 in fig. 6.
Hence, the correspondence depicted in fig. 6, and our explanations in the last three
paragraphs, mean that we can write
Z lininst(q, 1, 2, ~a,m) = Z
lin(q, i,m) ·
〈
V Q~j1
(∞)V~j2(1)V~j3(q1) . . . V~jn+2(q1q2 . . . qn)V Q~jn+3(0)
〉
S2
(6.84)
The independence of the factor Z lin on ~a is because the ~ap’s have already been “contracted”
in the correlation function: see the RHS of (6.80).
According to (6.83), the fact that the ap’s and the mk’s have the same dimension, and
the fact that V Qj1 and V
Q
jn+3
ought to depend on m1 and mn+3, respectively, one can conclude
that
~j1 =
−i~m1√
12
+
i~ρ (1 + 2)√
12
and ~jn+3 =
−i~mn+3√
12
+
i~ρ (1 + 2)√
12
(6.85)
where the N − 1 component vectors ~m1 and ~mn+3 depend on m1 and mn+3.
Similarly, one can conclude, after recalling that Q vanishes where the V~ju operators are
inserted, that
~ju =
−i~mu√
12
for u = 2, 3, . . . , n+ 2 (6.86)
where the N − 1 component vector ~mi depends on mi.
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Last but not least, note that like in §5.2, we effectively have N D6-branes and 1 D4-
brane wrapping Ceff (which one can see by “gluing” the configuration in (5.14) according
to our description above), i.e., we effectively have an N × 1 = N -fold cover ΣSW of Ceff .
This is depicted in fig. 7. Incidentally, ΣSW is also the Seiberg-Witten curve which underlies
Z lininst(q, 1, 2, ~a,m)! In fact, ΣSW can be described in terms of the algebraic relation [16]
ΣSW : λ
N +
N∑
k=2
λN−kφk(z) = 0, (6.87)
where λ = ydz/z (for some complex variable y) is a section of T ∗Ceff , and the φk(z)’s are
(k, 0)-holomorphic differentials on Ceff with poles at the punctures z =∞, 1, q1, q1q2, . . . ,
q1q2 . . . qn that are determined by the matter content of the 4d theory. In particular, near
the puncture z = zs, we have
φ2(z) ∼ u
(2)
s dz2
(z − zs)2 , (6.88)
and from the correspondence between φ2(z) and the holomorphic stress tensor W
(2)(z) (es-
tablished in §5.2, which thus also applies here), we have
W (2)(z)V~js(zs) ∼
u
(2)
s
(z − zs)2V~js(zs), (6.89)
where V~js(zs) can be V
Q
~js
(zs) or V~js(zs). In other words, the conformal dimension of the
primary operator V~js(zs) is equal to u
(2)
s , i.e., we have
~j2s
2
−
~js · i~ρ (1 + 2)√
12
= u(2)s , where s = 1, 2, . . . , n+ 3 (6.90)
from which we can ascertain the explicit form of the mass vectors ~ms in (6.85) and (6.86).
Thus, in arriving at the boxed relations (6.82), (6.84), (6.85), (6.86) and (6.90), we
have just derived the AGT correspondence for a conformal linear quiver of n SU(N) gauge
groups!
The AGT Correspondence for a Conformal Necklace Quiver of n SU(N) Gauge Groups
Let us now consider another illuminating example of a conformal necklace quiver of
n SU(N) gauge groups, where N > 2. The necklace quiver diagram (in the formulation
of [16]) and the various steps that lead us to the overall Riemann surface Σ on which our
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2d CFT lives, are depicted in fig. 8. In fig. 8, the circles and boxes denote the gauge and
flavor symmetry groups, respectively; in the second step, we strip away the circles and
boxes, use a circled dot to indicate the external leg corresponding to the flavor symmetry
group, and represent the gauge group with a bounded curve; in the third step, we depict
the correspondence with Riemann surfaces (in accordance with [16]), where gr is the gauge
coupling associated with the SU(N)r gauge group; and in the final step, we glue together
the individual Riemann surfaces to form the overall Riemann surface Σ on which our 2d
CFT lives.
Comparing the individual Riemann surfaces in fig. 8 with the building blocks in fig. 4,
whilst noting that one can, for our present purpose, replace the primary operator V Q~ai in
fig. 4(a) with a small hole and the state 〈V Q~ai |, it is clear that we have to glue in a loop
the eleven-dimensional theories in fig. 4 along the unshaded boundary planes in order to
obtain Zinst(G, 1, 2, ~a,m) on the 4d gauge theory side. On the 2d CFT side, notice that
the overall Riemann surface Σ is actually conformally equivalent to a torus; in other words,
the efffective Riemann surface Ceff on which our 2d CFT lives, is T2. Thus, the effective
correspondence in this case which replaces fig. 3 in the pure case, would be as depicted in
fig. 9. In fig. 9, the mk’s are the mass parameters associated with the flavor groups; Φ~ai,mi,~ai+1
is an operator representing the shaded plane which transforms the theory with parameter
~ai to the adjacent theory with parameter ~ai+1; the subscript ‘~jp’ is the highest weight that
defines the primary operators V Q~jp
and V~jp ; qr = e
2piiτr , where τr = 4pii/g
2
r + θr/2pi; and the
points where the V~jp ’s are inserted are z = 1, q1, q1q2, . . . , q1q2 . . . qn−1 because the insertion
point z = 1 is propagated along the tube of length ∼ 1/g21 in fig. 8 to the insertion point
z = 1 · q1 = q1, the insertion point z = q1 is propagated along the tube of length ∼ 1/g22 in
fig. 8 to the insertion point z = q1q2, and so on. Note also that in order to arrive at fig. 9,
we have chosen the normalization 〈V Q~ak |V
Q
~ak
〉 = 1 so that pairs of unshaded boundary planes
associated with the same ~ak in fig. 4, upon being glued together, become identity planes
which therefore effectively disappear.
Clearly, the operator Φ~ai,mi,~ai+1 also transforms the space (5.13) of BPS states of the
theory with parameter ~ai to that of the adjacent theory with parameter ~ai+1. Thus, we can
also describe Φ as the following map:
Φ~ai,mi,~ai+1 : H~ai → H~ai+1 , where H~ap =
⊕
l
IH∗U(1)2×T U(MSU(N),l)⊗C(1, 2,~ap) (6.91)
is the space of BPS states of the theory with parameter ~ap.
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Figure 8: The necklace quiver diagram and the various steps that lead us to the overall
Riemann surface Σ on which our 2d CFT lives.
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Figure 9: The effective correspondence when the 4d theory is a conformal necklace quiver
with n SU(N) gauge groups.
At any rate, in the case of a necklace quiver of n SU(N) gauge groups, the expression
(5.26) for the Nekrasov instanton partition function ought to be replaced by
Zneckinst (q, 1, 2, ~a,m) =
∑
l1,l2...,ln
ql11 q
l2
2 · · · qlnn ZneckBPS,l1,l2,...,ln(1, 2, ~a,m, β → 0), (6.92)
where li is the instanton number associated with the SU(N)i gauge group, and Z
neck
BPS,l1,l2,...,ln
is the partition function of the aforementioned BPS states associated with the left diagram
in fig. 9. This partition function can be viewed as a sum over BPS states that propagate
around the diagram which undergo transformations of the kind described in (6.91) due to
the presence of the shaded planes; in other words, one can also write
Zneckinst (q, 1, 2, ~a,m) = TrH~a1 (q
l1
1 q
l2
2 . . . q
ln
n ) Φ~a1,m1,~a2 Φ~a2,m2,~a3 · · ·Φ~an−1,mn−1,~an Φ~an,mn,~a1 ,
(6.93)
where li is an instanton number operator whose eigenvalue is the instanton number li asso-
ciated with the ith BPS states.
Note at this point that the duality relation in (5.17), the self-Langlands-duality of
simply-laced affine Lie algebras, the discussion following (5.17), and the map (6.91), also
mean that
Φ~ai,mi,~ai+1 : Vj(~ai) → Vj(~ai+1), (6.94)
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where Vj(~ap) is the Verma module over the W-algebra W(su(N)aff) of central charge
c = (N − 1) + (N3 −N)(1 + 2)
2
12
(6.95)
and highest weight
j(~ap) =
−i~ap√
12
+ iQ~ρ, (6.96)
with ~ρ being the Weyl vector of su(N). Consequently, Φ can also be interpreted as a primary
vertex operator V acting on V ; this underlies the correspondence between Φ~ai−1,mi−1,~ai and
V~ji in fig. 9.
Hence, the correspondence depicted in fig. 9, and our explanations in the last three
paragraphs, mean that we can write
Zneckinst (q, 1, 2, ~a,m) = Z
neck(q, i,m) ·
〈
V~j1(1)V~j2(q1)V~j3(q1q2) . . . V~jn(q1q2 . . . qn−1)
〉
T2
(6.97)
The independence of the factor Zneck on ~a is because the ~ap’s have already been “contracted”
in the correlation function: see the RHS of (6.93).
According to (6.96), the fact that the ap’s and the ms’s have the same dimension, the
fact that Vjs ought to depend on ms−1, and recalling that Q vanishes where V~js is inserted,
one can conclude that
~js =
−i~ms−1√
12
for s = 1, 2, . . . , n (6.98)
where ~m0 = ~mn, and the N − 1 component vector ~mk depends on mk.
Last but not least, note that like in §5.2, we effectively have N D6-branes and 1 D4-
brane wrapping Ceff (which one can see by “gluing” the configuration in (5.14) according to
our description above), i.e., we effectively have an N × 1 = N -fold cover ΣSW of Ceff . This
is depicted in fig. 10. Incidentally, ΣSW is also the Seiberg-Witten curve which underlies
Zneckinst (q, 1, 2, ~a,m)! In fact, ΣSW can be described in terms of the algebraic relation [16]
ΣSW : λ
N +
N∑
k=2
λN−kφk(z) = 0, (6.99)
where λ = ydz/z (for some complex variable y) is a section of T ∗Ceff , and the φk(z)’s are
(k, 0)-holomorphic differentials on Ceff with poles at the punctures z = 1, q1, q1q2, . . . ,
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Figure 10: Ceff and its N -fold cover ΣSW with primary operators inserted at the n punctures
z = 1, q1, q1q2, . . . , q1q2 . . . qn−1.
q1q2 . . . qn−1 that are determined by the matter content of the 4d theory. In particular, near
the puncture z = zs, we have
φ2(z) ∼ u
(2)
s dz2
(z − zs)2 , (6.100)
and from the correspondence between φ2(z) and the holomorphic stress tensor W
(2)(z) (es-
tablished in §5.2, which thus also applies here), we have
W (2)(z)V~js(zs) ∼
u
(2)
s
(z − zs)2V~js(zs). (6.101)
In other words, the conformal dimension of the primary operator V~js(zs) is equal to u
(2)
s , i.e.,
we have
~j2s
2
−
~js · i~ρ (1 + 2)√
12
= u(2)s , where s = 1, 2, . . . , n (6.102)
from which we can ascertain the explicit form of the mass vectors ~ms in (6.98).
Thus, in arriving at the boxed relations (6.95), (6.97), (6.98) and (6.102), we have just
derived the AGT correspondence for a conformal necklace quiver of n SU(N) gauge groups!
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Part III
Integrable Systems
7. The AGT Correspondence, Chiral Fermions, Integrable Systems, and the
“Ramified” Geometric Langlands Correspondence for Curves
7.1. The AGT Correspondence with Matter and Chiral Fermions
Let us consider the topological string limit 1 + 2 = 3 = 0 in our derivation of the
AGT correspondence with matter in §6.3. For brevity, and to make contact with results by
Nekrasov-Okounkov in [4], we shall consider only the conformal necklace quiver of n SU(N)
gauge groups. (The analysis for the conformal linear quiver with n SU(N) gauge groups is
similar.)
In the topological string limit 1 = −2 = ~, Omega-deformation on the RHS of (5.12)
effectively vanishes. According to our discussions in §5, the partially gauged chiral CFT
behind (5.15) would then be ungauged. Consequently, the W-algebra W(su(N)aff) that
appears in §6.3, ought to be replaced throughout by the affine Lie algebra su(N)aff,1 of level
1. This means that instead of (6.93), the Nekrasov instanton partition function would now
be given by
Zneckinst (q, ~, ~a,m) = TrH~a1 (q
l1
1 q
l2
2 . . . q
ln
n ) Φ~a1,m1,~a2 Φ~a2,m2,~a3 · · ·Φ~an−1,mn−1,~an Φ~an,mn,~a1 , (7.1)
where
Φ~ai,mi,~ai+1 : Vj(~ai) → Vj(~ai+1), (7.2)
with Vj(~ap) being the Verma module over su(N)aff,1 of central charge
c = N − 1 (7.3)
and highest weight
j(~ap) = −~ap~ (7.4)
~ap is the Coulomb moduli of the p
th SU(N) gauge group; qr = e
2piiτr , with τr being the
complexified gauge coupling of the rth SU(N) gauge group; li is the instanton number
operator of the ith SU(N) gauge group; and ms is the mass of the s
th bifundamental matter.
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From (7.2), we see that Φ can be interpreted as a primary vertex operator V acting on
V . Furthermore, recall that (i) we have N chiral fermions which live on Ceff in fig. 10, that
realize su(N)aff,1; (ii) the duality of the compactifications in (5.1) means that the instanton
number li of the gauge theory corresponds to the energy level L0,i (of the module with highest
weight ~ji) of the chiral CFT on Ceff . In other words, we can also write
Zneckinst (q, ~, ~a,m) = TrH(N)
~a
~
(q
L0,1
1 q
L0,2
2 . . . q
L0,n
n ) V~j1(1)V~j2(q1)V~j3(q1q2) . . . V~jn(q1q2 . . . qn−1)
(7.5)
where H(N)~a
~
is the Fock space of N chiral fermions defined by the highest weight ~a/~ = j(~a1)
of su(N)aff,1; V~js(zs) is a primary operator inserted at z = zs in Ceff = T2, that is associated
with the highest weight ~js; and from (6.98),
~js = − ~ms−1~ for s = 1, 2, . . . , n (7.6)
where ~m0 = ~mn, and the N − 1 component vector ~mk depends on mk.
For n = 1, the 4d quiver gauge theory reduces to an SU(N) theory with a massive
adjoint hypermultiplet, or the N = 2∗ theory. In this case, our above results coincide with
those by Nekrasov-Okounkov in [4, §6.3]. Hence, the boxed relations (7.3), (7.4), (7.5) and
(7.6) serve as a bifundamental quiver generalization of the results in loc. cit..
7.2. The Nekrasov-Okounkov Conjecture and the Tau-Function of Toda Lattice Hierarchy
We shall now derive a conjecture by Nekrasov-Okounkov [4], and elucidate the connec-
tion between the Nekrasov instanton partition function and the tau-function of Toda lattice
hierarchy.
The Nekrasov-Okounkov Conjecture
To this end, let us consider the topological string limit 1 +2 = 3 = 0 in our derivation
of the pure AGT correspondence for G in §5. In this limit, Omega-deformation on the RHS of
(5.12) and (5.49) effectively vanishes. According to our discussions in §5, (i) C in the I-brane
configurations (5.14) and (5.51) would become flat again, i.e., C would return to becoming
the finite cylinder Σn,t = S
1
n × It; (ii) the partially gauged chiral CFT behind (5.15) and
(5.52) would be ungauged. This means that instead of (5.36) and (5.70), we would now have
Zinst(G,Λ, ~,~a) = 〈u~|Λ2nh∨L0 |u~〉 (7.7)
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Here, Λ is the scale; ~ = 1 = −2; ~a is the Coulomb moduli of the underlying 4d pure G
theory; |u~〉 ∈ ĝ∨aff,1, where ĝ∨aff,1 is the integrable highest weight module over the Langlands
dual affine Lie algebra g∨aff,1 of level 1 and central charge cG,~; |u~〉 is a coherent state generated
from the primary state |∆~〉 of conformal dimension ∆~; h∨ is the dual Coxeter number of
the Lie algebra g; n = 1 for G = SU(N) and SO(2N); n = 2 for G = SO(N + 1) (with even
N) and USp(2n− 2); n = 3 for G = G2; and L0 is the generator of time translations along
Σn,t which propagates the state |u~〉 at one end by a distance ∼ 1/g2 ∼ ln Λ2nh∨ to the other
end whence it is annihilated by the state 〈u~|, where g is the underlying gauge coupling.61
For G = SU(N) and SO(N + 1) (with even N), we have, from (5.19) and (5.24),
cG,~ = N − 1 and ∆~ = γ~a
2
~2
(7.8)
where γ is some real constant.
For G = SO(2N), USp(2N − 2) and G2 (with N = 4), we have, from (5.56) and (5.61),
cG,~ = N and ∆~ =
γ′~a2
~2
(7.9)
where γ′ is some real constant.
Note that in arriving at the boxed relation (7.7), and its accompanying boxed relations
(7.8) and (7.9), we have just derived the Nekrasov-Okounkov conjecture in [4, §5.4]! (Strictly
speaking, the Nekrasov-Okounkov conjecture holds for the full dual partition function ZD.
Nevertheless, since (i) ZD is just a linear sum of the full partition function at different
values of ~a but with the same underlying highest weight ~j when the complex parameter ξ in
eqn. (5.1) of loc. cit. is set to zero, where ~a2 ∼ ~j2; (ii) the conjecture also holds at ξ = 0; (iii)
the perturbative part of the full partition function is just some constant at each different
value of ~a; the conjecture also holds for a linear sum of Zinst with the same underlying highest
weight ~j. This last statement is what our aforementioned results imply.)
The G = SU(N) Case and the Tau-Function of Toda Lattice Hierarchy
Let us now focus on the G = SU(N) case where we necessarily have n = 1 such that
there is no twist of the chiral CFT on Σn,t as we go around S
1
n. According to our discussions
61As the 4d gauge theories along R4|1,2 in the original compactifications (5.12) and (5.49) are, in this
case, asymptotically-free, the observed scale of the eleven-dimensional spacetime R4|1,2 × Σn,t × R5 ought
to be inversely proportional to g2; in particular, this means that the length of Σn,t ought to be proportional
to 1/g2.
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in §3 and §5, we would have N untwisted chiral fermions on Σn,t which realize su(N)aff,1.
As such, by comparing the RHS of (7.7) with the RHS of [4, eqn. (5.24)], bearing in mind
that [4, eqn. (5.24)] can also be written as [4, eqn. (5.25)], we find that we can also express
the Nekrasov instanton partition function as
Zinst(SU(N),Λ, ~,~a) = 〈p|e
J1
~ Λ2NL0 e
J−1
~ |p〉, (7.10)
where |p〉 is a vacuum state in a standard fermionic Fock space H whose energy level is p2/2;
1 ≤ p ≤ N ; and J∓1 are creation and annihilation operators in H, respectively, which are
constructed out of the chiral fermions.
According to [83], the tau-function of Toda lattice hierarchy (in the fermionic Fock
space formulation) is given by
τp,G = 〈p|e
J1
~ G eJ−1~ |p〉, (7.11)
where |p〉 ∈ H0, 〈p| ∈ H∞, and G : H0 → H∞. This is just the RHS of (7.10) when
G = Λ2NL0 . Therefore, we have
Zinst(SU(N),Λ, ~,~a) = τp,Λ2NL0 (7.12)
and since Σn,t is conformally equivalent to a Riemann sphere with two disks deleted at
z = 0,∞, this is just Nekrasov’s conjecture in [9, eqn. (4.11)]!
7.3. The “Fully-Ramified” Nekrasov Instanton Partition Function and Quantum Affine
Toda Systems
Let us consider the Nekrasov-Shatashvili limit 2 = 0 in our derivation of the “fully-
ramified” pure AGT correspondence for G in §6.1. From (6.45) and (6.53), we find that in
place of (6.49) and (6.57), the “fully-ramified” Nekrasov instanton partition function is now
Zinst(G, 1, 0,~a, T ) = 〈1,∆n|1,∆n〉, (7.13)
where ~a is the Coulomb moduli of the underlying pure G theory on R4|1,2=0; T ⊂ G is the
maximal torus that G reduces to along R2|1 ⊂ R4|1,2=0; |1,∆n〉 ∈ ĝ∨aff,crit, and ĝ∨aff,crit is
the integrable module of the Langlands dual affine Lie algebra g∨aff,crit at the critical level.
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Via the (twisted) dimension-one currents Jai that generate g
∨
aff,crit on C = S2, one can
define the (twisted) Segal-Sugawara operators
S(si)(z) = (k + h∨)T (si)(z), si = ei + 1, i = 1, 2, . . . , rank(g), (7.14)
where the Lie algebra g = sl(N) if G = SU(N) and SO(N + 1) (with even N); g = so(2N)
if G = SO(2N), USp(2N − 2) and G2; h∨ is the dual Coxeter number of g; the ei’s are the
exponents of g; and the spin-si (si ≥ 2) operators T (si) are just higher spin generalizations
of the holomorphic stress tensor T (2). Note that we can also write
S(si)(z) =: da1a2a3...asi (k)(Ja1Ja2 . . . Jasi )(z) :, (7.15)
where da1a2a3...asi (k) is a completely symmetric traceless g-invariant tensor of rank si (which
depends on the variable k); in other words, the rank(g) number of S(si)’s are Casimir oper-
ators.
From (7.14), one can see that the S(si)’s generate in their OPE’s with all other operators
of the quantum CFT on C, (k+ h∨) times the field transformations generated by the T (si)’s.
Therefore, at the critical level k = −h∨, the S(si)’s generate no field transformations at all:
their OPE’s amongst themselves, and with all other field operators, are regular. Hence, on
any correlation function of operators, the S(si)’s effectively act as c-numbers. In particular,
this means that the RHS of (7.13) – which can be interpreted as a two-point correlation
function of coherent state operators – is a simultaneous eigenfunction of the commuting
S(si)’s. As the S(si)’s generically act as order-si differential operators in their action on
a correlation function of primary state operators (see for example [54, §15.7]), and since
a coherent state can be obtained by applying creation operators on a primary state, i.e.,
a coherent state operator can be derived from a primary state operator, our discussion
hitherto would mean that Zinst(G, 1, 0,~a, T ) ought to be a simultaneous eigenfunction of
rank(g) commuting differential operators D1, D2, . . . Drank(g) derived from the Casimirs of the
Langlands dual of an affine G-algebra. Furthermore, these commuting Dl’s should also define
a completely integrable system with spectral curve the (twisted) Seiberg-Witten curve ΣSW
in fig. 1 or 2 when G = {SU(N), SO(N + 1)} or {SO(2N), USp(2N − 2), G2}, respectively.
Indeed, note that the coherent state |1,∆n〉 is also known as a Whittaker vector in rep-
resentation theory whence its norm on the RHS of (7.13) is a Whittaker function associated
with g∨aff,crit; in turn, according to [84, §2], this would mean that Zinst(G, 1, 0,~a, T ) must be a
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simultaneous eigenfunction of rank(g) quantum Toda HamiltoniansD(1)Toda,D(2)Toda, . . . ,D(rank(g))Toda
that are associated with the Langlands dual of an affine G-algebra, i.e.,
D(l)Toda · Zinst(G, 1, 0,~a, T ) = E (l)Toda Zinst(G, 1, 0,~a, T ) (7.16)
where the D(l)Toda’s are Casimir differential operators; the E (l)Toda’s are complex eigenvalues; and
l = 1, 2, . . . , rank(g). Furthermore, it has also been shown in [85] that the spectral curve of
the quantum affine Toda system defined by (7.16), is just ΣSW .
Note that our result is also consistent with [28, Corollary 3.7(2)], where ZaffG,B and  in
loc. cit. correspond respectively to Zinst(G, 1, 0,~a, T ) and 2.
7.4. The “Fully-Ramified” Nekrasov Instanton Partition Function, Hitchin Systems, and
the “Ramified” Geometric Langlands Correspondence for Curves
We shall now elucidate the relation between the “fully-ramified” Nekrasov instanton
partition function and Hitchin systems, and connect our story to the “ramified” geometric
Langlands correspondence for curves.
The Relation to Hitchin Systems
To this end, first note that a pure G theory can also be interpreted as the m → ∞,
q = e2piiτ → 0 limit of a G theory with an adjoint hypermultiplet of mass m and complexified
gauge coupling τ , where meipiτ/h
∨
remains fixed with h∨ being the dual Coxeter number of G.
Second, note that in this limit, the Hamiltonian and spectral curve of the (twisted) elliptic
Calogero-Moser system associated with the aforementioned G theory with adjoint matter,
reduce to the Hamiltonian and spectral curve of the quantum Toda system associated with
the Langlands dual of an affine G-algebra [86]. These two points and (7.16) therefore imply
that
D(l)CM · Zinst(G, q, 1, 0,~a,m, T ) = E (l)CM Zinst(G, q, 1, 0,~a,m, T ) (7.17)
where Zinst(G, q, 1, 0,~a,m, T ) is the “fully-ramified” Nekrasov instanton partition function
in the Nekrasov-Shatashvili limit 2 = 0 of the G theory on R4|1,2=0 with an adjoint hy-
permultiplet of mass m, i.e., for the N = 2∗ theory on R4|1,2=0; ~a are its Coulomb moduli;
T ⊂ G is the maximal torus that G reduces to along R2|1 ⊂ R4|1,2=0; the D(l)CM’s are
differential operators that correspond to the quantum Hamiltonians of the (twisted) elliptic
Calogero-Moser system for G; the E (l)CM’s are complex eigenvalues; and l = 1, 2, . . . , rank(G).
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In the case where G = SU(2), the eigenvalue E (1)CM has been determined explicitly in [19,
§4.3].
Let us henceforth assume that G = SU(N). The untwisted elliptic Calogero-Moser
system in this case is also known to be equivalent to the Hitchin system on a torus with one
puncture over which the singularity of the associated Higgs field is regular [87]. Thus, from
(7.17), we can write
D(l)H · Zinst(SU(N), q, 1, 0,~a,m, T ) = E (l)H Zinst(SU(N), q, 1, 0,~a,m, T ) (7.18)
where the D(l)H ’s are the quantum Hitchin Hamiltonians for SU(N), and the E (l)H ’s are complex
eigenvalues. In other words, Zinst(SU(N), q, 1, 0,~a,m, T ) is also a simultaneous eigenfunc-
tion of the quantum Hitchin Hamiltonians for SU(N). This confirms the conjecture by
Alday-Tachikawa in [19], at least for a genus one Riemann surface with a single puncture.
The Connection to the “Tamely-Ramified” Geometric Langlands Correspondence for a Single-
Punctured Elliptic Curve
Notice that (7.18) means that Zinst(SU(N), q, 1, 0,~a,m, T ) is a D-module; moreover,
this D-module is associated with the Hitchin system for SU(N) on a genus one complex curve
with a “tamely-ramified” point. Hence, according to [90], Zinst(SU(N), q, 1, 0,~a,m, T ) is a
D-module in the “tamely-ramified” geometric Langlands correspondence for SU(N) at genus
one with a single puncture!
One can also obtain this result as follows. Firstly, from the LHS of (6.1) and fig. 9, we
find that we have, along the six-dimensional worldvolume of the N M5-branes in the original
compactification that underlie Zinst(SU(N), q, 1, 0,~a,m, T ), the configuration
part of M9-plane︷ ︸︸ ︷
R2|2=0 × R2|1 ×T2marked,β→0︸ ︷︷ ︸
4d defect
, (7.19)
where T2marked,β→0 is a torus with a marked point over which the (spatial part of the) M9-
plane sits, and β is the radius of one of its two circles.
Note that footnote 39 means that the precise metrics on R2|2=0 and R2|1 are not
essential in our forthcoming analysis; in particular, one can place on R2|2=0 = R2 a “cigar-
like” metric
ds2 = dr2 + f(r)dθ, 0 ≤ r <∞, 0 ≤ θ ≤ 2pi, (7.20)
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with f(r) ∼ r2 for r → 0 and f(r) → ρ2 for r → ∞. Obviously, ρ is the asymptotic radius
of the circle S1 parameterized by θ. We can assume that f(r) is identically equal to ρ for
sufficiently large r, say r ≥ r0.
Likewise, one can also place on R2|1 the above “cigar-like” metric, where the rotation of
the plane associated with a nonzero 1 would therefore correspond to a rotation of the circle
S˜1 of the cigar. Moreover, since the rotation of the plane confines the physical excitations
close to the origin, i.e., close to the tip of the cigar, we can conveniently consider the truncated
cigar with length r ≤ R, where R >> ρ, r0.
Thus, if we denote R2|2=0 and R2|1 endowed with the above “cigar-like” metrics as D
and DR,1 , respectively, we can also express (7.19) as
part of M9-plane︷ ︸︸ ︷
D ×DR,1 ×T2marked,β→0︸ ︷︷ ︸
4d defect
. (7.21)
Secondly, notice that we can regard D×DR,1 as a nontrivial S1× S˜1 fibration of R+×I,
where R+ and I are a half-line and an interval, respectively. However, macroscopically at
low-energies whence the curvature of the cigar tips is not observable, D×DR,1 is effectively
a trivial S1 × S˜1 fibration of R+ × I. Therefore, where the minimal energy limit of the
M5-brane worldvolume theory is concerned, we can simply take (7.21) to be
part of M9-plane︷ ︸︸ ︷
S1 × R+ × S˜1 × I×T2marked,β→0︸ ︷︷ ︸
4d defect
. (7.22)
Thirdly, according to §6.3 and [88, 89], the compactification at minimal energy of the
M5-brane worldvolume theory on S1×S˜1×T2marked,β→0 in (7.22), would result in anN = (4, 4)
sigma-model on Σ = R+ × I with target space MH , where MH is the “tamely-ramified”
Hitchin fibration associated with SU(N) and the single-punctured Riemann surface T2punc.
As Σ is a worldsheet of an open string which starts propagating at time t = 0, there must
be branes at the two ends of I. Since the sigma-model is an A-model, these branes must
necessarily be A-branes.
Fourthly, as argued in [89], the distinguished A-brane at the tip of DR, is a space-filling
canonical coisotropic brane Bcc of type (A,B,A) with respect to the hyperka¨hler structure
of MH . Hence, on one end of I, we have the brane Bcc.
What about the brane BL at the far end of DR,? According to [42], (Bcc,Bcc) strings
correspond to holomorphic differential operators that act on some line bundle over MH .
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Since our (Bcc,BL) strings ought to encode the minimal energy spectrum of the underlying
M5-brane worldvolume theory, i.e., the space of (Bcc,BL) strings ought to furnish a space of
states and not a space of differential operators, BL cannot be Bcc. As such, being an A-brane
that is not space-filling, BL can only be middle-dimensional Lagrangian; in other words, BL
can either wrap the fiber or base of MH .
As in the last subsection, we have along Ceff = T2punc in the dual compactification given
by the RHS of a generalization (to include a 4d worldvolume defect) of fig. 9 with n = 1,
the spin-si Casimir operators S
(si) whose action on any correlation function of operators is
a multiplication by a c-number. Also, the correspondence in the generalization of fig. 9 tells
us that the S(k)’s – like the W (k)’s in §5.2 – can be identified with the (k, 0)-holomorphic
differentials φk (with an order-k pole at z = 1) that define the underlying SW curve which
is an N -fold cover of T2punc. Since the φk’s are the commuting Hamiltonians Hk that define
MH [82], the last two statements mean that we effectively have the condition Hk − hk = 0,
where the hk’s are complex constants. This condition defines the fiber F ofMH [42]. Thus,
as Hk ∼ Tr Φk, where the 4d scalar field Φ of the “fully-ramified” N = 2∗ SU(N) theory on
S1× S˜1×Σ survives as a sigma-model scalar field on Σ after compactifying on S1× S˜1, from
the concluding remarks in the last paragraph, one can deduce that BL = F. Hence, on the
other end of I, we have the brane F.
From the above four points, one can conclude that the minimal energy spectrum of
the M5-brane worldvolume theory which is captured by Zinst(SU(N), q, 1, 0,~a,m, T ), is fur-
nished by the space of (Bcc,F) strings. In turn, since the space of (Bcc,F) strings in MH
also furnishes a D-module [42], we find that Zinst(SU(N), q, 1, 0,~a,m, T ) is also a D-module
in the “tamely-ramified” geometric Langlands correspondence for SU(N) on T2punc.
The Connection to the “Tamely-Ramified” Geometric Langlands Correspondence for a Multi-
Punctured Elliptic Curve
One could also replace T2marked,β→0 and the single M9-plane in (7.19) with an n-marked
torus T2marked,n,β→0 and n M9-planes, respectively, and repeat the above analysis. Everything
follows verbatim, where the only change is the target of the A-model which is nowMH,n – the
“tamely-ramified” Hitchin fibration associated with SU(N) and the n-punctured Riemann
surface T2punc,n.
Therefore, if Zneckinst (SU(N),q, 1, 0, ~a,m, T ) is the “fully-ramified” Nekrasov instanton
partition function in the Nekrasov-Shatashvili limit 2 = 0 of a conformal necklace quiver
theory of n SU(N) gauge groups, then Zneckinst (SU(N),q, 1, 0, ~a,m, T ) is also a D-module
in the “tamely-ramified” geometric Langlands correspondence for SU(N) on T2punc,n, where
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n ≥ 1!
In turn, according to [90], Zneckinst (SU(N),q, 1, 0, ~a,m, T ) is also a simultaneous eigen-
function of the quantum Hitchin Hamiltonians for SU(N). This confirms the conjecture by
Alday-Tachikawa in [19], at least for a genus one Riemann surface with n ≥ 1 punctures.
The Connection to the “Tamely-Ramified” Geometric Langlands Correspondence for a Multi-
Punctured Rational Curve
Let us now turn our attention to Z lininst(SU(N),q, 1, 0, ~a,m, T ) – the “fully-ramified”
Nekrasov instanton partition function in the Nekrasov-Shatashvili limit 2 = 0 of a conformal
linear quiver theory of n SU(N) gauge groups. From the LHS of (6.1) and fig. 6, we find
that we have, along the six-dimensional worldvolume of the N M5-branes in the original
compactification that underlie Z lininst(SU(N),q, 1, 0, ~a,m, T ), the configuration
part of M9-planes︷ ︸︸ ︷
R2|2=0 × R2|1 × Cn+3,β→0︸ ︷︷ ︸
4d defect
, (7.23)
where Cn+3,β→0 is a short cylinder with n+ 3 marked points over which the (spatial part of
the) n+ 3 number of M9-planes sit, and β is the radius of its circle.
By repeating our arguments which took us from (7.19) to (7.22), we find that where
the minimal energy limit of the M5-brane worldvolume theory is concerned, we can simply
take (7.23) to be
part of M9-planes︷ ︸︸ ︷
S1 × R+ × S˜1 × I× Cn+3,β→0︸ ︷︷ ︸
4d defect
. (7.24)
According to §6.3 and [88, 89], the compactification at minimal energy of the M5-brane
worldvolume theory on S1 × S˜1 × Cn+3,β→0 in (7.24), would result in an N = (4, 4) sigma-
model on Σ = R+ × I with target space MH,n+3, where MH,n+3 is the “tamely-ramified”
Hitchin fibration associated with SU(N) and the n+3-punctured Riemann sphere S2punc,n+3.
As before, the sigma-model is an A-model whence the branes at the ends of I must
be A-branes; in particular, the sigma-model describes a (Bcc,BL) string, where BL is a
Lagrangian brane that can either wrap the fiber or base of MH,n+3. So which does BL
wrap?
As in the last subsection, we have along Ceff = S2punc,n+3 in the dual compactification
given by the RHS of a generalization (to include a 4d worldvolume defect) of fig. 6, the
spin-si Casimir operators S
(si) whose action on any correlation function of operators is a
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multiplication by a c-number. Also, the correspondence in the generalization of fig. 6 tells
us that the S(k)’s – like the W (k)’s in §5.2 – can be identified with the (k, 0)-holomorphic
differentials φk (which have an order-k pole at each puncture) that define the underlying SW
curve which is an N -fold cover of S2punc,n+3. Since the φk’s are the commuting Hamiltonians
Hk that define MH,n+3 [82], the last two statements mean that we effectively have the
condition Hk − hk = 0, where the hk’s are complex constants. This condition defines the
fiber F of MH,n+3 [42]. Thus, as Hk ∼ Tr Φk, where the 4d scalar field Φ of the “fully-
ramified” conformal linear quiver theory on S1 × S˜1 × Σ survives as a sigma-model scalar
field on Σ after compactifying on S1×S˜1, from the concluding remarks in the last paragraph,
one can deduce that BL = F.
Thus, one can conclude that the minimal energy spectrum of the M5-brane worldvol-
ume theory which is captured by Z lininst(SU(N),q, 1, 0,~a,m, T ), is furnished by the space
of (Bcc,F) strings. In turn, since the space of (Bcc,F) strings in MH,n+3 also furnishes a
D-module [42], we find that Z lininst(SU(N),q, 1, 0,~a,m, T ) is also a D-module in the “tamely-
ramified” geometric Langlands correspondence for SU(N) on S2punc,n+3, where n ≥ 1!
In turn, according to [90], Z lininst(SU(N),q, 1, 0, ~a,m, T ) is also a simultaneous eigen-
function of the quantum Hitchin Hamiltonians for SU(N). This confirms the conjecture by
Alday-Tachikawa in [19], at least for a genus zero Riemann surface with n + 3 punctures,
where n ≥ 1.
Part IV
Appendix
A. The Multi-Taub-NUT Space, Sen’s Four-Manifold and String/M-Theory
A.1. The Geometry of Multi-Taub-NUT Space
The multi-Taub-NUT space, which we will here denote broadly as TNk, is a hyperka¨hler
four-manifold that can be regarded as a nontrivial singular S1 fibration of R3. It has the
metric [91]
ds2TNk =
1
U(~r)
(dα + χ)2 + U(~r)d~r2, (A.1)
where α is a compact periodic coordinate, and ~r = (r1, r2, r3) is a three-vector in R3. The
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function U(~r) and the 1-form χ are defined by
U(~r) = 1 +
R
2
k∑
a=1
1
|~r − ~ra| , dχ = ∗3 dU, (A.2)
where ∗3 is Poincare´ duality in three-dimensions. Smoothness requirements of the metric
(A.1) dictate that α must have period 2piR. Hence, the actual radius of the circle fiber is
given by [91]
R˜(~r) = U(~r)−1/2R. (A.3)
Notice from (A.2) and (A.3) that the circle fiber shrinks to zero size at the k points
~r1, ~r2, . . . , ~rk in R3. That is, there are k−1 line segments that connect each pair of neighboring
points, and over each of these k−1 line segments, there is a circle fibration which degenerates
at the end points. In other words, TNk is generically a perfectly smooth four-manifold
with k − 1 homologically independent two-spheres given by the circle fibrations of the line
segments.
Notice also from (A.2) and (A.3) that at infinity, i.e. ~r → ∞, we have R˜(∞) = R.
Consequently, one can see from (A.1) that the geometry of TNk at infinity approximates
R3 × S1, where S1 has a fixed radius of R. However, the S1 factor is actually nontrivially
fibered over the S2 submanifold of R3 ∼= S2×R at infinity, where the fibration can be viewed
as a monopole bundle of charge (or first Chern-class) k, i.e.,∫
S2
dχ = 2pik. (A.4)
This point will be important in our below discussion of TNk as an M-theory background and
its interpretation as D6-branes in the corresponding type IIA theory.
Last but not least, note that as we “decompactify” the asymptotic radius of the circle
by letting R → ∞, the geometry of TNk will be that of a resolved ALE space of type
Ak−1; the intersection matrix of the two-spheres just gives the Cartan matrix of the Ak−1
Lie algebra. In order to obtain a singular ALE space of type Ak−1 such as R4/Zk, one
just needs to bring together all the k points ~r1, ~r2, . . . , ~rk to the origin in R3, such that the
k − 1 homologically independent two-spheres all collapse to result in an Ak−1 singularity
at 0. This has an interpretation in terms of enhanced gauge symmetries in the context of
string/M-theory as we will explain below.
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A.2. The Multi-Taub-NUT Space in a IIA/M-Theory Correspondence
The k Kaluza-Klein monopoles solution in M-theory can be described by the metric
ds2 = −dt2 +
6∑
m=1
dymdym + ds2TNk , (A.5)
where the ym’s denote the space-like worldvolume coordinates on the six-dimensional solitons
in type IIA that are represented by the above solution in M-theory. In order to ascertain what
these solitons are, let us take the “eleventh circle” to be the circle fiber of TNk. Then, a D0-
brane in type IIA can be interpreted as a Kaluza-Klein excitation along the “eleventh circle”.
The D0-brane is electrically charged under the gauge field Cµ = gµ10 after a Kaluza-Klein
reduction. Therefore, its magnetic dual, the D6-brane, must be magnetically charged under
the same gauge field. Since a Kaluza-Klein monopole must correspond to a magnetically
charged soliton, we find that the six-dimensional space with coordinates ym ought to be filled
by D6-branes after a type IIA compactification of M-theory along the circle fiber of TNk.
That one has k D6-branes is consistent with the fact that the circle fibration of TNk
is actually a monopole bundle of charge k at infinity via (A.4). Note also that the ~ra’s
can be interpreted as the location of the Kaluza-Klein monopoles in R3 ∈ TNk. This
means that the k D6-branes will be localized at the k points ~r1, ~r2, . . . , ~rk in R3 ∈ TNk.
Therefore, as one brings the k points together towards 0, all k D6-branes will coincide and
the worldvolume theory will possess an enhanced non-abelian U(k) gauge symmetry. Hence,
upon a compactification along the circle fiber of M-theory on a TNk that has an Ak−1
singularity at its origin, one will obtain an equivalent description in terms of a stack of k
coincident D6-branes that span the directions transverse to TNk in type IIA string theory.
One can also understand this enhancement of gauge symmetries as follows [41]. Starting with
a non-singular TNk manifold, there are M2-branes which wrap the k−1 two spheres in TNk.
Upon compactification along the circle fiber, these M2-branes become open strings in type
IIA which connect between neighboring D6-branes which are non-coincident. As we bring
all the ~ra’s together, the k− 1 two-spheres in TNk collapse, and we have an enhanced gauge
symmetry in M-theory due to extra massless gauge fields that originate from the M2-branes
which now have zero-volume, in the transverse spacetime directions. In the equivalent IIA
picture, this corresponds to the open strings becoming massless as the k D6-branes become
coincident, which consequently results in an enhanced non-abelian gauge symmetry in the
transverse spacetime directions along the worldvolume of the D6-branes.
Another relevant point would be the following. In order for the tension of a soliton
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described by the monopole solution (A.5) to agree with the tension of a D6-brane in type
IIA string theory, one has to set R = gAs ls, where g
A
s is the IIA string coupling and ls is the
string length scale [91]. In particular, a compactification of M-theory along the circle fiber
of TNk where the asymptotic radius R is either large or small, will result in an equivalent
IIA theory that is either strongly- or weakly-coupled, respectively.
A.3. The Multi-Taub-NUT Space, NS5-Branes and T-Duality
Consider the following ten-dimensional background in type IIA or IIB string theory:
ds2 = −dt2 +
5∑
l=1
dyldyl + ds2TNk . (A.6)
Notice that the metric (A.1) enjoys a U(1) isometry which acts to shift the value of α. Conse-
quently, this allows for the application of T-duality transformations to the above background
solution. In doing so, one will obtain the following T-dual solution [50, 92]:
ds2 = −dt2 +
5∑
l=1
dyldyl + V (~x)(dθ2 + d~r2), (A.7)
where θ is a compact coordinate of period 2pi which parameterizes the dual S1, and
V (~x) =
1
R2
+
1
2
k∑
a=1
1
|~x− ~xa| , (A.8)
where ~x = (θ, ~r) is taken to mean a position in a full R4. From (A.8) and (A.7), we see that
the asymptotic radius of the dual circle is indeed given by 1/R as expected under T-duality.
Note that the solution given by (A.7) consists of k objects which are pointlike in the
R4, and which are also magnetic sources of the NS-NS potential Bµν [50]. In fact, they just
correspond to k NS5-branes which span the space with coordinates yl, that are also arranged
in a circle on θ and localized on the rest of R4 according to the centers ~xa, a = 1, 2, . . . , k.
Reversing the above arguments, we conclude that one can do a T-duality along any circle
that is transverse to a stack of k coincident NS5-branes in type IIA(IIB) string theory,
and obtain a dual background with no NS5-branes but with a TNk manifold that has an
Ak−1 singularity at the origin in type IIB(IIA) string theory. In addition, notice that the
asymptotic radius R of the dual, singular TNk background must tend to zero if the radius
V (~x)1/2 of the circle transverse to the NS5-branes is to be infinitely large at any point ~r ∈ R3.
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Last but not least, note that in going from (A.6) to (A.7) under T-duality transfor-
mations, only components of the solution transverse to the NS5-brane worldvolume get
modified. In other words, the components of the solution along the worldvolume directions
have no structure and are therefore trivial. Consequently, an application of T-duality along
any worldvolume direction will map us back to the same NS5-brane solution given by (A.7).
(This is to be contrasted with a Dp-brane, where T-duality along a direction parallel or
transverse to its worldvolume will result in a Dp−1 or Dp+1-brane, respectively.)
A.4. The Geometry of Sen’s Four-Manifold
Consider the following four-manifold characterized by a nontrivial S1 fibration of R3
with metric [41]
ds2 =
1
W (~r)
(dα + χ)2 +W (~r)d~r2, (A.9)
modded out by the transformation
(~r → −~r, α→ −α), (A.10)
where α is a compact periodic coordinate of the S1 fiber, and ~r = (r1, r2, r3) is a three-vector
in R3. The function W (~r) and the 1-form χ are defined by
W (~r) = 1− 2R|~r| +
R
2
k∑
a=1
(
1
|~r − ~ra| +
1
|~r + ~ra|
)
, dχ = ∗3 dW, (A.11)
where ∗3 is Poincare´ duality in three-dimensions, and where the asymptotic radius of the
circle fiber is R (before the identification in (A.10)).
Note that the metric is invariant under the reflection (A.10); W (~r) is invariant under
(~r → −~r) and χ changes sign under the reflection. However, the metric is singular at ~r = 0.
This singularity can be removed by replacing the metric near ~r = 0 by the Atiyah-Hitchin
metric [93], which is completely nonsingular after we perform the reflection (A.10). We shall
here denote this effectively smooth hyperka¨hler four-manifold broadly as Sen’s four-manifold
or SNk.
In the region where ~r →∞, we see from (A.11) that W (~r)→ 1. Hence, from (A.9) and
(A.10), we find that SNk approximates (R3 × S1)/I4 far away from the origin at infinity,
where I4 denotes an independent action on the two factors R3 and S1 that is defined in
(A.10). As mentioned earlier, the S1 factor has a fixed radius of R.
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At the k points ~r1, . . . , ~rk in SNk, the circle fiber shrinks to zero size, as one can see from
(A.11) and (A.9). Consequently, the circle fibrations of the line segments connecting each
of these neighboring points will result in a set of k − 1 two-spheres. Because the reflection
(A.10) is a symmetry of the space, there is an identification ~ra ∼ −~ra. As such, there will
be additional two spheres coming from the extra circle fibrations of the line segments that
connect the points ~ri and −~ri+1. In short, the homologically independent two-spheres will
define an intersection matrix that is the Cartan matrix of a Dk Lie algebra [41]. If we let
all the ~ra’s approach the origin, the areas of all the two-spheres vanish, and we obtain a Dk
singularity. As we shall explain below, this observation is consistent with the fact that such
an SNk background in string/M-theory would lead to an enhanced SO(2k) gauge symmetry.
A.5. Sen’s Four-Manifold in a IIA/M-Theory Correspondence
Consider the following eleven-dimensional background in M-theory:
ds2 = −dt2 +
6∑
m=1
dymdym + ds2SNk , (A.12)
where the ym’s denote the space-like worldvolume coordinates on the six-dimensional solitons
in type IIA that are represented by the above solution in M-theory. In order to ascertain
what these solitons are, first note that near ~r = 0, the metric of SNk agrees with the Atiyah-
Hitchin or AH space. It is known that upon a type IIA compactifcation of M-theory along
the circle fiber of such an AH space, one would get an orientifold six-plane [94]. Second,
note that near the point ~r = ~ra or its image −~ra (under I4) for 1 ≤ a ≤ k, the metric
agrees with the one near a Kaluza-Klein monopole. Moreover, far away from the origin at
infinity, the metric looks like the multi-Taub-NUT space at infinity albeit identified under
the action of I4. In all, this means that (A.12) represents an M-theory background which
upon compactification along the circle fiber, gives us k D6-branes and an O6−-plane in type
IIA string theory which span the directions transverse to SNk given by the coordinates y
m.62
Note also that the ~ra’s can be interpreted as the location of the Kaluza-Klein monopoles
in SNk. This means that the k D6-branes will be localized at the k points ~r1, ~r2, . . . , ~rk in
SNk. Therefore, as one brings the k points together towards 0, all k D6-branes will coincide
62As emphasized in [41] itself, the M-theory background given by (A.12) is only an approximate solution
to the exact one describing the D6-branes and O6−-plane in type IIA string theory. However, it differs from
the exact solution by terms that vanish exponentially as we move away from the origin. Since our discussion
in the main text will only involve an analysis of SNk near the boundary at infinity, this deviation from the
exact solution will not affect us.
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on top of the O6−-plane and the worldvolume theory will possess an enhanced non-abelian
SO(2k) gauge symmetry.63 Hence, upon a compactification along the circle fiber of M-theory
on an SNk that has a Dk singularity at its origin, one will obtain an equivalent description in
terms of a stack of k coincident D6-branes on top of an O6−-plane that span the directions
transverse to SNk in type IIA string theory. One can also understand this enhancement
of gauge symmetries from the perspective of M2-branes wrapping the two-spheres in SNk
and open strings in type IIA connecting between the D6-branes [41]. Since the discussion is
analogous to the one before on TNk, we shall skip it.
Once again, in order for the tension of a soliton described by the monopole solution
(A.12) to agree with the tension of a D6-brane in type IIA string theory, one must have
R ∼ gAs ls. Therefore, a compactification of M-theory along the circle fiber of SNk where the
asymptotic radius R is either large or small, will result in an equivalent IIA theory that is
either strongly- or weakly-coupled, respectively.
A.6. Sen’s Four-Manifold, NS5-branes/ON5-planes and T-Duality
Consider the following ten-dimensional background in either type IIA or IIB string
theory:
ds2 = −dt2 +
5∑
l=1
dyldyl + ds2SNk . (A.13)
Notice that the metric (A.9), just like the metric (A.1), enjoys a U(1) isometry which acts to
shift the value of α. Consequently, this allows for the application of T-duality transformations
to the above background solution, just like in the multi-Taub-NUT example. Far away from
the origin,64 the T-dual background will therefore look like
ds2 = −dt2 +
5∑
l=1
dyldyl + Y (~r)(dθ2 + d~r2), (A.14)
where θ is a compact coordinate of period 2pi which parameterizes the dual S1, and
Y (~x) =
1
R2
− 2|~x| +
1
2
k∑
a=1
(
1
|~x− ~xa| +
1
|~x+ ~xa|
)
, (A.15)
63One has an SO(2k) gauge symmetry because of the presence of an O6−-plane, i.e., the orientifold
six-plane that is associated with a worldsheet parity operator whose eigenvalue is −1.
64As mentioned earlier, our analysis in the main text will only involve the physics of the background near
infinity. As such, it suffices to just discuss what happens away from the origin.
195
where ~x = (θ, ~r) is taken to mean a position in a full R4. From (A.15) and (A.14), we see that
the asymptotic radius of the dual circle is indeed given by 1/R as expected under T-duality.
Note that the solution given by (A.14) consists of k objects which are pointlike in the
R4, and which are also magnetic sources of the NS-NS potential Bµν [50]. In fact, they just
correspond to k NS5-branes which span the space with coordinates yl, that are localized on
the R4 according to the centers ±~xa, a = 1, 2, . . . , k. The reason why we ended up with a
dual background that appears to have k instead of k NS5-branes is because the background
represented by (A.9)–(A.11), and therefore the type II background (A.13), incorporates a
reflection in the spatial directions transverse to the NS5-branes, which, effectively doubles
the number of NS5-branes present. This means that the T-dual solution (A.14) really cor-
responds to a background which only has k dynamical NS5-branes and an ON5−-plane,
whereby the ‘-’ superscript just indicates that its presence will result in an orthogonal gauge
symmetry in the worldvolume theory as required, while the ‘N’ just denotes that it can only
be associated with NS5-branes [40]. Reversing the above arguments, we conclude that one
can do a T-duality along any circle that is transverse to a stack of k coincident NS5-branes
on top of an ON5−-plane in type IIA(IIB) string theory, and obtain a dual background with
no NS5-branes and no ON5−-plane but with an SNk manifold that has a Dk singularity at
the origin in type (IIB)(IIA) string theory. In addition, notice that the asymptotic radius
R of the dual, singular SNk background must tend to zero if the radius Y (~x)
1/2 of the circle
transverse to the NS5-branes is to be infinitely large over any point ~r ∈ R3.
Finally, note that in going from (A.13) to (A.14) under T-duality transformations,
only components of the solution transverse to the NS5-brane/ON5−-plane worldvolume get
modified. In other words, the components of the solution along the worldvolume directions
have no structure and are therefore trivial. Consequently, an application of T-duality along
any worldvolume direction will map us back to the same NS5-brane/ON5−-plane solution
given by (A.14).
B. A Gauged WZW Model and Affine W-Algebras from a Quantum Drinfeld-
Sokolov Reduction
An N+-Gauged G WZW Model
The action of the most general WZW model can be written as
SWZ(g) =
k′
4pi
∫
Σ
d2z Tr(∂zg
−1∂z¯g) +
ik′
24pi
∫
B;∂B=Σ
d3x Tr(g−1dg)3, (B.1)
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where k′ is the level, the worldsheet Σ is a closed Riemann surface, and g is a worldsheet
scalar field valued in any connected Lie group G that is also periodic along one of the
worldsheet directions with period 2pi. The trace Tr is the usual matrix trace in the defining
representation of G whose Lie algebra is g.
A non-dynamically gauged version of (B.1) can be written as
Sgauged(g, Az, Az¯) = SWZ(g) +
k′
2pi
∫
Σ
d2z Tr[Az(∂z¯gg
−1 + M¯)− Az¯(g−1∂zg +M)
+AzgAz¯g
−1 − AzAz¯], (B.2)
where the worldsheet one-form gauge field A = Azdz + Az¯dz¯ is valued in h, the Lie algebra
of a subgroup H of G. Notice that Sgauged(g, Az, Az¯) differs slightly from the standard form
of a gauged WZW model commonly found in the physical literature – additional M¯ and M
constant matrices have been incorporated in the ∂z¯gg
−1 and g−1∂zg terms of the standard
action, so that one can later use them to derive the correct form of the holomorphic stress
tensor without reference to a coset formalism. Setting M¯ and M to the zero matrices
simply takes us back to the standard action for the gauged WZW model. As required,
Sgauged(g, Az, Az¯) is invariant under the standard (chiral) local gauge transformations
g → hgh−1; Az → ∂zh · h−1 + hAzh−1; Az¯ → ∂z¯h · h−1 + hAz¯h−1, (B.3)
where h = eλ(z,z¯) ∈ H for any λ(z, z¯) ∈ h.65 The invariance of (B.2) under the gauge
transformations in (B.3) can be verified as follows.
Firstly, note that the M¯(M)-independent terms make up the usual Lagrangian for the
standard gauged WZW action, which is certainly invariant under the gauge transformations
of (B.3). Next, note that under an infinitesimal gauge transformation h ' 1 + λ, the terms
Tr(Az M¯) and Tr(Az¯ M) change as
δTr(Az M¯) = Tr(∂zλ M¯)− Tr(M¯ [λ,Az]), (B.4)
δTr(Az¯ M) = Tr(∂z¯λ M)− Tr(M [λ,Az¯]). (B.5)
Since we really want to consider the case where H is a nilpotent subgroup of a complex Lie
group G, λ and A will be valued in the Lie algebra of a maximally solvable (nilpotent) sub-
group of G. As such, the second term on the RHS of (B.4) and (B.5) will be zero [80]. What
65A similar model has been considered in [80]. However, the action in that context is instead invariant
under a non-chiral local gauge transformation. Moreover, it does not contain the AzAz¯ term present in a
standard gauged WZW model.
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remains are total divergence terms that will vanish upon integration on Σ because it has no
boundaries. Therefore, unless H is a nilpotent subgroup of G (or any other solvable subgroup
of G), one cannot incorporate M¯ and M in the action and still maintain the requisite gauge
invariance. This explains why generalizations of gauged WZW models with these constant
matrices M¯ and M have not appeared much in the physical literature. Nevertheless, this
generalization can be considered in our case. As we shall see shortly, this generalization
will allow us to obtain the correct form of the holomorphic stress tensor of the H-gauged G
WZW model without any explicit reference to a coset formalism.
The classical equations of motion that follow from the field variations in (B.3) are
δAz : Dz¯gg
−1|h = −M+, (B.6)
δAz¯ : g
−1Dzg|h = −M−, (B.7)
δg : Dz¯(g
−1Dzg) = Fzz¯, (B.8)
δg : Dz(Dz¯gg
−1) = Fz¯z, (B.9)
where Fzz¯ = ∂zAz¯ − ∂z¯Az + [Az, Az¯] and Fz¯z = ∂z¯Az − ∂zAz¯ + [Az¯, Az] are the non-vanishing
components of the field strength, and the covariant derivatives are given by Dz = ∂z + [Az, ]
and Dz¯ = ∂z¯ + [Az¯, ]. By imposing the condition of (B.7) in (B.8), and by imposing the
condition of (B.6) in (B.9), since M± are constant matrices, we find that we have the zero
curvature condition Fzz¯ = Fz¯z = 0 as expected of a non-dynamically gauged WZW model.
This means that Az and Az¯ are trivial on-shell. One is then free to use the gauge invariance
to set Az and/or Az¯ to a constant such as zero. In setting Az = Az¯ = 0 in (B.8) and (B.9),
noting that Fzz¯ = Fz¯z = 0, we have the relations
∂z¯(g
−1∂zg) = 0 and ∂z(∂z¯gg−1) = 0. (B.10)
In other words, we have a g-valued, holomorphic conserved current J(z) = g−1∂zg, and a
g-valued antiholomorphic conserved current J¯(z¯) = ∂z¯gg
−1, both of which are dimension one
and generate affine symmetries on Σ. The action in (B.2) can thus be written as
Sgauged(g, Az, Az¯) = SWZ(g) +
k′
2pi
∫
Σ
d2z Tr[Az(J¯(z¯) + M¯)− Az¯(J(z) +M)
+AzgAz¯g
−1 − AzAz¯]. (B.11)
In fact, (B.11) can be further simplified as follows. Firstly, since G is a connected group,
its Lie algebra g will have a Cartan decomposition g = n− ⊕ c ⊕ n+, where c is the Cartan
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subalgebra, and n± are the nilpotent subalgebras of strictly upper and lower triangular
matrices, respectively. The Borel subalgebras will then be given by b± = c ⊕ n±, and they
correspond to the Borel subgroups B± = C × N±. With respect to this decomposition of
the Lie algebra g, we can write J(z) =
∑dim n−
a=1 J
a
−(z)t
−
a +
∑dim c
a=1 J
a
c (z)t
c
a +
∑dim n+
a=1 J
a
+(z)t
+
a ,
and J¯(z¯) =
∑dim n−
a=1 J¯
a
−(z¯)t
−
a +
∑dim c
a=1 J¯
a
c (z¯)t
c
a +
∑dim n+
a=1 J¯
a
+(z¯)t
+
a , where t
−
a ∈ n−, tca ∈ c,
and t+a ∈ n+. One can also write M =
∑dim n−
a=1 M
a
−t
−
a +
∑dim c
a=1 M
a
c t
c
a +
∑dim n+
a=1 M
a
+t
+
a , and
M¯ =
∑dim n−
a=1 M¯
a
−t
−
a +
∑dim c
a=1 M¯
a
c t
c
a +
∑dim n+
a=1 M¯
a
+t
+
a , where M
a
±;c(M¯
a
±;c) are arbitrary number
constants.
Secondly, note that the gauged WZW model would be anomalous unless we have
TrL(tt
′) − TrR(t′t) = 0, where t, t′ ∈ h, and the traces TrL and TrR are taken over some
L and R representation of G [96]. Since in this paper, h = n+ is spanned by traceless square
matrices whose products with one another remain traceless, this anomaly-cancellation con-
dition would indeed be satisfied. Thus, let us proceed to write Az =
∑dim n+
a=1 A˜
a
zt
+
a , and
Az¯ =
∑dim n+
a=1 A˜
a
z¯t
+
a .
Finally, note that since Tr(tαa t
β
b ) = δa,bδ
α,β, the trace of the second term on the RHS of
(B.11) will be nonvanishing only for components of J(z)(J¯(z¯)) and M(M¯) that are associated
with their expansion in n+.
Let us write J+(z) =
∑dim n+
a=1 J
a
+(z)t
+
a and M
+ =
∑dim n+
a=1 M
a
+t
+
a . Let us also write
J¯+(z¯) =
∑dim n+
a=1 J¯
a
+(z¯)t
+
a and M¯
+ =
∑dim n+
a=1 M¯
a
+t
+
a . Then, from the above three points, one
can express the action of an N+-gauged G WZW model as
SN+-gauged(g, Az, Az¯, J
+, J¯+) = SWZ(g)− k
′
2pi
∫
Σ
d2z
dim n+∑
l=1
[
A˜lz¯(J
l
+(z) +M
l
+)− A˜lz(J¯ l+(z¯) + M¯ l+)
]
−Tr[AzgAz¯g−1 − AzAz¯]. (B.12)
Due to the N+-gauge invariance of the theory, we must divide the measure in any
path integral computation by the volume of the N+-gauge symmetry. That is, the partition
function has to take the form
ZG =
∫
Σ
[g−1dg, dA˜lz, dA˜
l
z¯]
(gauge volume)
exp
(
iSG(g, Az, Az¯, J
+, J¯+)
)
. (B.13)
One must now fix this gauge invariance to eliminate the non-unique degrees of freedom.
One can do this by employing the BRST formalism which requires the introduction of
Faddev-Popov ghost fields. In order to obtain the holomorphic BRST transformations of
the fields, one simply replaces the infinitesimal position-dependent parameters l of h =
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exp(−∑dim n+l=1 lt+m) ∈ N+ in the corresponding left-sector of the gauge transformations in
(B.3) with the ghost fields cl, which then gives us
δBRST(g) = −clt+l g, δBRST(A˜lz¯) = −Dz¯cl, δBRST(others) = 0. (B.14)
The components of the ghost field c(z) =
∑dim n+
l=1 c
l(z)t+l and those of its anti-ghost partner
b(z) =
∑dim n+
l=1 b
l(z)t+l will transform as
δBRST(c
l) = −1
2
f lmkc
mck, δBRST(b
l) = B˜l, δBRST(B˜
l) = 0, (B.15)
where the f lmk’s are the structure constants of n+. Also, the B˜
l’s are the Nakanishi-Lautrup
auxiliary fields that are the BRST transforms of the bl’s. They also serve as Lagrange
multipliers to impose the gauge-fixing conditions.
In order to obtain the antiholomorphic BRST transformations of the fields, one employs
the same recipe with the corresponding right-sector of the gauge transformations in (B.3),
with the infinitesimal position-dependent gauge parameter now replaced by the ghost field
c¯l, which then gives us
δ¯BRST(g) = c¯
lt+l g, δ¯BRST(A˜
l
z) = −Dz c¯l, δ¯BRST(others) = 0. (B.16)
The components of the ghost field c¯(z¯) =
∑dim n+
l=1 c¯
l(z¯)t+l and those of its anti-ghost partner
b¯(z¯) =
∑dim n+
l=1 b¯
l(z¯)t+l will transform as
δ¯BRST(c¯
l) = −1
2
f lmkc¯
mc¯k, δ¯BRST(b¯
l) = ˜¯Bl, δ¯BRST(
˜¯Bl) = 0. (B.17)
In the above, the ˜¯Bl’s are the Nakanishi-Lautrup auxiliary fields that are the antiholomorphic
BRST transforms of the b¯l fields. They also serve as Lagrange multipliers to impose the
gauge-fixing conditions.
Since the BRST transformations in (B.14) and (B.16) are just infinitesimal versions of
the gauge transformations in (B.3), SN+-gauged(g, Az, Az¯, J
+, J¯+) will be invariant under them.
An important point to note is that in addition to (δBRST + δ¯BRST) · (δBRST + δ¯BRST) = 0,
the holomorphic and antiholomorphic BRST-variations are also separately nilpotent, i.e.,
δ2BRST = 0 and δ¯
2
BRST = 0, whence δBRST · δ¯BRST = −δ¯BRST · δBRST. This means that the
BRST-cohomology of the N+-gauged G WZW model can be decomposed into independent
200
holomorphic and antiholomorphic sectors that are just complex conjugate of each other, and
that it can be computed via a spectral sequence, whereby the first two complexes will be
furnished by its holomorphic and antiholomorphic BRST-cohomologies, respectively. Since
we will only be interested in the chiral half of the N+-gauged G WZW model, we shall
henceforth focus on the holomorphic BRST-cohomology of the N+-gauged G WZW model.
By the usual recipe of the BRST formalism, one can fix the gauge by adding to the
BRST-invariant action SN+-gauged(g, Az, Az¯, J
+, J¯+), a BRST-exact term. Since the BRST
transformation by (δBRST + δ¯BRST) is nilpotent, the new total action will still be BRST-
invariant as required. The choice of the BRST-exact operator will then define the gauge-
fixing conditions. A consistent choice of the BRST-exact operator that will give us the
requisite action for the ghost and anti-ghost fields is
SN+-gauged(g, Az, Az¯, J
+, J¯+) + (δBRST + δ¯BRST)
(
k′
2pi
∫
Σ
d2z
dim n+∑
l=1
A˜lz¯b
l + A˜lz b¯
l
)
,
where one will indeed have the desired total action, which can be written as
SWZW(g)− k
′
2pi
∫
Σ
d2z {
dim n+∑
l=1
[
A˜lz¯(J
l
+(z) +M
l
+ − B˜l)− A˜lz(J¯ l+(z¯) + M¯ l+ + ˜¯Bl)
]
−Tr[AzgAz¯g−1 − AzAz¯]}+ k
′
2pi
∫
Σ
d2z
dim n+∑
l=1
(
clDz¯b
l + +c¯lDz b¯
l
)
.
(B.18)
From the equations of motion by varying the B˜l’s, we have the conditions A˜lz¯ = 0 for
l = 1, . . . , dim n+. From the equations of motion by varying the
˜¯Bl’s, we also have the
conditions A˜lz = 0 for l = 1, . . . , dim n+. Thus, the partition function of the N+-gauged G
WZW model can also be expressed as
ZG =
∫
[g−1dg, db, dc, db¯, dc¯] exp
(
iSWZW(g) +
ik′
2pi
∫
Σ
d2z Tr(c · ∂z¯b)(z) + Tr(c¯ · ∂z b¯)(z¯)
)
,
(B.19)
where the holomorphic BRST variations of the fields which leave the effective action in (B.19)
invariant are now given by
δBRST(g) = −cmt+mg, δBRST(cl) = −12f lmkcmck, δBRST(bl) = J l+ +M l+ − f lmkbmck,
δBRST(others) = 0. (B.20)
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The holomorphic BRST-charge generating the field variations in (B.20) will then be
given by
QBRST =
∮
dz
2pii
(
dim n+∑
l=1
cl(z)(J l+(z) +M
l
+)−
1
2
dim n+∑
l=1
f lmkb
mclck(z)
)
. (B.21)
The free-field action of the left-moving ghost fields in (B.19) implies that we have the usual
OPE’s of (dim n+) free bc systems. From these free bc OPE’s, one can verify that QBRST in
(B.21) will indeed generate the field variations in (B.20).
Though we did not make this obvious in our discussion hitherto, by integrating out
the A˜lz¯’s in (B.12), and using the above conditions A˜
l
z = 0 for l = 1, . . . , dim n+, we find
that we actually have the relations (J l+(z) +M
l
+) = 0 for l = 1, . . . , dim n+. These relations
– involving the currents associated with the Lie algebra n+ of the group N+ that we are
modding out from G – will lead us directly to the correct form of the holomorphic stress
tensor for the gauged WZW model without reference to a coset formalism, as we shall now
see.
In the holomorphic BRST-cohomology are dim g currents Ja(z) (spanned by the J l+(z)’s,
J l−(z)’s and the J
l
c(z)
′s) that generate an affine G OPE-algebra at level k′. As such, one can
construct a holomorphic stress tensor using the Sugawara formalism as
TG(z) =
: dab(J
aJ b)(z) :
k′ + h∨
, (B.22)
where dab is the Cartan-Killing metric on g. However, as shown above, one will have the
conditions J l+ = −M l+ for l = 1, 2, . . . , dim n+. In order for the conformal dimensions of the
J l+’s to be compatible with these conditions, one must define a modified holomorphic stress
tensor:
Tmodified(z) = TG(z) +~l · ∂ ~Jc(z), (B.23)
where ~Jc(z) is a rank g-dimensional vector with components being the J
l
c currents associated
with the Cartan subalgebra c, and ~l is a sum of simple positive roots of g. In order for the
above conditions involving the J l+’s to be compatible with the fact that QBRST generating the
holomorphic variations of the fields must be a scalar of dimension zero, the dim n+ left-moving
ghost systems (bl, cl) must have conformal dimensions (hl, 1 − hl) for l = 1, 2, . . . , dim n+,
where hl is the conformal dimension of the corresponding J l+ current under Tmodified(z). In
sum, by including the holomorphic stress tensor contribution from the action of the free
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left-moving ghost fields, we can write the total holomorphic stress tensor of the N+-gauged
G WZW model as
TN+-gauged(z) =
: dab(J
aJ b)(z) :
k′ + h∨
+
dimc∑
a=1
∂zJ
a
c (z)−
∑
l∈M+
[
hlbl∂zc
l(z) + (hl − 1)(∂zblcl)(z)
]
.
(B.24)
Here, M+ is the set of positive roots of g, and for α ∈M+, we have (ρ∨, α) = 1 if and only if
α is a simple root of g, where ρ∨ is the “dual Weyl vector” of g.
The Holomorphic BRST-Cohomology and Affine W-Algebras from a Quantum Drinfeld-
Sokolov Reduction
We shall now show that the holomorphic BRST-cohomology of the N+-gauged G WZW
model will be spanned by local operators whose Laurent modes generate W(ĝ) – an affine
W-algebra obtained from ĝ via a quantum Drinfeld-Sokolov reduction, where ĝ is the affine
version of g at level k′. To this end, let us first review the purely algebraic approach to
generating W(ĝ) via a quantum Drinfeld-Sokolov (DS) reduction [97].
The quantum DS-reduction scheme can be summarized as the following steps [73].
Firstly, one starts with a triple (ĝ, ĝ′, χ), where ĝ′ is an affine subalgebra of ĝ, and χ is a
1-dimensional representation of ĝ′. Next, one imposes the first class constraints g ∼ χ(g)
, ∀g ∈ ĝ′, via a BRST procedure. The cohomology of the BRST operator Q on the set of
normal-ordered expressions in currents, ghosts and their derivatives, is what is called the
Hecke algebra H iQ(ĝ, ĝ
′, χ) of the triple (ĝ, ĝ′, χ). For generic values of k′, the Hecke algebra
vanishes for i 6= 0; the existing zeroth cohomology H0Q(ĝ, ĝ′, χ) is just spanned by a set of
local operators associated with the triple (ĝ, ĝ′, χ), whose Laurent modes generate a closed
affineW-algebra. We shall denote the affineW-algebra associated with this set of operators
as WDS[ĝ, ĝ′, χ]. Note that WDS[ĝ, ĝ′, χ] is just W(ĝ). Let us be more explicit about how
one can go about defining WDS[ĝ, ĝ′, χ] and therefore W(ĝ), now that we have sketched the
general idea behind the DS-reduction scheme. f In order for WDS[ĝ, ĝ′, χ] to be an affine
W-algebra, one has to choose a suitable triple (ĝ, ĝ′, χ). A suitable triple can be obtained by
considering a principal sl(2) embedding in g. Let us now describe this embedding. Suppose
we have an sl(2) subalgebra {t3, t+, t−} of g. The adjoint representation of g decomposes
into sl(2) representations of spin jk, where k = 1, . . . , s, for example. Then, one may write
the ĝ current J(z) =
∑dim g
a J
a(z)ta as
J(z) =
s∑
k=1
jk∑
m=−jk
Jk,m(z)tk,m, (B.25)
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where tk,m corresponds to the generator of spin jk and isospin m under the sl(2) subalgebra.
In particular, we have the correspondences t1,1 = t+, t1,0 = t3, and t1,−1 = t−. The sl(2)
subalgebra t3, t+, t− can be characterized by a “dual Weyl vector” ρ∨, i.e., as mentioned
above, for α ∈M+, where M+ is the set of positive roots of g, we have (ρ∨, α) = 1 if and only
if α is a simple root of g. The sl(2) root αˆ is given by αˆ = ρ/(ρ, ρ), and t3 = ρ · c, where c is
the Cartan sublagebra of g.
Take ĝ′ to be the affine Lie subalgebra n̂+ generated by all Jk,m(z), where m > 0.
Denoting the currents corresponding to positive roots α by Jα(z), and choosing t1,1 =
∑
i e
αi ,
one can then impose the condition (which realizes the required first-class constraint g ∼ χ(g))
χDS(J
α(z)) = 1 (for simple roots αi, ), χ(J
α(z)) = 0 (otherwise). (B.26)
Next, we introduce pairs of ghost fields (bα(z), cα(z)), one for every positive root α ∈M+.
By definition, they obey the OPE bα(z)cβ(z
′) ∼ δαβ/(z − z′), where the α, β (and γ) indices
run over the basis of n+. The BRST operator that is consistent with (B.26) will then be
given by Q = Q0 +Q1, where
Q0 =
∮
dz
2pii
(
Jα(z)cα(z)− 1
2
fαβγ (b
γcαcβ)(z)
)
(B.27)
is the standard differential associated with n̂+, f
αβ
γ are the structure constants of n+, and
Q1 = −
∮
dz
2pii
χDS(J
α(z))cα(z). (B.28)
They satisfy
Q2 = Q20 = Q
2
1 = {Q0, Q1} = 0. (B.29)
The resulting Q-cohomology is just the Hecke algebra H0Q(ĝ, ĝ
′, χ), which is spanned by a set
of local operators whose Laurent modes generate WDS[ĝ, ĝ′, χ] = W(ĝ). Note that (B.29)
implies that one can compute the Hecke algebra via a spectral sequence of a double complex
with differentials being Q0 and Q1 accordingly.
The variation of the various fields under the action of Q can also be computed using
the OPE’s of the affine algebra ĝ, the OPE’s of the ghost fields, and the explicit forms of Q0
and Q1 in (B.27) and (B.28) above, and they are given by
δcα(z) = −1
2
fβγα (cβcγ)(z), (B.30)
δbα(z) = Jα(z)− χDS(Jα(z))− fαβγ (bγcβ)(z). (B.31)
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Note also that WDS[ĝ, ĝ′, χ] and thus W(ĝ), will at least contain the Virasoro algebra.
The explicit form of the stress tensor whose Laurent modes will generate the Virasoro algebra
is (after omitting the normal-ordering symbol)
TDS(z) =
dabJ
a(z)J b(z)
(k′ + h∨)
+
dimc∑
c=1
∂zJ
c(z) +
∑
α∈M+
((ρ∨, α)− 1)bα∂zcα(z) + (ρ∨, α)(∂zbαcα)(z),
(B.32)
where the J c(z)’s are just the affine currents that are valued in the Cartan subalgebra c
of the Lie algebra g. Note that with respect to TDS(z), the conformal dimensions of the
pair (bα(z), cα(z)) will be given by (1− (ρ∨, α), (ρ∨, α)). The central charge of this Virasoro
subalgebra and therefore that of W(ĝ), is
c = l − 12|α+ρ+ α−ρ∨|2, (B.33)
where l = rank g; α+α− = −1; α+ = 1/
√
k′ + h∨; and h∨ is the dual Coxeter number of g.
In the case of a simply-laced Lie algebra g, we have g = g∨ and ρ = ρ∨, where g∨ is
the Langlands dual Lie algebra. From the Freudenthal-de Vries strange formula ρ2/2h∨ =
dim g/24, one can then simplify c to
cADE = l − h∨dim g (α+ + α−)2 . (B.34)
At any rate, notice that in the N+-gauged G WZW model, for any J l+ which has hl 6= 0,
the corresponding M l+ must be set to zero for consistency. This means from our above
discussion, that one can identify M l+ with −χDS(J l+(z)). With this identification, one can
see that the field variations in (B.20) agree with the field variations in (B.30) and (B.31).
In addition, we find that QBRST in (B.21) also coincides with Q = Q0 + Q1, where Q0 and
Q1 are given in (B.27) and (B.28), respectively. Moreover, TN+-gauged(z) of (B.24) is just
TDS(z) of (B.32). Hence, we see that the holomorphic BRST-cohomology of the N+-gauged
GWZW model physically realizes, in all generality, the purely algebraic DS-reduction scheme
of generating the Hecke algebra.
We can summarize the results in this appendix as follows. Let us label the local op-
erators of the Hecke algebra as W (si)(z), where i = 1, 2, . . . , rank g; si = ei + 1, the ei’s
being the exponents of g; and W (si)(z) are higher spin-si analogs of TN+-gauged(z), where
W (2)(z) = TN+-gauged(z). Then, we find that the holomorphic BRST-cohomology of the N+-
gauged G WZW model will be spanned by local operators W (si)(z) whose Laurent modes
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generate W(ĝ) with central charge (B.33), or in the simply-laced case, (B.34). Hence, just
as a chiral half of a regular G WZW model realizes ĝ whence its spectrum would be gen-
erated (modulo null states) by a Verma module over ĝ, a chiral half of an N+-gauged G
WZW model realizesW(ĝ) whence its spectrum would be generated (modulo null states) by
a Verma module over W(ĝ).
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